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Chapter 9 
LOGARITHMS AND EXPONENTS 



9-1. A New Function :/ £ = lQ g 
Consider the shaded , rectangle in - 
Pig. 9-la; it i^Aounded by the 
x-axis, the line y\^2, "and the* 
vertical lines erected at^ x = 2 
and *at the point whose abscissa 
is x. If > 2, the lengfch/ of- 
the base of the rectangle U 
x - 2; if x < 2, then /x - 2 
is the negative of the leAgth of 
t^e base. 'In all cas^s thV alti- 
tude of the rectangle is 2. V Thus 
2(x -2), or 2x - 4, is 
expression 'whose value is tfte area 
of. the rectangle if , x > 2^ whose 
yalue, is 0 if x = 2, and whos& 
value is ttig negative of the area 
of the rectangle if x < 2. Set 
<y = 2x 4. The shaded rectangle 
has £een used to define a corr- 
despondence between x and y * „ 
which is a linear function. The 
graph of y = 2x - 4 is shown 
in Pig. 9- lb. 
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Figure 9-la. The 
shaded region is used to 
define a linear function 




. * Figure 9- lb , 
^ of " y == 2x - 



Graph 




..Figure 9-lc. The shaded 
region is used to define 
a 4 quadratic function. * 



Consider £he* shaded trape- 
zoid In Pig. 9-, lc ; it is bounded 
by the x-axis, the line \ 
y = -2x + 4, and. the vertical 
lines erected at x = 1 and at ~ * 
the point whose abscissa is x. 

For the purposes of this. , 
illustration only^those values 
of x in the interval 
Q <L x 1 2 t will be considered. S 
If 1 < x £ 2, the length of t$e 
altitude of the trapezoid. is ^ - 

x - 1; if '0 ^ x < 1, then ' 
x - I is the negative of the 
> length of the altitude. The base of the trapezoid at x = 1 is 
2, and the base at x is (-2x + 4). One-half t?he sum of these 

( -2x + 4) + 2 * " wJ 

bases is — _ or (-x + Since the area of a trape 

zoid is the product of the altitude and one-half the sum of the 

bases; we fiave (-x + ?)(x-l) = -x 2 + 4x - 3 as the' expression 

whose value is the area of the trapezoid if 1 < x < 2, whoseJ 

value is 0 if x = 1, and whose value is the negative of th<* 
area of the trapezoid if 0 <^ x < 1. 

Set y = -x 2 + 4x - m y. The - 
shaded trapezoid has been used, to 
define a correspondence between 
x and y which is a. quadratic 
function. The graph of 

y =^x ( + 4x - 3 is shown in 
Fig. 9-ld. \ . . , 
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Figure ,9-1 d. Graph of 

y = -x 2 + 4x - 3 for 
0 < x < 2. 
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' The. functions obtained in the two foregoing examples are the 
fanfcliar linear and quadratic functions which were studied in *. • 
Chapters 3 and' 4. Other functions b can be obtained by considering, 
the areas under other curves, and some of these functions are en-",, 
tirely new and unfamiliar.. 

Cons\der the shaded region 
in Fig., 9-le; it is bounded by 
the x-axfs, the hyperbola y = k/x, 
and the vertical lines erected at t 
x sb l vand at '.'the point whose i 
abscissa^s 'x. Restrict x 




Figure 9-le. The shaded 
region is used to define 
the logarithm of x. 



arbitrarily- £o have only values 
greater than zero. 

TheiNs: is no simple formula 
that giyes the area of the , shaded 
region; " however, the* shaded region 
will be. used to define a function 
just^.as in the . two 'previous examples, 
as the logarithm of x; it is denoted 

The following jdefiriition describes 
correspondence betwjeen x and y. 

The logarithm function is defined for /all 
x > 0 by the following correspondence between x' and y 



The new function is known 
by y as log x. . 

the logarithm function as a 

* .■ ■ ■ \ 



Definition 9-!! . 



(a) Bor each 



(c) 



x > 1, ttfe corresponding value of y i,s the 



area, of 'the region 'bounded by the - x-axis, the hyper- 
bola y =.k/x, and the vertical 'lines at 1 and x. 

For x = 1, the value of y is 0. 



For each 



such that? 0 < x <•!',■ the va 



the negative of the area bounded by the x-akis, ther 



hyperbola 
at xv 




y = k/x, 



and the vertical lines 
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Figure 9-lf. v Graph 
of y = -log x. 



Pig. 9-lf . shows the graph 
of * y = log x. It follows 'from 
the definition that the graph 
'lies below t'he x-axis .for . 
0< x <1, crosses the x-axis 
at x - 1, and lies above the 
x-axis for x > 1. Furthermore, 
the curve rises as x increases. . 

For each fixed value of k, 
y = k/x is a hyperboljt, and the 
correspondence described in 
Definition 9-1 .defines a logarithm 
function. Thus "it is clear that „ 
a logarithm function can be* de- 
fined for each fixed value 'of k. However, in tfcis course only 
those logarithm functions which arise from positive values of *k 
will be considered. Fj?g. 9-ie shows a hyperbola for k = 1, • ahd 
Fig. 9-lf shows the graph of the corresponding' logarithm function. 

The properties of all logarithm functions wili;.be derived, 
simultaneously. Two of the logarithm functions are especially. \ 
important in. mathematics; and in applications to other "subjects. 
If k = 1, ' r the corresponding logarithm function is known as^the,; 
natural logarithm function. It is denoted by y = In x. The 
natural logarithm function has special propertiV^ which make it 
useful in theoretical work in .mathematics and its applications. 
Another special choice of k gives a Ipgarrithm function whose 
value is 1 at x = 10. This logarithm fua^ion is called the 
common logarithm function., It is denoted by y = log 1Q x - The \ . 
common logarithm function is exceedingly aseful in numerical cal- 
culations, due to the fact that our number systeta makes use of. 
base ten. Tabdes of values of natural logarithms and (Tftnmon ' log- 
arithms are included in most standard books of tables. ° > 
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Fig. 9-lg Sho^s tjie graph of y = 1/x from.jx =/0.65 to " 
.x = 1.00, , and Fig. 9-lh shows^he graph of 'the sam$- hyperbola 
from x = 1.0Q to x = 1.35'. These figures can be used to cora- 
pute a rather accurate table of natural logarithms. Observe first 
of all. that each sjnall square Jin these figures has an area of 
0.0001. A good eppfoximation to^he area under the l^ype\bola can 
be obtained by counting sq^^esT ^As an example, compute. In 1.05. 
Fig. 9-lh shows that the number, of whole squares under the curve 
from x = 1 to x = I.05 is 48,5; thus, In 1.05 is approxi- 
mately '0.0485. A more accurate value can be obtained by adding 
on the areas of the parts of squares that lie under the hyperbola. 
In this case the- curve crosses five squares, and the graph indi- 
cates that the parts of their areas that lie under the hyperbola 
amourtt to slightly more than two whole squares*. -Thus, a more acc- 
urate value for In 1/05 is. 0.0487. Tables show that" the value 
of In 1.05 correct to five decimal, places is 0.04879T (See - 
Mat Hematic al Table from Handbook of Physics and Chemistry . ) A 
similar calculation for Fig. 9-lg shows that the approximate value 
of In O.95 is -0.0513; the value 0 . given by five-place tables is 

-0.05129. : ' r ■ . ... 

The graph' of ' *x = In x is shown in Fig 1 9-* 11. It -contains * 
the two points (0.95, -O.O513) and- (1.05, 0.0487) whose coord- 
inates were computed from Figs. 9-ig $nd 9-lh. It is obviously " 
necessaxy to. extend the graph" of y = 1/x both to the left* and, to 
the right in-order to obtain enough points to plot the graph* o : f 
y = In x shown in Fig. 9-li.- • 



'i 
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^■I^c'an be showp^y dotanting squares #aat-^ft^£T is.^pl^Fxi- ¥ 
m&teiy 2.3 x (a ! five-place. table gives this mue as 2;30259t/; 
Experience has shown* that ong "pf t\e imost usef]ul^logai*ithnis is the 
CQmmon logarithm Lqg 1( yc* M^s value l is "T. at - ;X '= loy To. show. 
how points needed to* draw tri^graph^^/ , y i log^xv cart be obtained ' 
let us consider ottce more the hyperbola y,= k/x». , (See Fig. *9-lj). 
Every ordinate on the graph, of this equation is Retimes, the f s 
corresponding ordinate on t&e graph p'f v v = ^, CNo1?ice .that the 
height at qach x for y = In x is; approximately §.3 * times 
" the height of the ordinate for the graph y Ipg^x) 




Fi©ire 9-1 J v \ * * 

Therefore, for any interval 1 to x (x > 0)\, the area 

k \ 
under the graph of y = ^ is k times th^ corresponding area r 

uhdei? the grapn o* y = ^. In Fig.^lj this means ^hat the area . f 
uftder arcr* P'Q 1 is k times the area under are PQ.\ 
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/i % But, 5 by our definition, these areas are/ log x and In x* respec- ' 
. ,lliyeljr, theref ore ;we "can write' "'SO 7"' 

. 9-1 % log x = k lri.x, * ^ 6 , 

Where :,k" ,1s the constant ^rf . the .equation /.off the Jjyp^rbdla used iijv 
/-.^defining log x./ Clearly,- the value of. 'log-x . depends 6n 1c. * J£aS 

-find an ap^rb?ci,mate val^e* of ' k which makes* lag 10 eqwkl to one, 
\ * w^L^bstJtube x =»10 in (9-1) anct-make use of^he fact that ' 
^ln 10^ is approximately 2.^5 , as shown ir* jFlg. 9-11: V s ^ 

n 1-S k'x>£.3 or kS^—. * "> 

^ . • v v . n 

^ i i ' ' '• ( 

^ Of course, £.30259 * s a better -approximation because it is based 

on the")rnore accurate vald$ of % ln 10 given above. The exaa£- 
value is , 

% • 1 : _ ' . > 

F This number is denoted ^by M; it is ant irratiphal number 
lar to TT ) . Its va^lue, correct to 20 decimal places, is 

9-la* / ' " M 0.43429 44819 03251 '82765. 

The (flqmmon lqgarithm of x, denoted by log^x, is thus the 

area under\ the hyperbola A • 1 

9-lb . . • • , ' • y = J . . , ■ • ■ 

v . . . • •' 

from 1 to" x. The values of log 10 x can be c'om]5uted in the 

9 . . . 

same .way that^'ttfe values of. lA' x were computed. Pig. 9-lk con- 
tains the^gi4ph of y = M/x* from x = 1.0(? to x = I.35. Areas 
under this curve c"kn be' computed by counting squares.' The gjbaph ; 
of . y = lo g 10 x ls shown ln F1 £* 9-11, and. Table 9-1. contains a 
brief table of values. of Ipg^x. It follows from thp definition 
o^Gon^lon logarithms .that , • - 

9-lc . v - : log 10 x = ~ M In x. 
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As a matter ,of , notation, • log x will be Used*bo denote * 

the general l#gal*&thm fuhction obtained ffc'om the, hyperbola ' "* * * 
y,= k/X, where 'the value ht k. Is— generacl -andi-uhspecif led except 
that k > 0. «. 
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XT: 



1 * •.. 

i 







• ^io* 


* 0.00001 «' 


— ' — — — 

-5 ... 


&0Q1 


-4 

' "-5 " 


b.oi 


. -"'-2' . 


o.io ' 


\ ■ 

; - i r : 


1.00 


0.0000- 


1.50 


0.1761 


2.00 


. 6.3010 


-. 2.50 


.. 0.3979 


^.oq • 


• 0.4771' 


3.56' *N 


0.5441 

\ 

• 0..6021 


4.00 


'4.50 


0.6532 


5.00 


■.4 0.6990 


5.5O 


0.7404 


6.00 


0.7782- 


6.50 


0.8129 


7.00 


0.8451 


7.50 


0.8751 


8.00 


0.9031 



Common logarithms. 
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' ■' log 10 x . 


• 8.50 


■ i \ 


-9.00 ' 


'0.9542 

t ■ * 


9.5.0 


■ 0.9777 N 


^10.00 


\ 1.0000 


10.50' 


1.0212 


. , v - 
11.00 


. 1?04*L4 


12.-00' 4 


1.0792 


13.00 


1.1139 ■ 


14.00 


. 1.1461 


15.00 


1.1761 


16.00 / 


*1.204l 


17.00 ... 


.1.2304 


18.06* 


'•■ 1.2553 


19*00' 


i/2788 


2Qf. 00 


1.3010 


• 25.00 


1.3979 


30.00 
35.00 


• 1.4771 


1.5441 


40V00 


:i.6o2i 


45.00 


• 1.6532 


50.00°- 


1.6990 
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\ ■ . \ " Ex ercised .0-1 
* . • • ' : — — — 

Use the graphs in Figs\ 9~lg and 9r!h to estimate the value 
of In X for those values of listed in the v first column 
of ^^ke 'following tabled Compare your estimated/ Values with 
the correct values given in the last column* It should be 
observed that theses logarithms are natural logarithms rather 
than the common logarithms given in Table 9-i. 




Estimated - In x 



Y 



Correct In x 



-O.35667 
-0 . 19845 
^0.10536 

0.11333 
0.16551 
^20701 
.0.21511 
. « 0.23111 
0.24686 
0 ."2546-4 
. 0.27003 

^.27763 
O.28518' 

j 0.29267 



/ 



\ 
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Use the graph in Pig/;^;Ik "tot e&fit^te the values ; of log-, 

Jr**K ' : ft r. % n 1 

for those values of x listed :^fipthe first column. oT the 

* 'following table. Compare ^buf ^estimated values with the 

. correct values given in>t**e last column. ' 





isbijnaueu ±og-^QX . * 


Correct log-^x 


1.12 




0.0492- 


1 . 16 




0.0&45 


1.18 


■ 


0 . 0719 


1.21 . 




** 0.0828 


1.23 




0.0899 


1,2.4 




0.0934 


1.26 ; 




0.1004 


1.28 




P. 10^2 


1.29 




0.1106 . 


. 1-31 




0.1173 


1.32 




0.1206 4 


1.33 • 




0.1239 
V 


1.34 




.....O.127I 



Draw, an accurate graph of the common logarithm function 
y = lo i g 1 0 x • on a * large slieet of graph paper. Use Table 9-1 
as the table of values for drawing the graph. Compare your 
graph with the graph of y =.log 1Q x In Pig. 9-11. 



Use sheets of graph paper similar to. those.. in Pig. 9-lg and 
9-lh to extend \the £raph~of y = 1/x both* to the rlritfSand 
to the- left. The class might* undertake a cooperative project 
of drawing the graph f rom ^x = 0.1 to x = 10. - This graph 
can be used to make a table of logarithms for all numbers 
from x = oil to x =10. Observe that the logarithms .ob- 
tained are natural logarithms and not cornjnon logarithms as 
given i»yrabie 9 r l. 

Use . sheets of graph paper similar to those in Pig. 9-lg and 
9-lh to extend the graph of y = M/x in Fig., 9-lk both to 
the right and to the left. The class might undertake as a. 
cooperative project the task of drawing the graph from 
X = O.65 tcP* x = 10., This graph can be used to make a table 
of common logarithms far all numbers from x = O.65 to ' 
x = 10. Compare the values of log 10 x obtained with the 

values given in Table 9-1. * ^ 

* If In x is the natural logarithm of x, then M In x = 
log 1Q x. Show that this relation can be used to compute a. 

table of common logarithms from a table of natural logarithms 

vDetenrvine k in the equation of the hyperbola y = — so that 

X 1 

log 2 = 1. We call this log function log 2 x. Find the 
'value of log 2 1, log 2 5, log 2 4, log 2 8, logg \» and 
log" 2 / 



/ 

/ 
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,9-2. An Important Formula j gor Log x. The purpose of this section^ 

is to prove a theorem which spates an important property of lo^ x. 
*" * * ■ 

Theorem - 9-2 . If. y = log x is the logarithm function de- 
rived fjpom the hyperbola y T = k/x, and if a arid . b are any two 
positive numbers, then 

9-2a log ab = log a + log b/ 

Before we undertake to prove Theorem 9-2 let us verify Equa- 
tion 9-2a in a number of special cases. Table 9-2a gives tte 
values of log-^ab .and (log 1Q a + log 1() b) for a number of diff- . 

erent. values of a' and b. In three cases the two numbers differ 
by one in the fourth decimal place. A small difference of this 
size is to be expected occasionally since the logarithms in our 
table are correct to only four decimal places. 

Table 9-2a. Comparison of log-, n ab and log 1n a + log in b. 



t 

a 


b 


l0 6'i6 ab 


log 10 a + log 10 b 


1.50 


2.00 


0.4771 


- * 0*.4771 


2.50 . 


3-00 


0.8751 


0.8750 


* 1.59 


3 • 00 


0.6532 


; 0.6532 


2.00 


2.50 = 


O.699O 


0.6989 


*' 3 v?0 


4.00 


1.0792 


1.0792 


6.5*0 K 


2.00 


1.1139 ' 


1.1139 


3.00 


- 5.00 


I.I76I' . 


1.1761 


.4.00 - 


.4.00 


1.2041 


1.2042 ' * 
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Figure 9- 2a v . ' 

Pig, 9-2a. The area under the 'hyperbola y •= k/x from x = a to 
x = ab is equal to the area under the hyperbola from x = 1 to 
. x = b . 

Consider* the proof of Equation 9-2a. The graph on the left in 
Pig. 9-2a shows that the area under the hyperbola from x .=j 1 to 
x = ab. is log ab, and that this area is equal to the area from 
x = 1 to x = a plus the area from, x = a to x = ab. Since 
the area from x = 1 to x = a is log a tfy definition, the 
proof of Equation 9-2a will be complete if we can show' that the 
area under the hyperbola from" x = a to' x = Cab is the .same- as 
the area from x > 1 to x = b. This fact will be proved in. a 
special case;. the proof in the general case can be given in the ' 
same .way. * * , ' 

The proof will .be given for a = 2 and . b = 3. In this case 
we are asked to prove that the area under the. hyperbola r y = k/x 
from x = 2 to x = 6. is. equal to the area from x = 1 .to ' 
x = 3. Approximate the latter area by -four rectangles , as phown in 



L 



Figure 9-2b. Approximate . Figure 9-2c. ' Approximate area ^ 

area under the hyperbola •. under the .hyperbola y = - 

y^= j from x = 2 to x = 6. from - x = 1 to x = 3. 

• . . V. ..... ' 

Pig. 9-2c, and approximate the , former area by four corresponding 
rectangles as shown inPig. 9-2b. The altitude of each; rectangle ' 
can be . found by calculating y from y V fc/x 'for the appropriate 
value, of x. The calculations are showrt in. Table 9-2b.. Observe ; 
that the area of' each rectangle in Pig. 9-2b is exactly equal. 



Tab la 9+2b. . , Computation of the Areas ; .iri ""Figs.. 9-2b ..and "9-2C. ' V 





Fig. 


9-2b 






Fig.. . 9 


-2c 




Rec- 
tangle 


Length 
of Base 


Altitude 


Area 


Rec- 
tangle 


"Length 
of Base 


Altitude 


Area 


1 


'.• 1. 


k 

2 . ' ' 


k 

2 




0.5 


■ , k 
1.0 . 


k . 
' 2- 


2 . ' 


t! 

''. 1 • 


k 

3 


k 

3 


■ 2 


.0.5 " 


. k 


k 

3 


3 


1 


k 


k 


3'' 


0.5 


k 

, ' 2 -°. 


k 
T 


h 


■ 1 


k 


k 

i 


4- 

i 


■ 0,5 


k • 


k 

5 •• 
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to the area of \the corresponding rectangle in Pig. 9-2c. Thus the 
sum of the areas of the rectangles in Pig, .9-2b is equal to the 
sum, of the areas in Pig. 9-2c. The same result will be found re- 
gardless of the number of rectangles used to approximate the areas, 
If a large number of rectangles is used,, the sum of their areas is 
very close to the area under the curve. Prom these considerations* 
it follows that the area.unjder the hyperbola y, k/x from x = 2 
to x = 6 is- equal to the area from x = 1 to x « J. \ m 

A proof- of Equation 9-2a for- the general case can be given in 
exactly the same way. • , , -° . 

Equation 9-2a has many applications. For example/ Table 9-1 
does not give log 10 28, but it, does give log lc ;4 and log^ 1Q 7. 

Therefore, by Equation 9-2a, ■* > 

log 10 28 = lo gl < 0 4 + log 10 7 

\ ■ ;■ . Z 0.6021 + 0.8451 •' 

' „ . ~ 1.44f2. 

Observe .also that 11 = ( -v/Tl) ( */ 11). ' Therefore, 

' ' log io i:L :: lo s 10 -/n + iog 10 yir 

so that • 

log 10 VlT = §• log 10 ll 

"': ■ ' ■ ■ .' '.• - Z | (1.0414) 

Z 0,5207. 
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Exercises , 9-2 . 

Verify Equation 9-2a in a number of special cases by complet- 
ing the following table. Use the, common logarithms given in 
Table 9-1. 



a 


h 


ab 


log., v^ab 
& 10 


& 10 & 10 


3.00 


J.oo 








3*oo 


2 .00, 








)t . r\r\ 

4 . UU 


d .50 ■ 








/ 

5-00 


4.00 








.5.00 


7.00 ' 








/3.00 


6.oo 






i 


6.ob" 


5-00: 








5.00 


8.oo 








5- op 


10.00 




m 




4.00 


3.50 , 


« 




h 


"5.00 


9.00 









Use Equation 9-2a and Table '9^1 to calculate the values of 
the following logarithms: *, 



(a) 


' log 10 21 


■(g). • 




(■)' 


log 10 44 - 


,(s) 


-log 10 57 f 


( b ) 


log 10 24 


(h) 
(if 


log 1Q 33 


(n) 


• log 1Q 48 


(t) 


log 10 6j 


(c) 


log 10 22 




. (o) 


log 1(J 49 


(")' 


log 10 125 


(d) 


log 1Q 26 


(J) 


log 10 36 


(p) 


"log 10 51 


• (v) 


log 10 l J ^ 


(e) 


. lo Sio 27 


(k) 


log lb 38 


(q) 


' log 1Q 54 


(wj 


log 10 250 


(f) 


log 10 28. 


U) 


log 10 42 


(r) 


log 1Q 56 


(x) 


iog 10 iboo. 
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Prove that log a =2 log a. Use .this fact to compute the 
following logarithms: 



(a) 


. I0S10V2 


(f) 


log 10 2.25 




log 1Q 256. 


(b): 


iog 10 yj 




log i0 6,.25 


(/) 


log 10 44l 


(c) 


iog 10 y5 


( (h) 


log 1(i 64 


(m) 


.loglO 1 ^ 6 ; 


(d) 


iog 10 yr 




log 10 8l 


, ■ .(-) 


log 10 289 


(e) 


iog 10 yio 


(J) 


log 10 l69 


fo) 


log 1Q 576 



Prove that log> abc = log a + log b + log c and thus that 

o 

log a b = 2 log a .+ log .b and 
• ■ ... log a^ = 3 log a. 

Use thesQ facts to compute the following logarithms: 

(a) log 10 ^2 (f) log 10 1^7 : (k)" log 10 ^/lO ■ 

(b) *log 1Q 1001 . ^(g) log 1Q 126,75 UY ^gia^/^F 
.(c) log io 255 (h) log 10 3^ (m) log 10 ^/20 

(d) log 10 26.25 (i) log 10 a7§8 (n) log 10 ^/lOOO 

(e) log 1Q (3>.5) 2 >^ (# lo Sio-J/5 . (°) ~log 10 
Use the definition of log x as an area to show that 

k(x-l) \ * 

} , y ' log x < k(x-l) where, k > 0 and x > 1.. 

. * * ; - 
Is 'this inequality true when w 6 < x < 1? ... 



X 



[sec. 9-2] . £5 



9-3 • Properties Of lag x. 

Corresponding to the hyperbola y = k/x there is a logarithm- 
function y = log x. This function was defined in Section 9-1. 
According to Definition 9-1, log ,x for each k > 0 has the. 
following properties: * 

9-3a . - \ log 1 = 0,'"' 

log x > 0, x > l, 

log x < 0, 0 < x.< 1. 

Furthermore, it was shown "in Section 9-2 that 

9-3b ; - logXx 1 • x 2 ) = log x 1 + log -x . 

In this section some additional properties of the logarithm 
function will be established. ' / 

In Equation 9-3b let x 1 be x, and let x 2 be i. ■ Then 

log x(i) = log x + log i. 

* . 

But since x(^) = 1, and log 1=0 by Equation 9-Ja, the last 
equation becomes 

0 = log x + log i. 

Thus it follows that 

9-3c log ~ = - log x. 

x l 

Next, consider the. logarithm of —=•. This quotient can be 

2 

thought of as a product. Thus, 
Then , by Equations 9-3b and 9-3c, 



or 



x l ■ 1 
log— = log x 1 + log — , 



' x l 



9-5d 1o e~ = lo e x i - i°e x 2< 

2 
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It will be shown next that If n is any positive integer, 

then, 

9-3e -log x n = n log x, 

log = - n log x. 

The first statement in Equation 9-j5e follows from repeated 
application of Equation 9-jJb, for ' ^ 

5 log x = log(x • x) 

= log x + log X 

-.x "T c . = 2 log x; . 

; log x 5 = log(x 2 • x) 

'2 

* . = log x + log X 

= 2 log x f + log x 

0 

=3 log x. 

- The first statement in Equation 9-3e can be established by 
continuing in this fashion. The second statement follows from the 
first statement and from Equation 9-3c, for 

.log ^ = •- log x n ' 



A 



= - n log x. 

The symbol where x > 0 and ^ q is a positive inte 

means a positive number whose q^* 1 power is x. Thus 
( V~x) Q = For example, °V& = 2, Vl6 = 2, 6 764 = 2, 

vl25 = 5. It, will now be shown that if p and q are any pos- 
itive integers, then 



9-3f log(V3E)P = £ log Xm 
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It will be shown first that log c */~x = (^) log x. By the first , 
statement In Equation 9-J>e, ~ - 

. " . log( ^x) Q « q log ■ f * 



or 



log x s q log C $/~x. 



By solving this equation for log yx~, wfe obt 

log = ^ lo e x * 

Prom this result and the first statement in Equation'^ 9-J>e it 
follows that 0 ■ > 

' log ( V^) P = \ log x, ■ >"- 

and the proof of Equation 9-3^ is complete. 

The next property of log x to be established is the . 
i^llowing: ^ 

9-3g "If x ± < x 2 , then log x^ log x 2 . 

This property follows from the definition of log x (Definiti<Ji 
9-1); for, if x^ < x^, the area under .the hyperbola y 

from 1 to x.. is less than the area under the curve from 1 to 

r 1 C7 

Xrf» 

A similar argument establishes 
9'-3g f " If log x^< log x 2 , then x x < x 2 . 

Note that statements 9-3g and 9-3g ! can be ^expressed as one 
statement .as follows; 

' < x^ if and only if log x.^ < log x£ 
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The next property of log x to be established 1st the follow- 



ing: t 
9-3h If log x ± = log x 2 , then xy = # x 2 . 

There are only three possibilities : either x n < x , x > x 

& 1. 2 1 1 2* 

or x 1 = x 2 . . But the first two are impossible,' since x 2 < x 2 
implies log x x < log x 2 , and x ± > x g implies log x ± > log x 2 
by Equation 9-3g. Thus, XjL < x g and x ± > x g - must be rejected ' 
since both lead to contradictions. Therefore, x 1 = x g , and the 
proof is complete. ' 

Again, a similar argument establishes 
9-3h f . If x x = x 2 , then log x ± = log x 2 -\ 

The final property of log x which is desired is the following: 
9-31 The graph -of y = log x is a continuous curve. 

■ j 

This follows from the fact that the graph has no breaks or jumps 
in it. An important consequence of this property is the following: 
If x 1 < x 2 and c is any number such that log x^ < c < log x 2 , 
then there is a number x Q such that x ± < x Q < x 2 and 
log X Q = C. 

The following is a summary of 'the properties of log x: 
9-3a log 1=0, - 

, log x > 0 x > 1, 

- '*' log x < 0 ^0 < x < 1. / 

9-3b If x 1 and x 2 are any two positive" numbers, then 

log( Xl .x 2 ) = log x x + log x«. 
9-3c " I • " log i = - log x. 
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9-3d If x^ and x 2 are any two positive numbers, then 

■ . ^' x 1 

" los = l0 S x i - log Xg. 

9-3e If n is any positive integer, then^~ 

■ n t ; 

log x = n log x, s 

log -4 = -n log x. 

x 

9-3f If p and q are. any two positive integers, "then 

log (^) p > \ log x. 

9-3g •< / If x 1 < x 2 , then log log x 2 . - 

9-3g f If log x 1 < log x 2 , then x 1 < x g 



[ x l ^ *2 * lf a " d only lf los x l < l0 - s x 2| 



9-3h If log x 1 as log x^, then x 1 = x 2 * ~ ' 

9-3h* ,If ♦x 1 - x 2 , then log x 1 =^Log x 2 

jx^ = x^Af and only^ if log x 1 = log x 2 J 

9-3i The graph of y = l log x. is a continuous curve. 

Some applications of these properties of the function log x 
will* be illustrated by examples: s 

Example 9- 3a , Use Table 9-1 to find the following 



logarithms : 

f- < a > los io T7~ (b) 'iog 10 ( ^~5). : 



ii 2 
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2 -' - ■ ' ' 

Solution: (a) log 10 . - log^ll 2 - - lo^l7 (9-3d) 

lo 6l0 112 = S^'SlO 11 * (9-5e) 
-„ • log 1Q ^ = 2 log 10 ll -'log 10 17 

^ . X 2(1.0414) - 1.2504 
Z 0.8524 . 
.(b) Ac c orbing to (9-3f) , 

log 10 (^5) 5 = | log 10 5 

2 |-( O/6990) 

. ' £ I.I650 

•Example 9-3b . If N = express log N in terms of the 



logarithms of a, b, and c. 
• , Solution : log =.log a^b - log J~o~ 

♦ 

= log a- 5 + log b - log J~c" 
= 3 log a + log b log c 

Sample 9-3c Solve for x: j log x + log -J = log 5 

. Solution : log x + 3 log 3=3 log 5 



log x = 3 log 5-3 log 3 
5 3 - log 



log x = log 5< - log 3^ 



log x = log 



X = 

5' 



X = "27 
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Example 9-3d » Solve for x; log (x-3) + log x = log 28 - 

•. Solution; Note that log a Is not defined when ia£^ 0. This 
means that we must have (x - 3) > 0 for our equation to be mean- 
ingful. We can w^ite log[(x-3)x] = log 28. Since;x 1 = x 2 if log 

x 1 = log x 2 , we have (x-3)x = 28 or x 2 - }x - 28 = 0. The roots 

of this quadratic are found to be 7 and -4; We ob- 
serve that 7 satisfies the original equation and that -4 must 
be rejected for the reason we have indicated. 



Exercises 9-3 • 

1. Use Table 9-1 £nd the properties of log x stated in this 
section to find the following logarithms: 



(a) log 1Q ^ 

(b) log 10 (4 x 7.5) > 

(c) log 1Q (^ x 17) 

(d) log 1>50 X L 3.50 
K ' " L ° B 10 . 2.50 

(e) log 1Q (13) 6 



(g) io S j s -rp?-v- 

v 7 

(h) iog 10 ( fyTi) 1 * 



(1) log^ ?-^ (9-5 ? 
1 



(J) log 



10 



(k) lo gl ^(~3 2 + 4 2 ) 
U) lof ' 1 




Find the value of 2x7 by the use of logarithms. 
Solution: By Equation 9-Jb and Table 9-1, 
log 1Q (2 x 7) = log 10 2 + log 1Q 7 

• Z 0.3010 + 0.8451 

. . Z 1.1461. 

Table 9-1 shows that 

• log 10 l4 Z 1.1461. °- 
It follows, from Equation 9-3h that 2 x 7 = 14. 

Find the .value of. 2 '^°^q 6 ' 00 by using logarithms. 

If N =, ^ | 8 , find N by means of logarithms. . 

Express the logarithms of each of the following expressions 
in terms of the logarithms of the letters involved as in 



Example 2: 


t 




(a) PQR 


(e) 


V "5" 




U) 


3 /p^Q 




(g) 


1 

P^O" 


(d) & 


(h) 





Solve each of the following logarithmic' equations for x: 

(a) logi 10 ^x = 5 log 10 7 

(b) log ln x + log 10 15 = log Tn 182 



'10 



(c) 2-log 10 x - log 10 7 = log 10 112 

(d) log 10 (x-2) + log 10 5=2 
Xe) log 1Q x + log 10 (x + 5) = 1 

(f) ^ log 1Q x = - log 1n 64 <« ' 



10 



(g) log 10 (x-2) + log/^ (x + 5) = log 



Write without "log 1 



10 



^10 



14 



(a) log 10 V.= log 10 4 + log 10 Tf + 3 log 10 r - log 10 3 

(b) iog 10 p = |yg 10 1 1 1 w 10 g . 

(c) log 1Q S = i [log 10 3 + log 10 (s-a) . ; 

+ lo gio ( s " b ) + " lo s.io ( s ~°l 

Show by logarithms that, if a > 0, and p, q, and n are 
natural numbers, then 



(a) VaP 



Hint: Use Property . 9-3f 
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9.' Express as a singip; logarithm: . j 

(a) • log 10 x «+ log 10 y _ log 10 z O 

( b ) log 10 (x + 3) _ log (x-2) 

(c) 4 log 10 t - 3 log 10 s - ' • 

(d) | log 10 x - | log 10 y * • .». . 
" (e) lo Sio- 2 + log 10 x + 3(log 10 x -^g 1Q y) 

(f) - log 1Q x + 4 log 10 (x-2) + j log 10 x 2 

*10. Suppose we denote the area under the curve , y =-^x 2 in the 

first quadrant between the brdinates at' 1 and x as "lug-x" 
Are there any. properties of log x which are also true for 
"lug x"? In particular is it true. that lug ab = lug a + 
lug b? 



9-4. The Graph of y = log x. ' - . - 

Pig. 9-li contains -graphs of y = In x and y = log 10 x. 
These graphs exhibit many of the characteristic features and im- 
portant properties of all logarithm functions. This section will 
be devoted to a study of the properties of the graph pf the general 
logarithm function y = log x. 

The first important property of the graph of y = log x is 
this: The ordinate y always increases as x increases. It was 
proved in 9 7 3g that, if x ± < x 2 , then log x 1 < log x 2 . The fact 

that y always increases as x . increases on the graph of 
y = log x is a consequence. 

It follows from the definition of J.og x that log 1 = 0 ^[see 
also Equation 9-3a) . Thus the graph of y = log x crosses the 
x-axis at (1,0). The graph does not cross the x-axis at any other 
point because y always increases as x increases. 
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It has. been explained already that the graph of y = log x 
is a continuous curve (see property, #-31) . The ".graphs of 
y =' In x and y = log 1Q x in Pig. 9-ii are continuous curves, and 
the graph of every logarithm . function *y = log x has this same 
property. _ • ' * . 

Another important property of the graph- of y = log x is' the. 
following: As x increases .without limit, y also increases 



then' log 
0 < log 2. 



without limit. By 9-3g, we know that if x-j 
x x < log Xg.^Since 1 < 2, log 1 < log 2, and 

Consider log 2 n ./lttnce log* 2 n = n.log 2/ ^it follows that' 
log 2 n increase^ witrfout limit as n increases without limit/ 
Thus, the point (2 n , n log 2.) is oh the graph of y =«iog x, 
-and the ordinate of this poiht is arb^trari^yr large if " 'n is suffi- 
ciently large. Since y always increases asl x increases, it 
follows that y increases without limit as x increases on the, 
graph of y = log x. 

A closely related property* is the fbllowing:\ As % x 'decreases 
toward zero, y ^decrease^Vithout limit on*the. graph- of y = log' x 
Anotherjtay to state this property is the fpllowi^g: . the. graph of 
y' - v log x is asymptotic to the negative y-axis; 



Equation 9-3e. that . log 

>1 



~ = - n log 2. ' 

2 



It follows tvh 



»m 



Thus, the point 



(■pi* - « log 2) 



is on the graph of* y = log x. 
As n increases without limit, 
the abscissa of this point de- 
creases toward zero, and the 
ordinate decreases without limit. • 
Since y always decreases as x 
decreases,- the gf&ph of y = log x 
ls\ asymptotic to the negative 
y-axis as stated. " ? . 

The final property of the 
graph of y = log x is the ■ 
following: If c is any real 
number, then the., graph ■■ of 

[seq. 9-^] 





/ 










y 


-c- 

















Figure 9-4a\ The graph 
of y = log.x crosses 
every line y\ = c once 
and only once'X 



40 



y = log x crosses the lirie.;y = c at one and only one point. 
This property is an important consequence of the fact that the 
graph of y = log x is continuous, , and Pig". 9-4a gives a " 
graphical proof of it. The figure shows the graphs of y = log x 
.arid y = c. If the graph of y = log x crosses the graph of y = c 
once, then the curved line cannot cross the straight line a second* 
time because ; the ordinate y on the graph of y = log x alW^s^. ■■: 
increases ^as x increases. Thus, the proof will be complete if 
it can be shown that the graph of y = log x .crosses the line at 
least once. It has been shown already in this section that there 
is a point on the graph of y = \Log x above the line y = c and 
another point' below this [Line. Since the graph of y = log x is 
continuous, the graph crosses the line in passing from the point 
below the line y = c to the point above this, line. The proof is 
complete. 

Another statement of the property proved in the' last para- 
graph is the following: 1^ c is any real number, then there is 
exactly orie positive real number x Q such that log x Q = c. 

The following is a summary of the properties of the graph of 

y = log' x established in this section. 

* . •« 

On the graph of y = log x, the .ordinate y 
'increases as the abscissa x increases. 

9-^b The graph of y = log x crossed the x-axis •aty'x =.'1 

and at no other point. 

The graph of y = log x is a continuous curve. • 
+ ■ ••••■'.« > « > 

9-4d ' As x increases without limit, ;y also increases with- 

* - out limit on the^ graph of y = log x. 

9-4e As x decreases toward zero, y decreases without limit 

on the graph of y = log x. 

9-4f If c is any real number^ then the graph of y = log x 

crosses the line y = c at one and only one point. 



[sec/9-4] ^ 




I&6 



1. 



2, 



3. 



■ ■ ■ . Exercises > 9-4 

Find the coordinates of a point P on the g'rapf 
y\ m log 10* whlch satisfies each of the following -conditions. 

(a) The ordinate of P is greater than .100.. 

(b) The ordinate of P is jess that -5„ 

(c) The ordinate of P is greater than 1 and less than .2. 
Hint for. (a)/'* Recall that log 1() iO = 1 and that ■ 



log 1Q 10 n = n log l0 10. V 

Draw an- accurate graph of y = 'log 1Q x on a large sheet of , 

"1 ■ 

graph paper (see. Exercise 9-I-5). Use:' this graph to find the 
approximate solutions of the following equations: (Note that 
graph must extend to at^ least x = 1Q0) . \ 



(a| ".og 10 x = .5. 


(f) 


log 1Q x = 


1.2 


(b) log 10 x = .8 


-(g) 


log 10 x = 


2 ■ . 


(c) log 10 x = -1 , • 


(h) 


lo Sio x - 




(d), log 1Q x = 0 


U) 




2 


(e) log 10 x =' -2.5 


' (J) 


T\ 


•. 


We label tyie log function 


whose' 


value at 


10, is 1*. with the 



symbol log 1Q x. Similarly, the log function whose graph 
passes through the point (t,l) is called log t x. Find the 



value 



of jrk associated , with log t x. Show also that 

n ■ V v -. ... 



los t t =f n > w^ere n* isxany positive integer 
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4. If the graph of y = log * passes through the point (t,s) 

where t > 1, show that log t = ns for any positive 
integer n. Also find the value of k such that the graph 
of y = log x parses through (t,s). ' 

5. .- Show that there exists a number . x such that log 1Q x = TT 

Show also that this number is greater than 100Q and less 

than 1000 V 10. m , 9 

6. Sketch a curve which has the property -that it 'is symmetric to 
the graph of y = log x with- respect /to the line y * x. 
Suppose that the equation of this new curve is y = E(x). 

(a) . lie-state properties 9-4a, 4b, 4c, 4d as they apply 
* to the graph of y = E(x). 

(b) Which of the following are true? 

» 

4 / ^(l) The functions log x and E(x) are so related - 

that the domain of either function is the range of 
: ' the other. , 

(2) If P(a,b) lies on either graph, then the point 
Q(b,a) lies on the other. 



^9-5* Table is of Common Logarithms, ; Interpolation . 

It was shown in Table 9-1 that the common logarithms of a few 
numbers are integers; for example, log 10 0.01 = -2, log 1Q l = 0, 

^ and log 10 10 = 1. The common logarithms of- some numbers are 

National fractions;, for example, -log 10 STU = ~ (see Equation 
9-3f X* The common logarithms of- many numbers are irrational- 
numbers; for -example, the number 10 ^ will be defined later, 
and.it will be shown that. log 10 10 v ^ is the irrational number 

*/~Zl The usual tables of logarithms -express approximate values • 
of the logarithms of numbers in decimal form correct to four, 
five, or seven decimal places. ' ; 
: * [sec. 9-5] 
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Pouivplace tables will be used in this section and the next. 



\ 



Table 9-5a. Approximations tp a Few Common Logarithms and Their 
Representation in atkandard Form. 



X 


log 10 x 


log 10 x ln Standard Form 


0.00231 


.- 2.6364 


- 3 + .3636 


0.0231 


- 1.6364 


- 2 + .3636 


0.231 


7 - 0.6364 


- 1 + .3636 ' . 


' : 2.31 


0.3636 


:< 0 + .3636'. 


23 . 1 N 


1.3636 


1*+ .3636 ' » • 


231.0 


2.3636 


2 + .3636 


2310.0 


. : 3.3636 


3 + .3636 


23100.0 ■ - 


4.3636 


4 + .3636 



It has been shown that the logarithms of numbers, greater than 
1 are positive, and^ that the logarithms of numbers less than 1 
are negative. The second column of Table 9-56 gives the common 
logarithms of numbers listed in the fii^st coltimn. The third 
column shows the logarithms written in standard form. It will be 
observed that log 10 x, when written in standard form, is the sum 

of an integer (positive, negative or zero) and a non-negative 
decimal fraction less than 1. The integer is called the. charac - . 
.teristic of the logarithm, and the decimal fraction is called the 
mantissa , • Thus, the standard form for writing the common log- 
arithm of a number a is f. 

Definition , 9-5a . log a = n -h m, where 

n is a positive or negative integer or 
r . zero, and 

0 ^ m < X. 

We illustrate the. meaning of this definition with some examples: 

Example 9-5a . Find the characteristic n' and the mantissa 
♦ m of log 1Q a for each of the; following values: 



(a) log 10 a = .4829 
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Solution ; It Is Important to observe that the characteristic 
n can be zero as it Is In this case. We can write: ' - 

t ^ 1( =4 10 a = .4829 = 0.4829 = 0 + .4829 where 
n = 0 and m = .4829. Note 0 £ m < 1. 

(b) log 10 a = 3.3122 + 1.5040 

Solution : Clearly loKn n a = 4.8l62 = 4 + .8l62, therefore, 
/Tn = 4 and m = .8l62. "Again, 0 £ m < 1. 

(c) log 10 a = -2.4163 * 

Solution ; If we write log 1Q a = -2 + (-.4163), we observe 
that the decimal fraction is negative and therefore cannot be re- 
garded as a mantissa which, by definition, is a non-negative number 
less than one.. V In this case log a- is * larger than -3 and less 
than -2. This means that log 1Q a can.be expressed as 0 -3 plus 

some positive number less than. one. This positive number is our 
mantissa m. 

log 1Q a = -3 + m or -2.4163 =^-3 + nw m = .5837. This 

gives log 1Q a * -3 + .5837. We see that . n = -3 and&hat 

0 <^ m < 1. ^Note that we could havfe obtained ti^Ls result more 
quickly by adding and subtracting 3s 

logj_ Q a = -2.4163 = -"2.4163 +*3 - 3 = .5837'- 3 = -3 + .5837. < 

Example 9-5b . Find the characteristic n and the mantissa 
m for 

log 10 a if 5 l°6 10 a = 2 lo e 10 x " 3.1og 1( jy,. whe1 ^ 
log^x = O.1962, and log 10 y = 0.7343 - 2. 
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Solution : 5 log 10 a = 2 x (0.1962) - 3(0.73*3.- 2) 

.= 0.3924 - 3< -1.2657) .. . 

. = 0.3924 +'3.7971 -• . 

= 4.1895 

l°g 10 a = 0.8379. n « 0 and m = .8379. 

' \ ' 0 ^ m < 1 

~~ - Exercises 9-5a 

Find the characteristic and the mantissa for log 10 a in Exercis 
1-12: . 



1. 


log 10 a = 


3.8383 




2. 


log 10 a = 


• 5332 




3. ' 


log 10 a = 


-.4431 „ 


Hint: log 1() a = -1 + ? 


4. . 


log 10 a. = 


-2.2136 , 




^ • 


■ loc"_ _a = 
B 10 


-5 •' 




6. 


ipe 10 a.= 


-1.3166 J ^ 




7. 


log 10 a * 


.2727 -/3.812 


22 


8. 


log 10 a i = 


.4177 + I.7832 - 5 . ^ . 


9. 


log 10 a = 


-.0926 




10. 


3 lo6 10 a, 


= -4 ; 




11. 


2^183 +• 


\ s io a = i-* 2336 


12. 


log 10 a = 


\ [-3 lo g 10 x + ^gio^ ".f lo Sio z ] whe re 




log 10 x = 


p.3163, log 10 y = -.8887, log lc z = - 7.4175 
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15. Let n represent the characteristic aiid m the mantissa for 
log 1Q a, a >. 0. Is the following statement true?: If 

log^ Q a as 0, then m = 0 and n = .0. 
14. " Are these statements true? ' . ^ 

^ (a) If log 1Q a and lo Sio b have the same mantissas, then 
;£hey differ by an integer. '"■ v . V 

(b) If log^a and log^b differ bys an integer, then their 
mantissas are equal, 

Let us now consider two positive numbers whose decimal 
representations differ only in the position of the decimal point. 
V/e see that 73.18 and .07318 are a pair of numbers of this type. 
In this case, , we note that 73.18 = .07318 x 10 . 

The sample of logarithms given in Table 9-5a suggests that the 
common logarithms of any two numbers whose decimal ^representations 
differ only in the positions of the decimal points" have the same 
mantissas. This fact will be proved in the. follbvBJhga theorem: 

: ' ■ "5 0 i : - ■ ■ ' ■ 

Theorem 9-5a . If a and b are any two positive numbers 
whose decimal representations differ only in the ■ positions of the 
.decimal points, then log 1Q a and log 1Q b have the^^V mantissas. 

The proof employs the properties of log^a^'thms, established in 
Section- 9-5* For convenience, assume t^dBji-. -a > b;\j^ppimllar proof 
can be given if b > a. Then there exi^s&a- pos'il^p'- integer n 
such -that ' v ty< 



a = 10 n b. 




.Re 



call that log (x^ • x^) = log x^ + log^x^ x, and 



A92 ■ . 
Then, * 

= log 10 10 n + log 10 b/ 
v • ' = n log 1Q 10 + log 1Q b 

• ' " " ' = n + log 10 b. 

Thus, l°6 10 a -is obtained by adding the integer nf to log 1() b, 
and the mantissas , of log^a and log 1Q b are the s ami". The proof 
is complete. •■ 

It follows from Theorem 9-5a that the logarithms, of * all num- ■/ 
bers can be obtained from a table which gives the logarithms of / 
numbers^ from 1 to 10. Common logarithms are preferred to nat- 
ural logarithms for 'ordinary computation because of Theorem 9-5a. 
The mantissas of common logarithms are obtained from a table, and f 
characteristics are obtained by inspection as ■ indicated in the 
next Theorenv (9-5b.) . " 

Before we consider'tliis theorem, let us recall the meanings 
that have been . assigned to such expressions as * 10°, and 10"^ 
and l(T n where n is a positive integer. We have long known 
%Rt l(^,x,ad%gr;(i0 x lO x 10);(10 x 10) = 10 5 and, more gener- 
ally, ' . 

(i^Jip^ x It)|^:= ltf^^0tere m and n are positive integers 
. -called e^cp orient s : ^e^! yi^e d in this way. 

Zerp^ and negat^<^^t|^^ were defined so that this law J 

{ i| ^remains ti^'^; : ^^l^0^ = 3 and m = 0. We have 

.^X 10° = lp^^l^^^p^dently 10° must be assigned the 
value >^ to be true. We can write 0 

10° = 1. ,. ' 
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/Suppose next that m = 3 and n = -3. According to our rule, 
we havfe 

10 5 x/lCT 5 = 10 5+ ^ 5 ^ = 10° = 1. 
But 1C? x — = 1. Therefore, 10"^ must be interpreted as 

i-r in order for (i) to remain true for negative integral ex - 



— - j in order for 



ponents. We have then lCf^ = — — and, in«general, 

' . 1CK 

n .' " " : _ n l 

10 = where n is a positive 

10 .. 

integer. In fact, for any real number x ^ 0, we have 

n 1 

x" = "TT" w ^ ere n is -a positive integer. 

c': x 

We lobtife that Equations 9-3e can now .be written as a single equation 

9-5b log x n « n log x for any integral value of n provided 

x > 0. • 

A • — 
The use of zero and negative integers as exponents will be 

illustrated by examples: 

Example 9-5c » Express in decimal . form: • - ■ 

x (a) 1CT 5 ' V h 

(b) 10° x 1CT 5 > - . I 

(c) 416.2 X 10" 5 . \ . 
Solutions : 

• " (a) 10 " 5 = 13? = i^TMo = o.ooooi . • KSSH 

(b) 10°X 10" 3 = 1 X jffiQ = 0.001 



(c) 416.2 x 10" 5 = 416.2 x lo y ooo =0.00.4162 ^ 
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Example 9-5d . Supply the appropriate exponent: 

(a) 0.00001 = 10 x 

(b) 10 5 x 10 4 x 10" 7 = iof 

(c) . 0.0512 = 5.12 x io z : . - 

Solutions:; The definitions indicate that the answers are 

" ^. x = -5, y = 0 and z = -V 

: * This b^ief discussion of integral exponents is sufficient for 
our present purpose. A more complete discussion of exponents is 
found in Section 8 of this Chapter along with a number of practice 
exercises. 

We are now in a position to establish 

« Theorem 9-5b. If N is a positive number expressed in the 

form 10 n x k, - where ^ n is an integer and, 1 < k < 10, then n 
is the characteristic of log 10 N. 

Proof: 

N = l° n xk . Hypothesis 

2. log 10 N = log^.(lO n x k), . ' ( 9 _ 3h ) 

3. log 10 N = log 10 10 n . + log 10 k " (9-3b) 

.4. log 10 N = n + log 10 k ■' • (9-3e) and. 

log 10 10 = 1 by definition 

5- 1 < k < 10 „ t Hypothesis 

6.. log 10 1 ^ i O g 10 k < loggia . • - (9_3g)^ 

. * 7 ' 0 1 lo Sio k < 1 ^Sio 1 = 0 . and log 10 10 = 1 

8. n Is the characteristic of , log 10 N by definition (9-5a) 

Q.E.D. 

* 
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Examples will show how< this Theorem can be applied as well ai 
the significance of our preliminary note on zero as an exponent. 

Example 9-5e « Find the characteristic n. of log 10 N for. 

'each ,of the following values of N: . 

• (a) . N = 4513 ' . / / , 

(b) N. = 0.00847 

(c) N = 7.^18 

Solutions : \ 

(a) N = 4.513 x lfr 5 , therefore ' n = 3 by Theorem 9-5b. 



(bU N ^ §.47 x 10~ 5 j 



. . n = -3. ' 
(c> N = 7.418 6 x 1 = 7.418 x 10°; ."• . n = 0. 

" 'Example 9-5** * If we know that the characteristic of 
log 1Q N is 2, and that the sequence of digits in N is 4821, 

locate the decimal 'point in N. ' ^ 

Solutlorf T^ In our formula N = 10 n x k, "we have k= 4.821 

and h = 2. ."^N = 4.821 x 10 2 = 482.1 

Exercises 9-5b (Oral) 



: >. -.lv Give the characteristic for iog n/ ~N~ for each of the follow- 
f&P>' v -x ■ ing values of N: v 

(a) 43,16 (f) 10 -8 x 6.32 



(b) . 763,900 (g) 471.5 xlo\ ■ 

(c) 7.732 f (h) O.OO63 x 10 5 . 

(d) ..0.7732 < (1) 6315 x 10~ 7 

(e) O.OOOO85 .., (j) 10 5 x 10 5 ' y. 10" 2 
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In each of the following cases we are given the sequence of 
digits in' N and the characteristic of log 1Q N. Locate the 
decimal poi'nt (find N) in. each case. 

Sequence of Digits in N Characteristic of log 10 N 

(a) 77113 / 5 

(b) 63192' 0 

(c) 2083 * \ -3* 

(d) 5331 V -7 ' "\ • 

(e) 29003- .2 

A number in decimal form is said to have its decimal point 'in 
standard position if the decimal point is located . just to the 
right of the first non-zero digit. Use this idea along with 
Theorem 9-5b to obtain a rule' for, finding the characteristic 
of the logarithm of any number which has been expressed in 
decimal form. / 

Apply the rule you obtained in Exercise 3 to find the charac- 
teristic "of log N when N is given as follows: 

(a) 417800 (d) 0.001- X 0.0002 

(b) 0.0031' ( e ) between 0.001 * and 0.009 

(c) 731 x 10" 5 (f)v 4 x 10 5 + 273 

- (g) a 2.16 x 10 3 x 3.19.x 10~? 
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It Is now possible. to explain how the logarithm of a number 
Is obtained from a table. Table 9-5b shows a small portion of a 
standard four-place table of common logarithms. The' first two 
digits of the number, are given In the column on the left which Is 
headed- the third digit appears at the' tops of the columns on 



Table 9-5b. Sample Entries from a Pour-Place 



:ble of 



N 


0 


1 


' 2 


3 


4 


. -5 


6 


V T 


—L 


9 


60 


7782 


7789 


7796 • 


7803 


7810 


7818 


,7825 


7832 


■ 7839 


7846 


61 


7853 


7860 


7868 


7875 


7882 , 


7889-, 


7896 


7903 ; 


7910 


7917 


62 


7924 


7931 


7938 


'7945' 


' 7952 . 


7959 


7966 


j.973 


7980 


7987. 


63 


7993 


8000 


8OO7 


8014 


8021 


8028 


8035 


8041 


8048 


8055 


64 


8062 


•8069 


8075 


8082 


8089- 


8096 


8102 


8109 


8116 


8122 


'65 


,8129 


8136 


8142 


8149' 


8156 


8162 


8169 


8176 


8182 


^8189 


66 


8195 


8202y 8209 


8215 


8222 


8228 


8235 


8241 


8248 


8254 



the. right. A -complete four-place table appears at the end of this 
.Section' (Table 9-5d) .' These tables give only mantissas and all 
decimal points are omitted. Characteristics are obtained by apply- 
ing Theorem . 9-5b.- Table 9-5c s glves a number of logarithms that 
have been obtained'' In the manner Indicated. 

If the logarithm of a number is. known, the digits of the ; 
number can be ^ound by looking In a table of logarithms. If the. 
given logarithm is a common logarithm, look for the mantissa, in the 
body of a table of common logarithms and read the digits of the 
number at the left margin and at the top 'of the column In which the 
'mantissa Is found. The characteristic indicates where the decimal a 
point should be placed. 'Table 9-5c can also be Interpreted as: ' 
giving examples of how to find the number a when log a. Is 
given: ~ •• 10 



Table 9-5c. Some Common. Logarithms. Obtained from Table 9-5b. 



a 


■log 10 a 


6i8o; ; ' 




\j> + 


,7910: 


6160. 




3 + 


.7896. 


62.1' 




... 1 + 


.7931 


6.15 




- 0 + 


.7889 


6..I8 P 




0 . + 


.7910 


O.619 ' . 




- 1 + 


.7917 


O.0619 




-2 + 


.7917 


. O.OO6I9 




-3 ' + 


.7907 \. 


'• 619. 




'. 2' + 


.7917 • 


6190.. 




' - ? + 


.7917 


r 61900. 




4.+ 

-5- 


,7917 


617000. 




' .5. + 


.7903 


, 6.21 




0 + 


• 7931 



J 



.».-■■ ■ , • • , . . 

» The discussion of tables 6f_ logarithms will be complete as 
soon as •interpolation has been described. Consider the problem 
of finding^ log 10 621. 6. Inspection of the tables shows "readily.. 

that- \ log 10 621.0 £ 2.7931/ 

log 10 622.0 Z 2.7938, ' 

but the digits 6216 ' do net; occur; in a standard four-place 
table.' Since log x 1 < log x g if x^^ < x^' • 

' 2.7931'^ lo^621.6 < 2. 7938,\ • % 

but further information is, needecTto find' log 10 621.6. An examina- 
tion of. the graph of y = log 10 x in' Fig/9-li shows t£at short 0 

sections of. the graph are - almost straight . ' More' precisely, ' let 

'• . . ■ ■ 

•' . . ■ ' fsec. -9-5] - . • 

>V- >-'.■■ , r •.'■■■:■■•;'■•/. ' 
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? x and. P 2 ^be 'two points on the graph of y = log 10 "x .which lie 

close together; "then the segfhent of a straight line that joins 
these two points lies very close to the graph of y = log 1Q x. 

Thus, in order to find log 10 621.6> * the . graph of y =. log^ will 

be approximated byj the straight line through the points ' (621.0, 
2.7931) and'' (622.0, 2! 7938). < ... . ' 

V Pig. 9-5a gives, a schematic drawing which explains how the 
straight^line is used to obtaip'ah approximate value for . . 
log 10 62i.6. 

•\ --■ • * : ' • , ■ ■ ■ . ; ' ' . 

. I' *> ~~~~ ■ . • 
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?ig- 9-5a. Explanation of Linear Interpolation. 



Observe from the figure that the logarithm .Increases by <.0007 
(the number 7 Is usually called £he tabular difference ) when x 
increases by 1.0. . The triangles ABC and ADE are similar/ 
Therefore, - 

_ m(gg) _ /"f. _ , 0007 
« . m(AB} " m(m) ;o76 ' 1.0 . 
and z = .00042-. This number must be rounded -of f to .0004 since 
it is not possible to 'obtain five%>lace accuracy by interpolating. ' 
in a four-place table, finally? add .0004 to 2.7931 to obtain 
log 10 621.6 Z .2.7935. . • 



[sec. 9r5.J 



*Jhe process of finding the mahtiss§. fgr fche logarithm of a 
number wftose cfrgits ^ccur between twcwentries in the table is 
galled llnpar inteipolation because a straight line is used to 
appj&ximate i&ie graph ,of y> = log ir ic. * 

The problem bf finding* lo&~621.6# can also be solved very 

simply by- fining the , % eqtSation ;«ff £he line ^hroiigh Ibhe^two points 
^ A and in Fig. 9-59^' The figure *sh1§fos that A and E have 
'the* coordinates (621.0, 2^cpl) and (S23&O,/ 2.7938) respect- 
lively^- 1 The 'equation ,of 1;he line thrbugh 0 A and - % E is 



or 



y = 2.7931 + .0007 (x * 621.0). 

The. value of y when x = 621.6 is;the approximate, value of. 

log 10 621.6. If x = 621.6, the last equation gives y- = 2.7935. 

Hence, log 1Q 621,6 £ 2.7935* > - 

\ It is often necessary to "interpolate in-order to ^nd a 
number when its logarithm ±s known. For example, consider the 
problem of finding x if r \ % 

• u - <iog 10 x = li-7940. 

• Table 9-5b shows that \ :v ' ■ 

• , * log 1Q 62.£ Z 1.7938 ' , . : 

lo g 10 62 -5- 1-79^5,- , >. 
but the mantissa 0.7940 does hit occur in the table. 
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Pig. 9-5b gives a schematic diagram which indicates how the graph 
of y = log 10 x can be approximated by a straight line in such a 
way as to give a solution to the problem/ Similar triangles give 
the equation 

z " 0 1 2 

TSo^ = ToW' OI \ z = 7 (0,1) -* 
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Pig. 9-r5b. Explanation of linear interpolation " 
for finding a number when its loga- 
rithm is given. 

Thus, z is approximately .03, and the number whose common JLoga- 
rithm is 1.79^0 is approximately 62.23. . 

The problem just explained can be solved also by finding the 
equation of the straight line AE in Pig. 9-5b. This line passes 
'through the points whose coordinates are (62.2,.' 1. 7938) and • 
(62.3, i.79^5),. The equation of this line is 

■ y - 1.7938 = .007 (x - 62.2). 

If- y = 1.79^0- on this line, then * = 62.23. ^ Thus, ±p 

log 10 x = 1. 79*10, then x Z'62.2fo . r . : " 



Table 9-5d. 



FOUR- PLACE TABLE OP COMMON LOGARITHMS 



N 0 .1 2 3*4 

10 0000 0043 0086 0128 0170 

11 0414 0453 0492 0531 0569 

12 0722 0828 0864 0899 0934 

13 1139 1173 1206 .1239 1271 

14 1461' 1492 1523/ 1553 1584 

15 176I 1790 1818 1847 1875 

16 . 2041 2068 2095 2122 2148 

17 2304 2330 2355 2380 2405 

18 2553 2577 2601 2625 2648 

19 27.88 2810 2833 2856 2878 

20 3010 3032 3054 3075 3096 

21 ' 3222 3243 3263 3284 3304 

22 3424 3444 3464 3483 3502 

23 3617 3636" 3655 3674 3692 

24 3802 3820 3838 3856 3874 

25 '3979 3997 4014 4031 4048 

26 4150 4166 4183 420©' 4216 

27 4314 . 4330 4346 4362 4378 

28 4472 4487 v 4502. 4518 4533 

29 4624 4639 4654 4669 4683 



5 



'8 



30 
31 
32 
33 
34 

35 
36 
37 
38 
39 

40 



0212 0253 0294 0334 0374 

0607 . 0645 0682 0719 0755 

0969 1004 1038 1072 1106 

1303 1335 1367 .1399 1430 

1614 1644. 1673 ."1703 1732 

1903 1931 1959 1987 2014 

,2175 -2201 2227 2253 2279 

2430 ■ 2455 2480 2504 ■ 2529 

2672 2695 2718 2742 2765 

2900 2923 2945 2967 2989 

3118 3139 3160 3181 3201 

3324 3345 3365 3385 3404 

•3522 3541 356O J579 3598 

3711 3729 3747 3766/ 3784 

3892 3909 3927 3945' 3962 

4065 4082 4099 4116 4133 

4232 .4249 4265 4281- 4298 

4393 4409 4425 4440 4456 

4548 4564 4579 45-94 4609 

4698 4713 472'8 4742 4757 

4771 4786 4800 4814 4829 4843 4857 4871 4886 4900 

4914 .4$28 4942 .4955 4969 ■ 4983 4997 5011 5024 5038 

5051 5065 5079 5002 5105 5119 5132 5145 5159 5172 

5185 5198 5211 522.4 5237 5250 5263 5276 5289 5302 

5315 5328 5340 5353 5366 5378 5391 5403" 5416 '5428 



5441 54^3 5465 5478 5490 

5563' 5575 -' 5587 5599 5611 

5682 5694 5705 5717 5729 

5798 5809 5821 5832 ' 5843 

-.5911 5922 5933' 5944. 5955 

6021 6031 6042 6053 6064' 



41/ -6128 6138 6149 6160 6170 

42 .« : 6232 6243 6253 6263 6274 

43 '6335 6345 6355 6365 6375 
44. 6435 6444 6454 6464 6474 

45 6532 6542 6551 6561 6571' 

46 6628 6637 6646 6656 «6665 

47 6721 6730 6739 6749 6758 

48 ■ 6812 6821. 6830 6839 6848 

49 .6902 6911 6920 6928 6937 

50 6990 6998 7007 7016 7024 

51 7076 7084 7093 7101 7110 

52 ' 716O 7i68 7177 7185 7193 

53 7243 ■ 7251 7259 7267 ' 7275 

54 '7324 7332 7340 7348 7356 



5502 5514 5527 5539 5551 

5623 5635 5647 5658 5670 

5740 5752 5763 , 5775 5786 

5855 '5866 5877J 5888 5899 

"5966 5977 5988' 5999 6010 

6075 6085 6096 6107 6117 

.6180 6191 6201& 6212 6222 

6284.. 6294 6304 6314 ' 63=25 

6385 6395 6405 6415 . 6425 

6484- 6493 ^6503 6513 6522 

658O 6590 6599 6609 6618 

6675 6684 6693 6702 6712 

6767 6776 6785 6794 6803 

6857 6866,6875 6884 6893 

6946 6955 6964 6972 6981 

7033 7042 7050 7059 ^067 

•71*18 7126 7135 7143 . 7152 

7202 .7210 7218 7226' 7235 

7284 7292 7300 7308 7316 

7364 7372 °7380 7388 7396 
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N 0 1 2 5 4 

55 7404 7412 7^19 7427 7435 

56 . 7482 " 7490 7^97 7505 7513 

57 ■' 7559 -. -7566 . 7574 7582 ■ 7589 
.58 7634 7642' 7649 7657 7664 
59 .7709 77.1.6 7723 7731 7738 

'60 -7782 7789 7796 7803 7810 

61 7853 .7860 7868 7875 7882' 

62 7924.7931 7938 7945 7952 

63 7993 .. 8000 8007 8014 8021 

64 8062 8069 8075 8082 8089 

65 ■ 8129 8136 8142 8149 8156 

66 ,8195 8202 8209 8215 8222 

67 "8261 8267 8274 8280 8287 

68 8325*:.;833i 8338 8344 8351 

69 8388 8395 8401 . 8407 ■ 8414 

70 8451 8457 8^63 8470- 8476 

71 8513 8519 8525 8531 8537 

72 8573 8579 8585 8591 8597 

73 8633 8639 8645 8651 8657 

74 8692 8698 8704 8710 8716 

75 8751 8756 8762 ' 8768 8774 
,76 8808 8814 . 8820 8825 8831 

:?7 8865 8871 8876 8882 8887 

78 8921 ■ 8927 8932 8938 -8943 

79 8976 8982 8987 8993 8998 

80 9031 9036 9042 9047 9053 

81 9085 909O 9096 9101 9106 

82 9138 91^3 91^9 9154 ■ 9159 

83 9191 9196 9201 9206 9212 

84 9243 9248 9253 9258 9263 

85 9294 9299 9304 9309 9315 

86 93^5 9350 9355 9360 9365 

87 9395 9400 9405 ' 9410 9415 

88 9445 9450 9455 9460 9465 

89 '9494 9499. 9504 9509 9513 

90 954'2" 9547 9552 9557 9562 

91 9590 9595 9600 9605 96O9 

92 9638 9643 9647 9652 9657 

93 9685 9689 9694 9699 9703 

94 9731 9736. 9741 9745 ■:• 9750 

95' 9777 9782 , 9786 9791 9795* 

96." 9823 9827 9832 9836- .. 9841 

97 9868 9872 9877 9881 9886 

98 9912 9917 9921 9926 9930 

99 9956 9961 9965 9969. 9974 



5 6 ■ 7 8 9 

7443 7451 7459 7466 7474 

7520 7528 7536: 7543 7551 

7597 7604 7612 7619 7627 

7672 7679 7686 7694 7701 

7745' 7752 7760 7767 7774 

7818 7825 7832 7839 7846 

7889 7896 7903 7910 7917 

7959 7966 7973 " 7980 7987' 

8028 8035 8041 8048 8055 

8096 8102 8109 "8116 8122 

8162 8169 8176 8182 8189 

8228 8235 8241- 8248- 8254 

8293 8299 8306: 83I2 8319 

8357 8363 8370 - 8376 8382 

8420 8426 8432 8439 8445- 

8482 8488 8494 8500 '8506 

8543 8549 8555 8561 8567 

8603 8609 8615 8621 8627 

8663 8669- 8675. 8681 8686 

8722 8727- 8733 8739 8745 

8779 8785' 8791 8797 8802 

8837 8842s, 8848 8854 8859 

.8893 8899' 8904 8910 8915 

8949 8954 8960 8965 8971 

9004 9009 9015 9020 9025 

,9058 9063 9069 9074 9079 

9112 9117 9122 9128 9133 

9165 9170 9175 9180 9186 

9217 9222 9227 9232 9238 

9269 9274 9279 9284 9289 

9320 9325 9330 9335 ,9340 

9370 9375 9380 9385- 9390 

9420, 9425. 9430 : 9435 9440 

9469 9474 9479 9484 ' 9489 

9518 9523 9528 9533 9538 

9566 9571 9576 9581 9586 

9614 9619 9624 9628 9633 

9661 9666 9671- 9675 9680 

9708 9713 9717 9722 9727 

9754 9759. 9763. 9768 9773 

9800 9805 9809 9814 9818 

9845 9850 9854 9859 9863 

9890 9894 ; 9899 9903 9908 

9934 9939 9943 9948 9952 

9978 9983 9987 9991 9996 
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Exercises 9-5c 
• ■■ Use/Table 9-5d with the. following exercises. 
1. Find the logarithm of each of. the following numbers: 



(a) 342.0 




(h) 


.5.49 


(b) 38.4 




(i) 


.00684 


(c) .735 




. (J) 


734000 


(d) .0945 




(k) 


9450 


(e) 589OO 




. (/) 


73.2 


. (f) 21.4 






.OOO654 


>Xg) 349.0 






,7.68 






; ..:(o)-. 


•8.62 ' 



. .. /. '• 

2. Find the logarithm of each of :the ^fo.^lowing numbers. . Inter- 
polation is required. ';' ■» , '/^\ 0 

(a) 684.2 • $ tV : ,Cfe% '38,74' ■ w ' : • 

(b) 9.484. . ■ _ '(h). '' y $&oci;< ; , ' 

(c) .06254 (i) .05879 ' ' " 
: . (d) .7328 . (j) .0006237 , 

(e) 271.6 "(k) 788600000. 

(f) 1.647 ' * . \ if) 8.589 . 

3. Find the numbers that have the following logarithms: ' , . 

(a) 2 + .4425 (f) 0 + .3522 

(b) 2.4425 . ... (g) 1 + .2330 

(c) -2 + .8274, *' (h) -3 + .6839 

(d) -2.7167 (1) -3.2924 
. (e) 4 + .66A6 (j) .3.7135 

4. Find the numbers that have the following logarithms. Inter- 
polation Is required. 

(a) 2 + .4505 

(b) -1 + .9156 

(c) 4 + .1320 
. (d) 5.3328 • 

(e) -2 + .4748 •• 

... . ■ [sec. 9-5] 
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5- Draw an accurate graph of y = l°6 10 x on a large, ;.s*fre.et \<^w:'- 
graph paper. Use Table 9-5d as a table of valu^^ 
ing the graph. * - : /f^f^U^^f;'-^'^ 



9-6 . Computation With Common Logarithms , * * 

Computation wi£h -common logarithms rests on - two ; ^ 

(a) . A number can be found (by using tables )C ^f* it^::i^^t;to 

is 'known. ■: - ; "\ : ;/ ><": 

. ' '■ 

(b) By using the properties of logarithms*,^ 

. Section 9-3, it is. frequently *possitj;i&^ 
logarithm of a complicated expressions^ 
the logarithms of the individual number^ 
ion. -M^fe^ 
The procedure is best explained 'by. means;: of .'ea^plt^ 
logarithms in this' section are commoij • logarithms j:^ 10 
has been omitted from the symbol log ir !a Iri 'oir^'r- %q-'-sj3a^jiifY : - 

writing.- r . . .. /. ■ ' ./ . / ■ * - « 

' *' ••; Example 9-6a .. Find the y^lue of 2j£ii$-.^ \ 

Solution: k • ^v^'vv-v^'v^V' V'l^^X-'V . 

Let a denote the value of; the .-. expres$i<^ 
properties of logarithms established in =sW^^ 

log a £ rt| log (27.43 x 71.64^;;v ; \^/A ; ' ; ; : vV?V'- : '; : . .; 
. . . £ /log 27 : 43 +,l°g 71/6^^;:^-, ;• '; •• 

In order to make the addition easy, . the work: may b'e; arranged ' in ". 

••»•.»•'*•.•'.•.•■ '.>^v.:',^;;i-''i'v.'.'';u:;'.; ■, 

tabular form as follows: ,• \ .. :;fv'l'/'\(il^" " " 

; Vlog:27.^3 

: ' , log 7i.64.^ i.8g5i' r ;v : ; . • •:. ' • 

log (27 .43 x 71. 64 )^-3.2934i :; : ;'.- .- ^ ; ;• 
• '«• '.'. v.- : !' .-i • ''>'/••' ": :• V> •' ' 

' '27.43 X 71. I965V : 

.• ' •.'[■S.ec;.;.;;5*6j .'V: V;:'^.; ; r'-^'c:^;'""': '- ' 
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Example 9-6b , 



Find the value of 



Solution : By the properties of, logarithms established in 
Section 9-3, 

log ||t||- = log 71.64 - log 25.64. 

log 71.64 £ I.8551 , 
. log 25.64 Z 1.4089 

• 1 - 71.64 ~ p 7Qk 



Example 
Solution: Let 



9-6c . Find the vaiii of^^ x (71-64) : 

(25.64) 5 



a denote the value of the expression. Then 



by the properties of logarithms established in Section 9-3, 
, .. . -log a = log [27.43 x (71. 64) 2 ]. _ log (25. 64) 3 

"•v ;• ■ = iog '27...4> iss -7i.64 - 3 log 25.64 

In order to make the additions and' subtractions easy, the work 
should be arranged in tabular form as follows: 

log 27.43 ~ I.4383 

2 log 71.64 '^3.7102 

v\. log [27. 43 x (71.64) 2 ] , ~ 5.1485 




;3 log 25.64 £4.2267- 

27.43 (71 64) 2 ^ 0>9218 
(25.64)? 



log 


71.64 


*\, 


I.855I 


2 log 


71.64 




3.7102 


log 


25.64 


*\# 


i: 4089 


3 log 


25.64 




4.2267 
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• ^^Ple 9-6d . Find the value of ->/|^. N ' 

Solution ; It was r.hown in Section 9-3 that log Va = ^ log a 

x l ■ ' 

Also, log — = log x 1 - log x 2 . Thus,- 

. los V §5t| = | (log 25.8 - log 64.8) 



log 25.8 2 1.4116 . 
'log 64.8 2 1.8116 - 1 

log §5rl --.4000 



log ; y|H| 2 ^(-.4000) = -0.2000. . ■' 

Again, we observe that the number -0.2000, being negative, cannot 
be regarded as the mantissa of a logarithm, because all mantissas 
are, by definition, . non-negative numbers less than one. Moreover 
we have no negative entries in oui\%able of mantissas (9-5d). 
Therefore, we must .'write -the number -0.2000^ in standard form, * 
where the decimal fraction part Is positive^ as we did In some. of 
the exercises following Definition 9-5a. 

■ We have -0.2000 = -0.2000 + 1 - 1 = 0.'8000 - 1 

>' • .'. log V^l^f; * -i + . 8ood \ : 

- '.and V^l^l ~ O.63IO 1 - . 

: Example 9-6e . Find the value of (0.08432) 5 . ' 

Solution : It fwas shown in Section 8-3 that log (0.084j2) 5 = 
5 log (0.08432). From the Table 8-5d and tfie rules 'for 
characteristics, ' ■ ~ \ , 

log (0.08432) ~ - 2 + .9259. 
log (0.08432)^2- 10 + 4.6295 
j% - 6 + O.6295 

Th 5^ (0.08432) 5 ~ 0.000004261. 
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Note that It is often advantageous to keep the decimal frac- 
tion part of the logarithm positive. For this reason we did not 
express log 0.0843*2, in the equivalent . fjorm .-1.0741 although it. 
would not have been wrong to do so. In fact, if we use this value 
we. have 

log (0;08432) 5 Z -5-3705 

;which is correct, but, because the decimal fraction part is nega- 
tive, is not useable with our table.* If we add and subtract 6, 
we have 

: -5.3705 + 6 -.6 = 0.6295 -6 as shown above. 
■ Example " 9-6f , Find the' value of . \/ % { 0.07846 )^ . 
Solution ; The calculation is carried out as . follows: 

log \f (0.07846) 4 = j ..[4; log .0.07846] ' ; • 

* ' log 0: 07846 ~ - 2 + .8947 = -I.1053 

■ ■ „ : ; 4 log 0.07846 £ -4.4212 

. i [4 log 0.07846 ]~ -1.4737 = -1.4737 + 2 -2 

'■> / ~ .5263 - 2 7 . - - 



. log \f (0.07846) 21 £ -2 + .5263 
^/(0.07846) 4 - 0.03360 , 



Exercises 9-6 , 

Use Table 9-5d to compute tjae value of the unknown in each of 
the following expressions: 

1. x - 53.89 X 0.7394 -.i 

2. y = (141.6)(0.299)" 




3. s = 

4. x" = 



98.43 
253.7 ■•• 

•1111 ; 
0.00073^ 
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5 x - 

5 * x 2.196 • ' . y 

6. x . = ?^79 x 10 4 • ... . , 

. . 9.753 x 10 4 . * M 

7 - 640 x (0.849) ' > 

4 ... - 



8. y = (0.0315) 3 

9. x = (O.OO8976) 

10. t = (6.4J2) 3 x (8.595) 4 



0.1. z = 



12. x = 



1 

(l.23) b 

■(64795); 
(8.954') b 



13. y = V 0.03107 . •.. ;- 

14. t = 1/(0. 09562) 4 ... * 

15. If* d' = X/ ■ 2|S ,find £ when d = 2.166 and R = 1200 

'i • ' . . • . * 

16. If t = tt ^/E, find t when 7 95.8,. and g = 980.* 



g' 

Use V = 3.14. 



17. x 



_ /0T0 
^/.fio. 



07324 x (252.8) 



^jO.8954)^ x (735.7) 



2~~. 



-632I 



.81.25 |^0.l6 

20. y ' (6.3S5) 3 x (8.438) 2 

V (0.6359) 5 . 

21. y « (6.385) 3 + (8._43_8 r 

V (0.6359) 5 
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22: ' x = 

23. .2 log x + log = 6 

'.24. . If -A =\(l +r) n , find . 

- (a) A when n = 30 and r =.0,03 , 

... (b) r- when. A = 3 and n = 4.0 , 

(c) A ' when r = -0.05 and n = -20 



9-7 Logarithms with an Arbitrary Base , 

In Section -9-1.,. there was defined for each k > 0 a loga- 
rithm function as the area associated with the hyperbola y = — . 

,For particular, values of k like k = 1 and k = M = 1 „ - 
\ In, 10 " 

O.43429 . . \(^see 9-la), we obtain the. neural logarithm func- 
tion and the common logarithm function respectively. In general, 
as stated in Equation 9-1, the logarithm function associated with 
a particular positive value of k has the property that 

V . log x = k In x, x > 0. 

' If a is any positive number which is not equal to one, then 
the ratio ■ 

. log- x , = k In x , _ In- x ' ''%-.•:" 

log a k In a In a "~V • ' > 

is. independent. of the' particular k ;used ' to, define the log func^ 
tion. In other wplrds, the ratio of the* values log xf to log a' 
depends only on the numbers . x and a and not on the particular >. 
logarithm function used. Thus, the function. f defined by 

9 - 7 ' a ,;• f a m = i§fi> x><> . ; • ■ 

is independent of k. For example 

" • • / \ los 10 x • • 



since log 1n jgps= i. 



lOi 
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;■ • Definition 9-7a .' For a > 0 and a £ 1, the function f* 

defined by (9-7a) „ is called the logarithm function with ' base a. 
. We write f (x) as log x. Thus ... 

•/■/. .- Pa ^ log a . 

, . . Hence, fo^ each positive, a / ly we have associated a loga- f ' 
rithnl 'function with ,.ba£j£ .-.a .;, ;' In particular, the equation preced- 
ing Definition (^Ja) : tells 'us that this new logarithm function 
" with -base 10 is Quc»^o Id friend } the common- logarithm function. If 
we denote /that value, ;X-x'^or,whlQlif' in x = : a .by the letter e, 
then, by ^De^ '.the' logarithm function with base, e 

is given by '.'■>■.• , v . .i;> ■ 

- • ' '•*:••• w x = : • - . V 

■ .••>. .; °e .-. . log. e -.. , l . i, . ■• 

But since . / ' iff"^ = ^"f for any logarithm- function, 
9.-?c ' ' log. x = lh x.. . '•'.*' - ••••*.' . 

Th&t is,, the natural lpga'rithm, function is precisely the logarithm 
function with, base e. '•The n e ' therefore, takes on a . 

special significance. It: is an v irrational numbervwhose value, 
correct .to 10 decimal places is given 'by / . " ■ * 

■; e £2:71828182.85. Vf-f.- 

Notice that logarithms with base 1 are excluded from De- 
finition (9-7a) because log 1 = 0. : V - 

The motivation for defining log x as that ratio lQ S x is 

a . •'•../ log a 

'that thife ratio depends only on x and 'a/ and. not on the partic- 
ular positive number used to^defirie log x.s'r As a matter of 

' ■ ■ ■ lo e b x . - ./* 

fact, the ratio J , is independent of „b.- Note that'- 

so that. their ratio is precisely |g| | which, by definition is 



ERLC 



.512 . ■ >>■• ; ■ 



'J "0 



This simple relation/ • 
:-5r7d. . , . log Q X = b 



'a log* a 

\ " ■ J 



% for positive & and b different % from one, is called the ^afiange > 

of ba'se law for logarithms , \ .' c; * '> 

" ■ Two particular bases are interesting; t Let x ='b. in C9-7d); J 

since log^b = j? = 1, we have \ ^ 1 

> 7 e ; • i°e a b = ro- . ' i: - — : : 

Again, if' we let b = ^ in ( 9-7(1), then 0 " . 
U> • ' . ' lo gl X * 



log x = a 



s a log~a 



B V t. 10^;= l2B_a k ; =;-i 'and (i) become 

9 T 7f iog^ = - .log 1 x.\< ^ ■ ^ ■" < 

We write down several simply properties of the logarithm " : 
functions with arbitrary bases. The, proofs of these properties / ^ 

follow immediately fronf the. fact: thai't" Vlog x = }°& x . The proof 

.* ■* ^ ■ log a 

.' are left as epcercises. \ . * . ..,. a • V*' 

9-7g : log Q 1^0. ;' • ; >" / I - 

;■■ : . ■ t \ • a '•;/'••• . , . ■ v,-; 

? 9^h- log Q a = 1. - ■ . A 

• 9-71 ^ log a n = n, f or integer n. 



1* 



V 

u 
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Two other properties whic&i wilj.. play an important part i,n the 
next ^section are 

9 -7k l06 a cx l = log a x 2 lf and ° nly if x i = x 2*^ '* 

9-7^ For each real number s, 1;he equation log x = s 

has a unique f solution. ■ ■*> ' 

To prove (9-7k), we observe that v ■■• 4 ■ 

' log x • ' log x : v . * 

■ ^ log a x i =;log a x 2 . or ;A if and; only 

if log x 1 = log x 2 V Moreover, according to (^-Jh) and (9-jh f ), 
log -Xj =• log x 2 if and only if-, x 1 = x 2 and our proof 'is complete. 

• • To prove (9-7/) 9 we observe that^ : log x = s * is equivalent 

to the, equation- log x = s log a, which .has a unique solution 
according to (9-^f) if we consider c to be the* real number .** 
s log 1 a. ; *• 

" . ' ■ • ... ■ .. • ' ' • .' 4 ■ . 

■- s Th'6 ; vfollowing examples illustrate the applications of some ^of 
the relations developed in this -section. 

First, we compute some logarithms with various bases . 
(Examples 9-7a to 9-7e). 'if - ■ 

Example ^ 9-7 a .- Compute log^ 8. . ; ' 



Example , 9-7b * Compute log^ 32. 

Solution!: loe < ,2 Vf||^ . ^ - ftfj| i f, , '. « 



■ ■ \* ••• * * ■ • •«* T. V - , .'.-<r ■ 

Example 9-7 c . Compute log^ ^D. ■ W . 

' Solution ;'' This ' time ;«e use {ytj&fi instead of using^ 9_7b) 
£as wjgdld in the ^lrst two examples ' : M I'm ' .'■ ■ **'' ^ 

. • Slog, 10 = 1' -2- l^: ^^ ° ' 



Note that lt s is possible to -avoid this long' division by using s 
■logarithms. Let. t = W^-. Then', j " ' f . ' V , 

H ' * '■ • log t =' -log -..6990 ^-(-1-^.81445) 

Example 9-7'd , "Cdptpute 'log-fb. «■ ■ *. * ' ^ : 

• Solution : log 10 = l0 B ,\ = ' lb § - -lo*. 10 Z -1.431. *. 

Of ^course thi^.|pswer could h^ve bea^i ^btained ."by- applying. (9-^f) f 
to the results . of Example 9-7c ■ ^ ^ - # 



. Example* . 9-7e . .Find- N if log N .= 4fV .i* -'-**• , ^ A . 



■tt 



> solution: iog ? n, = = 4 . ^ .f; l <; .• # . ^ ;■; -. 4 >- 

. ' ' Ioe'n " = 4 log 3 = log 3 4 = log -81" # * ' ' . 

.'. N = 81. v..,, ..'f . 

• .- -•■ ' n r : . :;4 ■ s 

Example ; 9r7f . Show _,that ; lo^ x' n ^ n log a "x if - n y s an »*- 
Integer. ■ » : v". */' ;< " . ; ( , 

Solution 1 ! We^know that log « n = n Ipg x by (9^3e£.f*By 



Definition -9-7a, 4og x n =,j-°'s x " = h*£&j£ ' , v 
• ' ' & a /log a log a 
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Example 9-7g" « The ■ logarithm function corresponding to 
2 coincides with the logarithm function with what base? . 

Solution : We know that lo^ x is- that ^logarithm function 
e' value at b is „1. According to . Equation 9-1, 

■ * " • • \ . f > . -a 

16g x = k ln'x. .Since log b = 1, we have . 

. r ' : .1 = 2 InV for . k = 2\ 

• In b But, by (9-7c)., 

In b = log b.= i2fi-^. , ■ 

. ; e e . log e . . ,^ 

log b i • ' - & ■ 

i ; *--. v . log b' = | log e = log^^e" (9-3f,. 1 P ■ 1, q - 2) 

. b - f \/ r ^" * b'e cause x 1 = x 2 if" log x 1= = log ic 



' ; '*■ Exercises 9-7-a , 

# — — — i ■ i 

Find the value of the following logarithms without, the* use 
of table^: J * ; * ' \ ■. A 

4a.) loifsi •.; ;• • • (f) l0 g 1#5 * 

<| } v ?*#T. . " , (6) log * 1 - ' 

( c ), ldgAs ■ •" v ( h )* 'jog- 0.-01 - * 

■"(d) log 27 ^ ■ " ^ , log ^ ' 8 • 



'Find b, . x, or N: 
(a) log b 5=|, 



(b) log 27 9 = x 

(c) log 9 ,N = \ 



(e) log 1 6k = x 

- ? 

(f) log b 9 V3 = 5 

(g) lo g;L 'n = -0.75 

To" 

(h) * log b ^ - 1.5 



(d) log^. N = -V 

Make use of Table 9-5d to compute the following logarithms 
correct to the nearest thousandth: 



(a) log^ 17 

(b) log 7 200 ' 

(cV^og 0 .^ 10 

low that : • ' •> 

(a) log 2 x log 5= 1 




SolVe fo 



(a) log 5 x = 1.17 



(d) log 13 5 

(e) log 2> 10 

(f ) log 5 0.086 



(b) log 5 ' 2 + lo g;L 2 = 0- 

.5 



"(b) log^^ x = -0.301 
5 



Prove the following, statements: 
(a) 9-7g log a 1 = 0.,. (c> 



(b) 9-7h log a a = 1. (d) 9-7 J log & x^ = 

. lo 4 x l> lo S a X 2' 



If 



r 




for any 



log x N = s » and :i °Sx b ■ flnd l<?'g b N. 
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8; . Complete the^ following table: 
N 

log 2 N 



1 ' 


■ 


3 




5 


6 - 


7 


8' " 


9 


10 























9.' The logarithm fianction corresponding to k = 5. coincides 

with the logarithm fianction with what base? 

*• ■ 

10.. Compare the results of the preceding exercise with Example 7 
and find the base of the logarithm fianction coinciding with* 
the logarithm fianction corresponding to any k > 0. . 

11. Show that the solution of the equation log Q x = s is the 

a 

same as the solution of the equation log^ x = s log^ a 

provided a and , b are positive^oiumbers - not equal to one, 
and s . is * a real number. v . ' . 

% •' : 1 ) -v 



Let us examine the graphs of 'several logarithm functions 



defined by -y = log o x. 

a 



) 



If a = 10, we have the familiar graph of the common loga- 
rithm function shown in Figure 9-li» If a = 100, we can sketch 
the graph of log-^oo x comparing it with-<the graph of l°6io x * 
To do this, we let a = 10V and b - 100 in Equation 9-7d and 
write 



log 



100 



x = logNj^Q 10 x l96 10 x « 



Now, log l0Q 10 = ^, 



1 1 

so we obtain log 10 o x = 2 los 10 x * ? rom 



this we see that every ordinate of the graph of y = log 10Q x^is 
one-half the corresponding ordinate of. the graph of y = 'log^Q *sv 



Similarly, each ordinate of the graph of t y 

ative of tlie correspgndirig ordinate pf^ trie 
and each ordinate of y 




log^ x/ is the negi- 



T5 

graph of y = log 



10 



log , x' is the negative of the corres- 
T5o ' 



ponding ordinate of the graph of y = 
graphs are sketched in Pig.. 9-7 a. 
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l° g 100 x. All four of these 



■ # 



9-7m 



• Pig. 9-7a - • ■ • ■ ; . ". r'^. : 

These graphs Indicate that: ^ :■■ ' >.•/; V=* $ 

(i) If a > 1, log x < 0 ..If x < 1 and log a x > , GT^f '!. ,..- 



x > l. 



5 a 



vif 4 



Ui~) If a < 1, log.x > 0 if x < 1 andvlog^ x < Q. if f 
x > l. • 

(ill) For. a > 1, lbg o x, < log„ x 0 if .and' 

x l ^ x 2" * . ' - ' ">.'.': ; ' 
(iv) For a < 1, log x. Olog- x 0 If' and on'lffi 



•These statements are indeed t^e^aiid ^hey ;f ollo^ ; directly- > 5 - .> ; 
j from (9-Jb), and the corresponding F»r(>p^t^ 'of ^ht I uric^on v 
given in Section. 9-3 . ■', . ; ""' * v..*- • ' **'•■ -'V 



^;^:^|^.i^;*■#^^<, J >:.v. 
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. Exercises' . 9-7b , . y-'v-/ s 

T. Sketch the graphs of y = log, x and y '% 'ibgvx ; on the 

same/.set of apcies.* . ' £:y *_ .'■./■. •••'.-* ; : •'• 



1 0 



, : ^2y : ;.; ;lf ;:,;h" : ;-is : ;;a \natur shbw that each ordinate" of the • . 

■'..'J ■ -v : .'■ graph 1 '&£ . y: * .16g:' n ^x is — . times the corresponding, ordinate 

• , ' / P;f "the graph of y = Idg -x*: - 0 . ,. 

• f-.; , C\H \; v > '••;-^y- 7 \ \'\- ■.. \> ■ j - : ;'v;. ■ 

|^>lv^\P^oye': y ^JV^ ^ ^■■^ ' "' \ " ' ' 

V* v -' "O 1 ' ^ < b'^'then : log a b : > 1 

/ , (b) vXf 0 < ar< 1, ( and b\£hen .-log b < 1. ; ; ^ ' 

../(^.^ ^ x^v by- 

a faking v us e. of the corresponding- pro per M^^f s log x % end 

: , • ;-vr- :; ';;^lt6put'' ;^ll-anc e'. : -on; . t'he graphs ^o^'^^^g^e^S^aJ ■ 

■5%^: b V , > !l J^n^bg^x :> log, x . ' ■ 

: . ' •;' TheP f of^loW^ng- is : . 4 suih maW : 6f> properties' of i logarithm func^ 

\ ■■ : ; Dfif Ihl^y .;9^^a:i> v^bjry a >^ A Q and,; ; .;a./ V, ; the logarithm 
function v/ith^sW .a ^ Is d^ined b^ the faction ^ 

'•'"v\.-:; ! ."''-'-' ; ' > v.: • ^ 1 i^o-.^c-A ■•vK^. _i^l,-s:-:tl 



1 



-9-7f. V1?£A, M-liva > 0»''« >.0. <• ■ 

9-7g. : ■;. . log.l;- b/ r kt^ i , ; af>;' oi, i.: : 



.... - v ->^ ^ 
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9-7h. 
9-71. 
9-7 J. 
9-7k. 
9-ll 

9-71 ' 
9-7m 



log a a =1, a / 1, a > 0. 



log a a n = n, for any integer n, a / I, a > 0. 
log a Xj^-Xg = 16g a x x + log a x 2 , a^l, a>0, x 1 >0 > x 2 >0. 

log a x l ~ log a x 2 lf and onl y lf x i = x 2 ,a/L, a>0,x 1 >0,x 2 >0 

For each real number *s, -the equation, log x = s 

has a unique solution, a > 0, a / 1. 

log a x n = n log a x, for any integer n, a/1, a>0, x>0. 

log a x l < log a X 2 lf and only lf x i < x 2> a ^ 1 ' a >^' x i>°- 



9-8. Exponential Functions —Laws of Exponents* 

Let us look once again at- the grapl^\of the 
by. y « log a x, (a > 0, a / 1, x > o). 





ction defined 




Fig. ,9-8a - 

- . . The domain of this function consists of all positive numbers 
and its range consists of all real numbers / We have seen that any 
horizontal line y = s will intersect this .graph ^ji one and only 
one point (Figure* 9-8a) . In other words the equation log x = s 



[seel 9-8] 



has ; a .unique ^olution. According to our discussion of inverse; 
functions^ in Chapter 3, Section 8* the logarithm function has 'an 

inverse function which wfc will call„ for the moment, E*. This * 

■j a 

inverse function is then defined by the equation, 

/V y = E a 00. :'" 

We should note that E (x) is not defined for a = 0 or T be- 

a x >- ■ 

cause log x is not defined for these values of a. 

, a ■ ■ ' 

; Again drawing on -Chapter- 3, we recall that inverse functions 
have "the property that their graphs are 'symmetric in the. line, 
y =„x. This fact enables us 1 - to sketch the graph of y = E Q (x). 

This, could be accomplished by drawing the graph of y = log a x in 

ink and then folding "the paper along the linV y = x"so 0 .that an 
impression is made while the ink is still wet. The. resulting gr^aph 

of y = E-_(x.) is shown in< Figure 9-8b.. 

. a ■•■ 




numbers and the range, of E ' is all positive numbers, 

; r: ; r , • . ■ : , ; \ 

' [sec. 9-BJ - 



. Since E & and log a are inverse functions, we .know from our. . 

. discussion in Chapter 3, Section 8, that each of them "undoes" what 
the other one does. This means that 

9-8a • E a [log a s]..= s or (i) log a s is the unique solution of 
-• E a (x) = s,"' and '"■ ,. ' 

9-8b log a [E a (u) ] = u or (ii) E a (u) is-the unique solution of 

_ • **** • , log a x ='U. 

This latter fact, (ii), enables us to compute E (n) when n 'is 

i ■ ■■ * a 

an integer. We ask for the solution of ■ V • 

l08 a .(x) = n r where n is an' integer; 

Since E a and log a are inverse functions, we know that 

lo 6 a C E a »( n )] ='n. However, according to (9-71"), 
log a a n =. n, where n is, an integer.. Therefore, 
v 9-8c . \(n) = a n , because v'xf : - * 2 if log a ^ := log a x 2 . 

♦ ' • -according to (9^jkfc . 

; In particular /'if ;n = 0, we have • ^ 

9-8d. < E (G) = and if ' n = l' . : " " ' \ ' 

9-Q'e: ' E(l) = a; . ' '. i 

- Equa.ti*qn 9,t 8c furnishes us with a compelling and permanent 
notation for the function - The function is called the exponen - 

tial functi6n with' base a, and EJs) - is written a s , where a ... "■ 
is called' the 1 base and s '* i's 'called - the exponent. The- symbol a s 
is read as "a to the s h power% . or simply, "a to the s". - \ 



.. Let us now review what; we know about the function . E : 
E*(s). is" defined for; ail 'real numbers s. 

• • ; ' • • . *t* 

' (ii). ,.E (s) is the : unique' solution of log x = ■ s . . "•' 

(ill) E (s) has the; same value as a s when s is an 

* a ■ • t ■ * 

integer . n. 

Q ♦ e 

The first two statements follow directly from c the fact that E 

was defined as- the inverse of/ log,: the third statement is another 

way of saying Equation . 9-8c >■■./. * 

.... These statements, (i), (ii), (ill) suggest "that, a 
might be defined in terms of E (s), i.e. as a unique solution 

0 -of the equation log x = s. If 'this , lis done, we will have a r serv- 

a N 

iceable definition for a s when s is any real number, whereas . 



• -until i^ow " a s - has been defined only for -thfe- case When s is an 
integer. Moreover, the new definition, while much broader, agrees 
with our previous interpretation of a n . 

Accordingly, we adopt the following definition: 

Definition 9-£a . If. a > 0, a £ l, and s is a real 
number, . a s - is that real number x,.. which is the unique positive 

solution of the equation K log x = !, s.. ' 

.... a ,."*»' ** 

Since we n$w write a f.or E' (s) , Equations < 9-8a and 9-8b " 

y a : . ■ .... ■ 

• become respectively, • ' , \ . / 

* . ; log a u ;:v ' ■ 

9-or a / = u for all *u > 0. (log .u is the -unique 



9-8g log^a ,= s for all" real s/ ['& is the uftLque solution' 



solution of a = u) 

[a 8 is the uftL 
of lojg x = s) 



X 

4 . 



a 

- . " -\ - • - k. " " ' " 

Equations H"9^-8f) ,and (9-3|$ .together, are equivalent to this 

statement: ^ a > Qs and a ^ l^ h e n a x and log x are 

jjr a 

inverse functions. 
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The meaning of our: xpew def initldn, (9-8a) and the equivalence 
- of . E a U)\ arid a s , are. illustrated by the following examples and 
exercises": „' * 1 3 j 

■ Example 9--8a . Evaluate 3*. X . " ' % 

V Solution:/ '.According yto bur definition, J 5 ,; or Is 

the unique positive solution of the equation . logyc = *i. Biit«, 

log 1Q x 

. lo e 5 x = i3g^j • - (9-7d) : . • 

log 10 x ^ 1 ' 1 

. . • x^ggj = j or log 19 x = jlog 10 5 - ±(0.4771) - O.1590,. - 

l and - ' V . x-.? 1.442. : 

. Example 9-8b . Use common logarithms to approximate the 



value of 



Solution ;. 'BL( ^/3) or ls defined .as the positive 

solution of \ • 



-log-jX =-/5 . Applying (9-7d) we have 

lQ gio x _ ^ , V ;t; 

log 10 5 " V ^ • " 

log 1Q x = /5 log 10 3 , I? . s ■;. 



log in x X O.8267V 
and . >v-' • x -v. 6.710 . >•! 

- . .. . Example' 9-8c . Find the value of 2 by "sketching- the graph 
of Ex(x) . . '• .-' 
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• Solution ; . We seek Eg(^)> We can obtain an Approximate « 
value from thfe graph of Eg(x)v We know that : Eg(x) is.Ahe in- 
verse of the function '■ log p x. ^Therefore, we can, obtain the.-, graph 
of Ep(x) by first graphing ; y =^lo'g p x and znen. reflecting this' 

graph- in the-, line ;y = x, as. we did in Figure "(y-Bb); . First, we 
make a table .for, y ■= loggX. ... A / 





1 I 


•a. • 

H ■ 


l. 


I ' 

2, ■ 


1 . 


■ 2 


v- 


8 


;y?- 


-'4 


-3 


. -2 


" -1 


0 . 


1 * 


'2.: 


.3 



Tne corresponding table for y = E 2 (x) is obtained by Interchang- 
ing x arid y. Therefore, points A(-4>i 6 ),' •B(-3,§)/ C(-2,y), 
etc., lie. on the graph .of . y = E 2 (x). Since-, log 2 x has a con- 
tinuous graph 1 , its inverse function E 2 (x) also has a continuous ; 

graph. We obtain this graph by drawing a smooth curve th^;|^!|^ : % ■* 
< A, ^ B> . i ...as. shown In Figure (9-8c) . . The ordinate ,;^|0^^d- 

ing :to x = ^ " is approximately 1.4. ,. : . " 




■figure- 9-8c" 
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Exercised 9-8a . 



Eyaluatp. the^following "by means' Vf Def±nitlon*9-8a and Equa- 
tions 9-8f and 9-8g: * *\ 

(a) 5 5 , ; /" ... /: ; ; fV ( g ) • lo- 2 '- 1 ^ 1 ; \ :./ /■■ : - 

u) 5 MM r :.-- ' (i);'.iog io io^-. 162 ? : : ■ 

"(d) ; (i::5)- 3 ' : . .ay iog 7 t 2 -^ •• ^ 

(e) lO. 2 * 4163 " ' ' ^iogy. 0.6813 



(k) .7. ^ 

. . 2 . 10g c 5 ' ' 

(/).'£ • 5 • • v ... 



&J 1 



Use common logarithms ta.fj.hd .the approximate value of each'- ■ 
6f the expressions listed' £elow. It will be neceVsafry'to * 
i^ake -'certaln^approxlmatlbhs an^ obtain will be 

only an approximat^ answer . .-. This approximate' answer should 
be as accurate as ■ Ibhe 'use of a . four place -logarithm table 
will, permits M " , ' r 

.(•a) A? 1 - 72 . • ,\ . . ,.: ; '"'" c (i).. ^/f)^ 2 / - 
(b) '4°^ 8: ■ • ; .;/■•• • (j). '(^54)^5 , : ■ • / . . 

(?) 2 ■ '■ (kr-io^ 2 - ;-• ";■ 



• ' • • . . . (n) " io. 1 ;5 ,f :," 

(g) ^ • . . 1 ; .- : (o): 10- 0 ; 



5. . "Draw the graphs of the functions defined by... ,•■ / 
(a) y = 3 X ■•: •;■ (b) y = log,* . ' •% 

. on the same set of axes'; /-^Hbwi.ara..; these graphs related? Frcftn 
• * the graphs read the approximate, ^lueW'^fc. and 
. iog^ x i*7* ■ '■" •• ' ' 

4* Draw tne &raph of. /the . function defined by y **• Ipg/^j x. 

Wri Wji^^" 6 Ws^ on ^hich defines the inverse of this function-, 
h of the inverse function* 

Viftfe true tioris^ given in Exercise 4 above f or ^he - 
r £> defined by: 

Ca) y - -log! x (b) y « (|) x 

b. ■;■ suppose C, , C 0 and C_, are" the fraphs of three functidhs. 

§ 1 ^ ? .7 * * . - 

f^ fg, and f and suppose further that (a) C^and C 2 are ' 
symmetric with gpspect to the y-axis, (b) and are « 

■ ( , symmetric with respect to y = x. if '£ is defined '■'■By~-** 
; y> (-j) X jp (a > O, a / !)• . Write «the equation which defines 

, L y ' : - , ' 3 ' 




We are .now in £ position to- prove a^ very important relation 
which is based on (9-8g) arid two formulas from the preceding 
section^ (9-7d) and (9-7e).. 
According to (9^7^)1* 



log a x^ --J^-l* log 



>a" - log v a ~ ^ & x~ log a- ' . *\ ■ : . 
v . fetit' -log x ■« t / for' t any real number . byS^ ( 9-8g) , 

*9-8h •, 7V log x fc = t log x*. : - * ' • ■ • - 
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In dealing with positive integral exponents in our previous 
studies in- algebra, the number.. ,a s was interpreted to mean the 
product ob^ined when a. is used as a factor s times. It was.' 
then a simf^e matter to verify that, if s /and t are positive, 
■^integers, and *a ,and b -a.re real numbers, * 'i 



s .. t s' + t 



9-bl a? x a c = a £ 

, 9-8p'-- . -♦fa 8 )* - a 8 * • ' ' ■ >- ' ' ' 

.;v ; , • V. • ' • 

'9-8k (ab) s = a s b s " ,. , 

T, v Later "defined and a~ s , " where s is a positive 

:v atofceger," so tha^(9-8i) remained valid, and we were led to con- 
clude that' ,r ■ ; y ■ ■ • 

^9^.'; -V. a 0 =^ V an^ . .. . , , /*. \ 

9-8m , Kf -v "r a^ s = — are. appropriate defi'niti<?ns provided 

a / 0.- In fa£t,* it is readily /shown^ that (9-8i), (9-8j), and 
(9-8k) are' yalid when s. '"and, t, are any integers if definitions 
(9- 8^)/ and (y-8m) are accepted. . "* 7 ; t ' B « 
, Now we have assigned >" meaning" to. a 3 for any real exponent 
3, provided a > 0 . and. a / l. : Do the relations (9-81) through 

«ev(9-8m) remain valid when \s and t ■' are any^:i?eal" numbers and. a 
and b. any positive, numbers hbt.equaL to -one? The answer is yes', 
and we shall prove Tfe :directly. But let us ^firsit give a name to 
.the relations (9-8i) tfirbugh (9-8m) call them the^laws of • 
exponents , Moreover, to\djLs>^se of the case - a == 1# which 1 is riot 
covered in our definition, let us agree that I s shall equal 1 
fop all real s. It is then easily* seen that . for a = v l arid ■. 

. b.> 0 the laws -of exponents are valid. 
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Theorem 9-8a , Let a and b be any positive numbers ,\ then 
for all real numbers s and. t the, laws of exponents . (9-8i^ 
thrbugh (9- 8m) are satisfied. 



\ 



Proof of 9-8i: 



aV = a 3 + . fc 



(1) 


log a 


s't 
a a = 


(2) 


log a 


S' 

a ..=.■ s, 


(3) 


log a 


a a = 




log a 


a- + t 

a 


CO 


log a 


s '+ t 

a 


(5) 


a 3 + 


fc -= a 3 a 



S w t 

a + log a a 



a* = t 



= .s.. 



Proof of 9-8 j: (a 3 )* = a 



>t- 





log a (a 3 ) fc = t 


log a a 3 


(2); 


■i S 

log a a = s 




(3) 


.\ log^a 3 )* 


= 3t 




But, log -a 3t 

a ■> 


= St ' ' 


(5) 


log^a 3 )* 


= log a a 


(6)-' 


(a 3 )\= a 3t 





St 



3, 3 



Proof of - 9-8k: . (ab) a = a b 



(1) log ab (ab) a = s 

(2) log ab a 3 b 3 = (log a t ^ 3 )||v(Jog ab b b ) 



( 3 ) log ab a 3 = s log ah a- and* 



log 



ab 



b = s log^ 

.S t S 



(9-7J) 

(9-6f). 

Frdm (l) and (2) 
- : (9-8f) 
(3) 

(9-7k) * 

■ ' (9-8h) 
(9-8f) 




ab 

•(*)" .*. l<>g|^.a 3 b 3 = s(l^ b a) + s, (-log ab 



(9-8f) 

(9-7J) 

■ i 

(9-8h) 



■b) 



= .s(li 



*ab a + ; lo S a b b ) 
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(5) log Q , a + log , b = log . ab 1 
. ao ab ab 


(9-7k) and (Q~7h) 


(6) log^ a s b* = s x 1 = s 
ab 


■ ( 4Y and ( ^} 


(7) log ab (ab) s = iog ab a s b s 


(1) and (6) r V 


(8) (ab) s = a s b s / . , 


• ft 

(9-7k) 


Proof of 9-8J? : . a 0 = 1 


(1) 1% 1 = 0 . • / 


*• 

(9-7g) 



(2) log. a°.^0 •.»'■ ', (9-8f)(set s =, Q"). 

O a 0 = 1 • • ( 9 _ 7k ) 
Proof of 9-8m:' a" 



•s 1 



s 



(1) aV s '=.a°.= i . t t . f 9 -8i) ; and (9-8» 



(2) But, x a s x i- = 1 V 

* s » 

. a 

-s '.1 



V' 

an - .■ 



In Section 7 we developed a "change og base 1 - 1 fbymulaA^or the' 
logarithm function.- ° Equation (9-7d) can be written in thi form-*' 

log b x =^log a x . tog- - a ' f ' ^ 

which enables us to express. .the logarrthm of $ to the tase 
as a multiple of the logarithm of x to the base , a. We now' de- 
velop k similar *ahah££. of base\equation for the' exponential *func- 

tion, ^ ' -? '•• * . ^ ; * « 

" For example, we might' ask:.' |What power of three •is equal to 
the third power of nine?" To answer -this: *tfe mjast solve the equa- 1 
■tion 3 X = cp. in this case it is* readily seen^ that the .value" of 
x.Kls 6.^ Ordinarily the solution of the < equatiSh, a x = b S v*is 
more difficult. 1 : ■ **„ . ; * 




.. We have learned that if two numbers are equal, thin" their - 
logarithms to any base are equal (9-7k')» Therefore, log ,a x = * 
log a b and this equation Is equivalent to x = s, log b accord- 

. * • 3. " 

lng'to (9-7h) fl and (9-8h). Accordingly, ._■ , " 



9-8n 
t 



' ' v s ■ s log b / " ■ 

o = a a . (a > 0, b > 0, s> . any real .number) . 

*A special case of this formula which', is frequently used' in 

mathematics is •obtained by ieitting a. - e, ^ the base- of natural.- 
logarithms: " V . / . 

9-8o 



b s = e s . lo "Se b or % s - e s 2x1 b 



At this point It Is appropriate for us to consider the re la- « 
tion between radica.1 expressions such is 

3>* 



arid expressions Involving positive rational exponents such as 

1 1 ' f 1 ' * (•'•• 



2 3 arid- a q , 



Consider first " % 



and 



a ^ where q is a natural number. 



- 4V 



According to Definition 9-8a, a'?' Is defintd as^he. unique 



positive solution of log x = -i. That is, 

* ^ q. 

. i 

(1) v log a a, q = i. . • \ » 

In Section 3, c */a" ' is defined as the pos 

th . 0 . * . . * ' 

q power is a, t That Is 

(ii) • ( ViT)^ = a . i 
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■i 1 



if "two positi then their logarithms to j>asfe a' 

. are equal ;('9-7k)// , Henc.e,.' ■' * ; 



-log* 



or 



r : {iv) ■' > >q flogA". : $/Ca^; ;./=: 1 ; 



'a 



^i/TS '= a 



•:1V 



(9-8h) : and .(.'9-7h} 

.( i) and (v)." v '. 
(9-7k). . 



■ .\. ''/Wie have. -thus established^. . ' >'7'\ ; : >..■;>, 
9-8p * • \ ' ■ * . % a % ■•toen&-4r> : -'&> : {'< 



' \q.-- is '. a nawral 



■.v<: 



Now that* we 



hlaye, Established: the ■;7e^ixa^i1By. ib'C... • ; -^r^T ■/ 'ahitf,V J a 4 > 
' it iis readily, seem j>ha£.v 'V;.' : '- ■y^^t^. ■■ : V : \ , '''VV : V W - V ' V// 

9-3q =' ( V~^)? ^ x q wh^re p and q aire posiV 



I' 



; ■: . tlye : . 



ers... 



Th6 propf requires ip.vir new -equality and ^he power 7 of a power law,* 
: (V-8j)> We ■■haujjKv*- • : " ^ 




and 



4f: 



- Equations (-i) *anq5^^ii)', together are equivelent to s (9-8q) .- 

• -X We close this/ sec^tjion with ^ the : statement of \a the«c?em which 
; sui^afi2es the .relation ^beljwcen .logarithm cxpondnt;s :? . 
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:,/ , Theorem 9.-8b-, ,- ' *:yyf?H3i ady ; ; if ■;• s ■,= lafe N, . provided" ■ ■ 
;y a., is.; positive y a...:ahd\;;s; : ; "i^ ; rfegL .,■ ; •■ ,., - f£; , , . 

V,/. ; - . . '.*, .' V- ' • ' 5 ■ V •' /Vi'^S ' W ■ "'ii' .. ■■ ':• ' . ; •.' J t r -; 

•'•/,/ . Proof:/ V \; ^vSft-C ^' i'i 'V.**'. : ''Y''. ' 
•• • U/v. f- \= N ;•. / ; ; )ff _ ? .'*/ Hypothesis V • 



(9-7k) 



-. r ,/ : .(2) . Ibga a = ^Z^^f;*'-', .// ' 
•5 k But^ log^ alW'l;^ 



- : ;::V.V-.)(-5K But^log^ atv^'>;-i 7 . : ' \ V (9-8g)<% 



..••V.'.. ; . ' *«v ^t ^.V',-,'": 

... . \ ../.fThd proo^f^f^t.1^.^ sec ond^a'rrfc of this theorem, . if "s = log a ;.N, . 

^tlfe'Ei: a?. = ;N;,r\iV ( .^t'Sb'o student. ' • . •• ' : ' ' : 

-f-^ <v The/^o'i'l^^ of . the properties of , the exponen- 

^':' : ^V /.pefinitfon- " 9-W ^ V^ > 0, a ^1, and s is a real niim- " 
■ bef, . -a . i3 <>&ii$p n xe%VAu^B'&'r x which is the unique positive 

^^^'■'/^fll^ff^all u > 0, a > 0, a ^l.'> 

- . Q . j- t ,.;r* v V'-" v ' t.:/ : . ■ 

^.9^. -.J-. log„a = s^ . for all teal s, a > 0> a / 1. ' 

: * , Ii^ua^nsV(^ and (9-8g) togeth^rSk^e equivalent, to 
^> : ^ > '^^^is statement:, xf a > 0 . and a ^ 1, then a^/ and . 
'■';'* //iv'- l°S a x 'SLro inverse ;jE?uihctibns . 

9-7h . log a x. t log a x for a > 6 and 'if 1 and 

— " " ' * 1' • ■ Sj'\X'> 0, t a real/ 

>-8i^f . a s 1 4 1 ? = a s + t , a > 0, s and % real. 



*9-#J / (< S ) t =■ a st * , a > 0, s and t real. 
9^1c "(ab) s = a s b S , a > 0, b, > 0,. s real. 



9-8/ '. a°* =1 , a > 0. 
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.'9-8m. a~ s = ^ , a > 0, s real . - 

. • log b v. . ar\ 

9-8n _ a - a ' a >. 0, b > 0,.a/ l,. s real T \ 

■9-80 . < b 3 = e e = e 8 -4n : 0 ( b > 0 , s real. • / . 

■9-8q . \fxF = x V, x > 0, p and q are. .. 

'. .positive. Integers. .' . • 

Theorejn 9-8b • a 3 .= N If and only if " s = log • N. . 

The following examples Show *some applications of <the 
laWs of exponents: ' ') 

Example 9-8d . Show that (f) s ?= ~ where a and b are 

. .' • - . b s ' 

positive real numbers, and . s is real. 

• «. * . ■ 

First Solution : ^ '• ; - . • r • - 

' \ l0 Sc ( t )S = 3 log c ( |i = s ^ log c a ~ 

a^ s 4 s 

Also, log^ — r- =, log^ a - - log b * - = s log a - s log b 

= s(iog c a - io gc b) ^^y 

; s » -' * \^/~ 

. * tf) S = \- because. x 1 .= x 2 if' log c x 1 = log x gi 

Second Solution : We learned in Chapter 1, Section. 6, that^ 

x/* ' • * 

a 1 t 1 l 

^ = a x -jf. Moreovegr, ^ is written as b ■» . ffi 

■ ; . (|) s = (a x i) s = (a x b" 1 ) 3 = a 3 x b" 3 - 4'.. '& 



-b* 



■rV 
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. Example 9-8e . Expressions invc^lving^ radicals may be express 
v ed in equivalent forms involving positive rational - exponents . I 
Verify- the . following: 



(a). ; = (a °F = a : 



i.i _i 
5v3 



1 c 



1. 

5- 



= a 



1 
7 



3 V 



b* 



(9-8q and ,9-8 j) 



15 



, Example - 9-8f . An -expression involving rational ^exponents- 
•may be converted into an equivalent radical form. Verify the 
.. fpllowingj - ' ' > 

'•* 1 . n'.' V 4 5 + 4 ■ V- Q 

(a) f x 5 5 = ^ x3 ^ = ^ . 



20/ 



(b) (7~ 5 ) 



=, 7 ^ = 7 2w " 7 = 49 



(c) r a 



a^ = a x 



1 

= a x a 



= a 



a 3 , 

-2-.fi 
. a 12 • A 2 - a 12 



__5 



12, 



Example 9-8g . Expressions involving ^negative integral ^ex- 
ponents may be changed to equivalent .expressions .lfi\ which all' ex- 
ponents are positive". 'Verify the following': ' ; 

. . . ' • ■ • . y ■ : '' • ■ • ' 



(-b) 



a-V b- 1 
a-^b- 1 



(a^b" 1 ) ^ab 
(a" 1 ib". A „)>i3 



■■ 1 

b + a 
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Example . 9-8h. Some expressions involving radicals and • 
rational . exponents are easily evaluated.- Verify the following: 

' : 1 ' ' ■ . ■ 

(a) 49 ? = 749 = 7 . 



(b7 27 5 = (V27) 2 = 3 2 = 9 . f: 
_'/...• . 1 "' 

(c) (VT) 6 = (7 5 ) 6 = 7 2 =.49 

(d) (2- 4 )tJ<2 12 = 4096 • 



• _ ■ . ]i -1 -i *■ 

Example 9-8i . Express 7 ' J as a power of 13. 

" " s log b 

• • Solution : We apply (9-8nk b s = a a . Let b = 7, 

^ 4 « ' 4.15 log.,7 * 
s = 4.13 and a =1J. We have 7 p = 13 ^ = 1? . 

where x" =4.13 log^. log 15 7 =" {9 _ Jd f 

. .. "4.13 log 15 7 -^_y^l i=x 
and ' ■■ log. x '= log 4.13"+ log 0.8451 - log 1.114 . 

and • 7 4 -' 13 ;^ 13 3,1 ^ 

Example , 9-8 J . Equations in which at least "one exponent is 
function of the unknown are called exponential equations.' 

2 -ix 



(a) 3 X - 6 = 9^' 

(b) 3 2 =5 X 
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Soluti on: ' 2 
Tx • 2 

(a) , 9 2 ' = (3 2 ) 2 = 3 X 3 X -• 6 = J 3 ?. if we find the 

'logarithm of each membe ^^& fe .'obtain 

2 ■• '.,')-. 
x*" - 6 = x , or ' ■ 1 — 

2 ' ■ ? ■ '■ .< /• . 

■ ' . x - x - 6 = 0 . . ' 

. x s 3 pr x = *- 2. Each result/checks. 

(b) Find the common logarithm of each member: 

... i°g 10 r = ibg 10 5 x . •• 1 

(x + |) log 10 3 = x log 1Q 5 *• • ' ' ' . 

(x . + |) (.0.4771) 2 x(6..6?90) 

x?y 1.075 • .*'*•!" ' 



Exercises 9-8b . 



Evaluate the following. 










✓ - 




(a) " 27 5 , ' 


i 

V . e 






(b) 11° 


V 


(g) 


• 1 

(0.027) 3 
, 1 


(c) 3- 1 

•• . 3 




(h), 


( 0:0001 )^ 


(d) 'Si 15 " 






<T>" I .. 


" -V 

(e) .8l ;T . 




(J) 


© ! - 




4 \ 




: ' 1 ' 

■ ■ 4 




■ \ 
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(icj (y 2 r 3 

a) 6 swr 

Cm). A?Sf) 0 ' 

(n) 2?. 2^ 

1' ; '. • 

(o) [(0.2) 2 ]- 4 .... 



(q) 



? 1.26 x ? 1.74 



(r) (5^ • 7.^")^ 



(s) VTT 



Write each of the following, as an equivalent expression" in 
which all .exponents are positive. . • 



(a) (ab) 



-1 



; (e) (x- 1 + y" 1 ) 2 



•(b) "(a- 2 b)- 5 



(c) v (x- 1 +y- 1 )(x- 1 .- y" 1 ; 



aV 1 



U) 


i 3xy 


x" 1 + y" 


■(g)' 




(h) 


■x" 5 + y~ 5 









Write each of the following as Wri equivalent -expression. 

for (a) - (i) in radical form' 

1 . 

(a) z F ., , • 
' ■ • I ' \ ■ -. 

(b) ay? ' % •'■ 

2 1 ' ■ • 

(c) (a 3 ") 7 -. :. ''' 

(dj (ir 2 )" 5 •>•' .'• 

a ^ 4- a J . 



(e) 




«« (i. ) 
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*(j) ..Express with >/ single* radical sign. 



+ y 3 )(x 3 - x 3 y 3 j y^) 



1 

2 . 



1 '2' 1 1 
x^y- 

.' Use. common logarithms, to compute the value of each of "the 
-following expressions'.' . , ' 



if) (24.80)- 3 : 

/, . ' 1 

(b) (276.3)" 5 

(c) ' (0:8412) -5 



(d) .« (356. 8)- 1 ' 1 

' ' . _1 

(e) (0. 06381 )" ? ' 
( 0.9816) 



(f ) 16 (0.' , (D07123 1 l) 3 (82671)"- 



1 • • : i 1 
5 



5. • Show that ,x = y if and only if x = y provided x and- y 

are positive , / l "and. s ,1s real; ■• . •' 

6. ' Solve the following . equations for x. - #\ " 



:' (a) 2 X + 6 = 32 

•(b) 9** = 27 3x - 4 
/ „ \ 0 x + 4x 1 



(d> 2 5 2x = 5 x2 " 12 



(e) 8 = 4 } 



d5x 



(f) 2 X • 5= 10 



• Solve, the following, equations for x. • ^ 

<(a) ' lO 2 * ■-••43>; > „ (e) (1.0» x = 2.5OO ■ 

' (b) e 3x = 16 



(c) 2 3x = 3 2x + * 



(f) e 2 * - 2e x + 1 = b ° .; 

(g) logy (x + .1)/+ iofc(x+3)' = 1. 



(h) 



log, n (7x - 12 jf 



no 

10g 1£) X-: 



= 2.' 



eft logi^/HZi 



= 0 



V 
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'.> ^"VA 'r' >;■'•■. ' ,. -'A'.-' 

8. .'Prove that x? and x s are Inverse" functions . (x >- 0, s 4 6, 

, % • s y 'r|ai):> Graph* ,..y* = ahd*' y = "x 3 on th^ same set. of axes. 

->> ^< A Prove- ' a s "= ;N. if - s * lag N. - (a > 0, *N real N ">-.0. ) 

V 10. .^Dr^w the 'graphs '.6f . {1%; y =";^C' and'. (2) = ; ^.on the /. 
."" r " ^ same set of axes. It/will -'bev^found tiiat%ach abscissa on .the' 

• o - *' v # graph of ' ( 1) is twice the corresponding; abscissa on the..*. 

.... . • 'graph J>f ( . "Can you generalizes this % 'statement for/fche 

.IV V . grapH^W;*-. (I)-; y>A a? * ahd- /(2) - y '=%%{a&Q y b>0, x' re&l}.:- ; 

. " li.' 9 ' If V < a.V b -compare ^a X . "and ' b x '' when . V A- ' 

| - \(a) x>-O j o '/. ) '/A. ■■ . V .1 v , 

• ' / . (b) - " " * ■ 

A . ^ V . J \ 

A '(c) X < O.v . : /7 ' . '■ *:f - ; ■■ : , 

'* ..±2Z : Sol^e > >ach , ;of the following ;equatiohs^s indicated. 





• (a) 




' (b-) 

• 0 




;; : (cj" 






. 1 , • 





" bv / for;v. ..(-Use natural, -logarithm's;. ) r 



J 4 



.Solve J - ^ar* 1 " 1 tor: . ft. * ' ; ^ •' •':.»' •'■•••' "- • 

Solve f dr .. x: log 10 (x .- 4) ^•log jL0 (x. -K?) = ,^jB 10 ^0.' ' .8 

(g) - Solve the following, equations -for- x' and- y. *" r 'v' 

io^ 10 x,. .iog 1() y = v ^ y . • • 



541 



13. Solve for x. - ♦ ^ '» 

(a) e x + e" x 2- . ' 

. . (b) e X '- e" x = 2 ;• ; 

■■»■ 1 ^ J 

,14. According to the law of radioactive decay, the mass m re- 
maining t years from now is given by the formula: 

' -ct 



'15. 



m = me 
o 



where e Is the base of the natural log- 



arithm, is the present mass and c Is a constant ^de- 

pending on Tbhe particular radioactive substance Involved. 

The half-lif^J^f a radioactive- substance Is the time elapsed 

when nr = ^ Q \*^lnd r th&- half- life of a radioactives substance 

for* which c = 2. , 

If*an amount of money P - is Invested at an interest rate of 
r (expressed as "a decimal) per" year, the amount A accumu*- 
I'a^eQrat. the end of n years, when Interest is compounded 
annUaisLy, is given by the formula: A.= P(a^r) n . mils 
Is known as * the' compound Interest law. ■ 

the. amount A to which an Investment of -. $1,000 
In 20. years 'If Interst is^ compounded 
at 6#. * • 

g will it take for an investment to double itself 

if ^Interest Is compoxinded annually *>at 4 ^ 

• ■ » ■ • 

,{c) If one dollar grows tp 3 "dollars in 30 years when 

interest is compounded^axin\ial^)vfInd the approximate 

rate of interest. 




jr. 
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a. 



L ) 



5- 



Miscellaneous Exercises 

Fijrid the -.value, of I - 
* aog 0 ^5 - lc^ 8 

(a) ' »- ■■; 



(d) 



log 



9 27 



■+*lo gji l' 



log 3 8l log T 1 - 



(b)' lo &5 l\ logg 4 . (e) 



(c) l°^- 9 7. + log 27 9 



logg a6 6. - log 27 9 



3 



lOg yy l + 10gjj8 



10g n 64//- lOg ' g 



b l ~^/" 



(f) 



log g 8l 



log 49 7 5 - lo gf54 ^ Ig 



Find the value of . x: 

(a) x ^ log^8l 

(b) log 2 x = .5 . 



(c) log^8 « f 

'(d) log_0.2 = x 
* ■ 5 



(f) lo gl *8 = x 

(g) lOggX = " f 

(h) log^.04 =. -2 

(i) l 0gx V6" = 



' (J) log oa 10 = x 



(e) 10^49 = 4 

Complete! the following statements: 
(a) log a a f = 

(d) -log b a . log a b . ^ 

'(e) The Inverse of -the function define^ by the' equation 
y = a x , ^ Is. defined by the equation y = ? 
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Solve -for x: 



■1 / 



(b) iog 7 7 gx p; - o 



(e? • log x 27' = I' 



(\a) / iog 10 x c ; - jbg Io x*= 2 

x log b x log c 



(e) ; e 



Write with positive ^xpononts and simplify: 



(be)' 



(a) 



-r 



-k- 



-1 



0>) (|) ■ 



•(c) 
(d)' 
(e) 



cd 



^2 




(cd) 



x>i? 



U) 



aZ 2 + b" 2 
a^Vb" 1 



-2 -2 

A < •• * » ■ 

Solve for x. (N and a are positive real numbers) 



(a) a x = N , 

(b) x a =.*N , 
(e\ <N = log a x 



x > 0, 



1, x>0 
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7. Find^the value of x by means of the. laws of k 



* ; (a). 2' 



(d) 



8' 



(b) 3-0.3 ;yt 

2 

'(c) 64 5 = 2 X- 



(e|-x = ^i 4° + (If* 




8. 



Find .the numerical* value of 'x* for each of the following. - 4 

on Table 9<-5d. 

(g) . log^' = 2.4 



Base nece's jRry computations on Table 9<-5d 

(a) lo* 1 . = 41.43* 

(b) 3 X - 733 ' 

(c) x 5 ' = 972 , 

(d) 3- = 400 
e\= 3S' ' 

(f) x = (4.17)0.52 



(e) x 



(h) 10^700. = * 

(1) x = 3~ 3 ' 7 / * 

(J) 5 X ; = 0:083 

(k) log 0 ^ 5 'o.05 =^x 



9. V Solve for^.x. Assume*that' a 
"'.positive real numbers . Expre 



(m) *(0.i)7-= 70 T 



, (a) - a x = b 




e pre sent ' 
vto base 10. 



<2> 




~(f> t A = P(l '+ x) ! 
(g) A > P(l*+ r) : 



* ..'(h) e x 111 b 



= c 



10. Compare, the graphs- of, y = log 10 
Inverse functions? • > c ' 

. f * '"V^ : / [sec. 9-9] 



and v -y == 10 



,2x 



J.-. 



Jar, 



Are "these 




How to cpnsptruct a logarithmic -scale : ^Ori a sheet' of papex* 
dr&w a '^llne 10 irjchos'Vlong. Ma^k of f -in tenths and hund- 
redths. Fold the sheet of paper on the line so y®^ can' use 

o it as a rul£r. On another sheet c)f^paper $£gw a .line equal 
to 10 inches. Align, the roller with thi? *lisie. ^cause-Vthe 
log of 1 Is. 0, pl&ce 1 ' on your new scale ojpposite QT 

...dn -you ruler. Because 0.3010. is the log of 2, piac'e ' 2 
.opposite O.tfO on your ruler. / Proceed similar lyt until you 

* have placed- 10' "opposite ; 1 on your ruler. 



LOG.' SCALE f " 

*H ■ 2 jS 3 4 5 6 7 8*9 10 

I — 1 m j — I » i 1 r 1/ 1 - 1 I ' A 1 1 

0 I .2 A .3 .4 .5 / • ;€ 1 ,8. 5 .9 LO 




RULER 

- a 



Questions: 



r 



' ' ' •' * 

(a)° Using two of these log scales, c^n you make a slide 

rule? Can ypu 'explain how a slide ZMaleJ^ulJ^Lplies and 
divides? • ! Vf ' ' \' . 1 



(b.) Construct a coordinate system using logarithmic scales 

\ ! > 

on the "coordinate axes .instead , of the normal linear , 

! ; 2 

/ scales. On this coordinate system plot y = x . Can 

f? ■'■''<■ ■'• ' * ' * f 

K you- explain ^fcke result? 

, ■ r \ ■ ■ -i - - - ' 

(c), Construct a coordinate system using a ^logarithmic scale 
on the aA*s of ordinat^ei and the normal, linear scale on 
; ;the axis <§f abscissas-. On this system jplot 

Can you explain the result? * ^ K * 



/ 
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10-1.^ 



Arc& and Baths . 




Figure 10-la. ■ 
*Arcs on a- circle. 



■ . £et '?J5? and .Q be any two 

distinct points on a. ci^le with 
- radium *r. * These two points 
.sVperrate the circumference of a 
«c?ij?cle into • two arcs> the* sum of 

. whpse<' lengths is 2irv. The 

... • 0 * 

\ lehgth of any arc of v a circle is 
^*equal to or less 'than 2irv. 
7 * *Let P ; be appoint on a r J 
, given circle as in Figure 10-lb. 

Let a point 4 R start at P and 
• move, without reversing its 
\ direction, a .distance d along 
^ the circle to a final position 
\Q_ (observe- that d may^be great- 
er, than the circumference of the . ' 
Circle).: This/motion -will be , •/ . 
; called a ftB ath f and it- will be' K Figure • 10 _ lb . 

denoted by the symbol (P,+d^^ ^ A path or|*a ..circle . 

if the motion is in the counter-G\ock^je direction, .and by the 
symbol (P*-d) if the motion is in. the clockwise directiorr around 
^.the circle. The symbol (P,0) corresponds to the path in which u 
V Q does 'not move from,; P. Tt^e point P . is the initial point of 
of the path, and the final position of *Q is the terminal point 

of ;the path. ^ , 

' •■',*.' * 

Observe that every £&th i§ described by a symbol (P,c), 

where c -is some positive or negative . real number* 9 - Conversely , 




if 



is any rea] number, there is a unique/path ^pn the given 



circle corresponding -to the symbol (P,c).« 



Two paths \( p i' c ].) and ^ P 2 ,c 2^ are equal if and only If 



arid 



Two paths a-re equivalent if and only if 




c 1 = Cg. Observe that^tvto paths are equivalent if^they are equal, 
but 0 '-that two equivalent pathtf need' not toe equal. 

. If (P,c)\ is any . - ' — . * 

path on a given circle/ 
there is a unique path 
' (Pqjc) on this .circle 
which has Its initial 
point at a given point 
Pq and which is equiva- 
lent to (P,c) . . 

We shall now define 
the addition of paths . 
If (P 1 ,c 1 ) and (P 2 /c 2 ) 
are any two paths ■ on the 
same circle, then 

(P 1 ,c 1 ) +"TP 2 ,c 2 ). = (P 1 ,c^+ c 2 ). 

Sin^e (P 2 ,c 2 ) + (P 1 ,c 1 ) = (P 2 ,c 2 + c 1 ) , t see that (P 1 ,c 1 )^ 

+ '(P 2 ,c 2 )* and (P 2 ,c 2 ) + (P 1 ,c 1 ) are not equal unless ? 1 =-P 2 . 

Nevertheless, (P 2 ,c 2 )' + (P 1 ,c 1 ) is equivalent to (P^c^ 

+ (P^ c 2 )> since c 2 + c^ = c 2 ;by the commutative property 

of the addition of real, numbers . 



Figure 10-lc . v - 9 
The- unique equivalent path 
With initial* point at Pq. 





Figure 10-ld* praph of (P 1 ,c 1 )'+ (P 2 ,c 2 ,) 
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' >• Figure 10-le . r 
Figure^ for Exercises 10-1 . 



Exercises 10-1 

Let Pj. and ? 2 be 
^points, on a circle of 
radius 5 as shown in. 
Figure 10-le. Draw 
diagrams to shoV the ^ • 
following paths: 

(a) JP^tt)' " . 

(bV (P 2 ,10tt) 

(c) (Pj,-?,) ' : 

(d) (P 2 ,-10t) . . 

(e) \? ^5*)' ' . . ; _ 

(f) (P^Sir) ■■• /' : 

(g) (P 2 ,30tt) 

(h) (P 2 ,-3 : 0Tr) / \ m ' , -." 

E>raw diagrams to illustrate &he following ^additions of paths 

(a) .(P 1 ,^) * (P 2 ,-fO (d) (P 2 ,-5ir) +- (P^lOr) 

(b) (P 2 ,f) + (P^-f ) (e) + x (P 2 -f : ) • 

(c) (P 1 ,10tt) 4-. (P 2 ,-5tt). (f) (?2'-^ + '( P l' 1 i E } M 
Which ones of the sums in Exercise 2 above are equivalent? 
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Figure JL0-2a.. 
An angle in the elementary sense 




10-2. Signed Angles . 

The r&ys Alf and^ A^ form 
an angle in . the elementary sense 
(see Figure 10-2a) . It will now 
be shown that paths on a circle 
can be used tb extend the 
elementary notion' of angle. 

Considei^a circle with * 
radius 1 whose center is the 
vertex o f th e angle formed by rays 
A? 'ajid lot Figure 10-2b s^ows 
a path' (P,0) on this circle . 
that can be associated with this * 
angle. It is immediately clear, 
However, that other paths could 
be associated .with the elementary 
angle. To overcome this "difficulty 
we introduced the notion of signed 
angle. 0 There is a one-to-one 
correspondence between the set of 
signed angles and the set oJT* paths 
on the unit circle. 

Let a path (P,0.) ' on the 
■unit circle be given (see Figure 
10-2c). The ray AP' is the 
initial side of the corresponding 
signed angle. If Q is the. , 
terminal point of the path 0 V(p,o) , 
the ray Acf is the terminal side 
Vof the signed angle*. The path 
(P',0) specifies how the signed 
a,ngle is generated, ■ irt -the follow- x 
ing s^nseA The ray Jit is placed. in the initial position AP* 
and then rotated about A so that R traces the path (P,6). 
The terminal position of 
the triple 



T 7 



Figure -10-2b. 
Angles and paths . 




Figure 10-2c . 
Generation of angles . 



"AR$k is .then . 'AQ; The signed ahgle is 



[kf, A^7 (P,0)); it is completely determined by the 
■ - [see*. 10-2] 



path (P,0) and the vertex A in the sense that the signed angle 



can be constructed when* A- . and (P>0) 
appropriate to denote the signed angle 
(A,P,0). 

A signed angle has a-direction 
associated with 3/t. If 9 > ' 0; . 
the angle (A,P/9). is generated by 
•rotating AR in the counte.r-vdock- 
wis.e direction, and we say that the-", 
angle is positive ; if 9 < 6, the 
angle (A,P,9) is generated*by 
rotating- AR in the clockwise 



are given. 
{AP, AQ, 



■ It is thus 

(p,©)} -W 




Figure 10-2d. 
Signed angle. 



3 



direction, and we say that the 
angle is negative. ^' 

- ^ Exarqple 10-2a . Construct thV-angles (A,P,t£) , ' (A>P,, -tt) , . 
(A,P,5)> arid; (A,P,-10)*, where P. is a given fixed point on a 
unit circle with center A. 

■ Solution: The angles are shown in Figure 10-2e.- 





= -7T 



9 = 5 





0=-|O 

(A,Py-10) 



(A/P,£) . (A,P,-7r) ' XA>P,5) 

Figure 10-2e. Construction of the Tour angles indicated. 
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We say that two angles (A^P^O^) and (A^P^) are , 
equal if and only if'. A± = ^ ?± \ P? , and '\ = „ - 

angles are equal, they clearly have, the same vertices,, the same 
InMrfal sides, and the same terminal sides. It is not true, how- 
ever, that twp angles, with the same vertices and initial and* 
* terminal «Wes are equal, if (a^P^) and (A^P 0 2 ) have 
the same initial and terminal sides, then A 1 = A g and 



°i = e 2 + 2nir > 



X 



10-2a. 

where n is 0 or a positive or negative integer. Furthermore, 
angles with the s,ame initial and terminal sides are called^ 
co-terminal angles. Two co-terminal . o 
angles are showri^in Figure 10-2f . 
Two angles JA^P^,©^") and 

\(A 2 ,P 2 ,0^.) are equivalent if and 

only if o L = Oa If the signed' 

angles (A^,^) and (A^P 2 ,0 2 ) 

are equivalent, then the geometric 
angles P^A^ and P 2 A 2 Q 2 are 
congruent in the-'sense of geometry. 

Example 10-2b . The two angles (A 1 ,P 1 ,|) and ;'(A 2 ,P,|) 
shown in Figure 10-2g are. equivalent, but the two angles 

^ A 1 ,P 1 , 2") and ( A 2' P 2'"2"^ shown in Figure\10-2h are not 
equivalent. . ' , _ 




Figure i£)-2f . 
Two co-terminal, angles . 



v, 



X 



) 
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An . angle' is said to be iQ, standard position in a coordinate .*<> 
system if -and only if its vertex is at the origin 'and its "initial 
side^ extends along the positive x-axis. Every angle is e'quival^nt 
to one and Only one angle in standard position. It will b,e 
convenient to deno^e^an angle in standard position by (0,X,9). 

. • _• , ' ' ■ °\ " '. : 





» ■ 












Figure 10-2g. Equivalent angles . 





• s - ■ '» 

— ' Figure 10-2h. ' The angleg (A 1 ,P 1J ^) 
* ' ' an<T (A 2 ,P 2 ,-5) are not equivalent.' 

Example " l(K2c . Construct the angles in standard position 



denoted by the 4 symbols \0,X,^), „(o,X,«^), and (o,X,-ijf) . 

Construct two other angles which are^ co-terminal with each- of 
these angles. 



[sec . ^0-2] 



Solution : The solution^ are shown in Figure' 10-21 \ Recall 
that , the length of\the circumference of the unit circle is 2rr. 




Figure 10-21. . The angles (0,X,£>, (o,X,ii£), 
.(0,X,-~j-) , . and two arigles which are co-terminal with each. 

The addition of paths suggests how angles are to be added. 
The following statements define the addition of two angles and 
the N multiplication of an -angle by a real 'number c: 

;(o,x,e 1 ).+ (o,x,o 2 ). =.(o^,o 1 + o 2 ) 

10-2b. c r (0,X,0) = (O,X,c0)., 

r 

The properties of these operations follow from the properties of 
the corresponding operations on the real numbers . ' 

It is now clear that an angle . (O,X,0) in standard poslticl 
is completely determined by the single real number 0. Herice-y 
v forth, we shall speak of the angle 0 and mean thereby the 
-angle (0,X,0) . The sum of the.. angles. Q ± and 0 g is 0^ + 0" 2 ; 
the addition of angles, has all of the properties of the addition 
of real numbers. Furthermore, c times the angle 0 is the 
angle c0; the: multiplication of angles by. a real number has all 
of the properties of the multiplication of real numbers. 

[sec. 10-2] - <: 
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1. 



Given a unit circle With center A and a point P on it. 
. ( * • • 

Construct the angles. • m 

(a| (A,P,tt) ' / (d) 

■(b)- (A,P,-^) - (e) 

(c) (A,P,^) * (f) 



(A,P,2) 

(A,P,-4) 

(A,P,-1.5) 



2. 



Construct the following angles 'In standard position. 



(a) (0,X>£) . 

(b) (0,X,tt) 

(c) ' (0,X,-fO 



(d) 
(e) 

(f) 



(0,X,-^) 



(0,X,-Z*) 



(o,x,^) 



Find two positive angles and two negative kngles which are 
co-terminal with each of the angles in Exercise 2. , 

Construct the following angles in standard position and find 
one negative angle which ^Ls co-terminal with each one pf 
them* ' ■ 

■ ■ f - 



(a) 


0 




(J) 


7tt 
"o~ 


(b) 


IT 
F 






^ 


(c) 


IT 






T 


(d) 






(m) 


3tt 
T 


(e) 


: IT 




(n) 


¥ 


(f) 


2tt . 
T 


h 


(o) 




(g) 


3tt 
T 


i 


^ (p, 


llTT 


(h) 


■* 




(q) 


• 2TT 


(i) 


7T 




• (r) 


. 16tt 

■ 9 
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10-3 • Radian Measure. 



(A,P,0) in terms of the 
on the unit circle whose center is A. The real 



^ Jtte have defined the signed angle 
nlurioer 



ft^-i? called the radian measure of the angle* (A,P,0) : 
It follov/s^from % the definition of equivalent angles given in" 
Section 10-2 thai: any two equivalent angles (A, ,P,,0, ) and 

(Ax,Pp,0 p ) have the _sg.me radian measure 0, where 



0 <= © n = 0, 



- 

"the signed angle-. 
0" # , Of course there 



k 2' x 2' v 2 

The /statement^" the angle 0" usually means 
in standard position whose radian jnea sure is 
.are infinitely many, other angles that have the same radian, 
measure 0. .9 * 
The radian measure of angled 

is especially useful because there 

■ v 

exists a simple relation between . x 
the '^Length of an arc of a circle 
and the radian measure of the angle 
subtended at the center of the 
circle. Figure 10-3a> shows an 
arc P'Q 1 of length s on a 
circle of* radius r, and the v 
corresponding arc PQ of length - 
0 on a circle of radius 1. By' 
a' theorem on similar sectors of Arc 
circles, we have 




Figure 10-3a. 
on a circle of radius 



arc PQ arc 
1 = r 



P»Q! 



But 
10-3a 



0 . i s th e radian measure of the angle formed by the rays^ 
and AQ» . Thus, the formula 



/ 



r 



gives the radian measure of the angle in .terms 
circle and the length of the intercepted arc. 
be stated also in the form L 



of radius of 'the 
Formula 10-3a can 



10-3b 



s a r0. 
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Formula 10-3J? gives the length of 4 an arc in* terns of • the radius of 
a circle an^Tthe radian measure of the^subtended angle. 

Example 10-3a . Find the radian measure of the angle subtend- 
ed at the center of. a circle of* radius r by one-fourth of the . 
circumference. - * 

Solution : The length of the circumference of a circle of ■. • m 
radius r ,'is 2ttt, and one-fourth, of ,the circumference is ~ 

By Equation 10-3a, 0-=-^- = tj. 

Example 10-3b .' An arc on a circle of radius 10 subtends an. 
angle of 2.5, radons at the center. ' Find the length of the arc^ 

Solution : By .-Equation 10-3b, s = 10 X 2.5 = 25. The reader 
should^draw a figure. ' ' /' 



■ % Exercises 10-3 . 
/■ • — ~ • 

Compute the radian measures of the angles determined by the 
following! values of""Vw and r. 



s 


= 17, 


r = 


5 ' ' 


(e) 


S 


= 2, 


r = 


5 


s 


= 10, ^ 


r = 


5 


■•(f) 


s 


= 3tt, 


r = 


.5 


s 


= a, 


r = 


10 


. i (g) 


s 


= 6tt, 
i 


r = 


10. 


s 


= w> 


S. = 


4 


(h) 


s 


= 7T, 


r = 


1 



2. ^Compute the lengths of the arcs determined by the following 
values of r and 0. • c' « • • . 

(a) . 5, 9= 0.2 . "(e) r =10, 9 = 2.7 

(b) r.=- 5, 4 J (f) r = 10> 9=J 

(c) r = 5, 9*= 2 . (g)' r = 10, 9 = 3.2 
. (d) r = 5, 0=5 ( h ) r = 10 > 9 = ¥ 
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7 » 



OrT a circle of radius*. 2k inchea, thejlengt^ of an ar<j; 



stibtencfed by* a central "angle qt 



«| radians' . - 



(a) 




Find the Radius of a circle for which, an arc of 15 inches 

i- - - — >\>* 
long subtends an angle of :\ ' ^ m . * •'■ 



(b) 



1 radian 



* (c) 3 radiaifs ♦ ** 



' 2 



radians . . 



10-41 Other Angle Measures . , \ . ^ 

The radian measure of angles was treated in the iast Sectipft. •' 
The s'ize of an angle (A, P, 9) is ' determined by the^ length of th^, ^ 
.path (P,9) . In the radian system of measure, rthe unit of length ~* 

\ r ^ . _ , . 

used in measuring the length, of the path is. the length of the 

radius of the circle (see Equation 10-3a) . -i- — * — 

\ $ 
The circumference of the - . - 

O • 

circle contains 2ir of these 
units- 

Alio the r. system of measure 

can be obtained by using the 

length of the circumference as 

the unit length for paths. The 
. angle 'subtended by ^"arc one 

circumference in length is .called. 

one revolution. Since one .circum- 
ference subtends an angle of* 2tt 

radians or 1 revolution, we 
i have T revolution = 2ir radians . 




' a Figure 10-4a. ( 
4 An angle e of one radian. 



[sec. 10-4] 



+ A third ays tent of measure results' from- 'using of the' B 

1 ■ V ' j • . - ' 350. • 

J V cireumfe3?eno^eiof the- dra-ls' as \ the uh^\of length. .• The. angle. - . 

subtended by ij^^t of the ci,rcumf erence^is Called one degree. • 

Since one • circumference subtends' - * an angle o^ 360 decrees or *1 

. . revolution' 6* 2ir radians , we ha^e ■ the- foll'owfbig basic sta#3ment 

*of equivalents': „ ■ \ ° > " 1 

. J 10-4a% revolutipn = 2ir radians = 360 degrees'. ' ' 1 " '■ 

^ The decree is further subdivided into, 60 e'cjUal ' pact's called 
minutes, (abbreviated mvh. and . denoted 'by », as in iO')*; the 
_ mirf&te. finally is divided into 60- 'equal, parts called seconds 
(^abbreviated sec. V and denoted by <>, V -as 'in ^0") . Thus, ' ^ 

10-4b_ 1° = 60'', = 60'V. A . ' ' • \ 

^ • It -is customary to measure angles in degrees, rtfinutes; %.nd . 
seconds in surveying and in the' solution of triangles. The radian 
however, is the simplest un it for Measuring eagles i^^tose 



problems which involve the dif fererffcial* and integral Calculus . 

Eyample^ 10-'4a , Find the measure of each of the following 
angles In the ^other^two systems: radians, ^ 'rev., ■ 150°. 

Solution : From EqViation 10^4a, ■ 4 



A z 



Tf radians. =' 180°, ' ' tt f ^ rev. 



vO . 7T- 1 



or f radians = '3CT, £ = T2 rev ' 

Similarly, > • -..^ 

1 rev. = 27r ^radians, " 1 rev. = 360° 

— J " ^ rev.' = 3-rr radians/ ■ 4 rev. = 540°: 

*N - o ' i ' ' . 

and ." 1 . m IBS rev " ' 1 ° [ = TBS Radians ' 

• ■} 150° = 4s rev.," ; 1509 = 5!L radians 
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ercises 10-4 



1.. 



Repress the following^ ^'degrees - ! t- / 
(a).. 3 rekoltit loins'**" 
fa)^- 4 revolution 



• (c). 



; ' s ( f ) -.833 revolution | 



revolution , 



r<e volutions 



3. 



(h) •' resolutions 



(d)- ^ revolution'/, ^ ,v 

Repress the' fallowing ^ in resolutions 
<a)* 135° '• C ' 

<b) -66° • ; y. . if) 

(c) c 2i<5°V ' • V r "'(e)-l/ 

(d) -150 0 . " i •/ (hr*T 360 5 - 
Express the angle as a multiple of -ir radians. 



V- 



(ej 67°30«- 
930° 



.485 u / 



r 



30 L 



25 °> : 



(a) 
(b) 

-( c) - -160° 
(df 135° 
('e)l; 36° 
(f) 



112°40' 



75 O 30' 



(h) !; ; -315° 

(i) ^180° 
: (J) 

» 

00 
(J?) 



Express the following in degrees . 



(a) 



(b) 

(c| "^Sr 

TO 



IT * 

"6 

IT- 



(d) 
(e) 

■'(f) 



Jjr 
15 



(e)- 

(h) 

(i) 

00 • 
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300 u 
-90° 
88o° 

-4tt 



IT 

■ijjr >: 

3ir ' 
2 

-3.6 



n 



•a. 



■■'<t.: 



6. 




In a-ttiangld, one- angle /is 3*6° and another^ is .1 tt radians 

Eihd^the third angle in radians. - 

;, ' ■ * ■ • 7 » ' » \^ 

Through £ow # many jradiAns does th^ minute hand of a clock - - 
« 'revolve ,in 40 minutes? / • \, \ ' . ^ \^ 

^ " ■ / 
Definitions .of the Tr^oni^tr^c Functions . > * '« ^l*"- 
^e shall define ,th'e trigonpmetric fujadtions -in this section. 
✓Some functions', sych as the . logarithm^ -and exponential functions, 
^ave names;nhe. trigonon^iric functions also have names. The' 
,situationiis sometimes confusing becaus^sS^eral -different but - *\ 
closely related, functions- hay^Lbe en givdn the.^ame name. First 
yre shall define the trigqnomj^ib functions -of . angles in 'standard* 1 
position. Next, shall defink the^ trigonometric functions of 
.arbitrary angles, and finally we\ shall define certain additional - 
trigonometric functions which a*?e closely related to .the. trigono- 
metric functions af- angles,' 

• . . Definition 10-5a . Let (0,X,0) be any angle ^ standard- 
position, and\et .(x Q ,y 0 ) be the intersection of its terminal! 
side with the standard Unit circle . t ' Then 

sine of (0,J?Vo) = y Q 

cosine of (O,X^0) = x Q 

y n 

tangent of (0,X,0) « 
- cotangent of (,0,X,9) 
(O,X,0) 



tan 0 



0 



0 



decant of 



cosecant of (O,X,0) = 



0 



CSC 

AC* 



0 = 


y o 


9 J 








9 =. 


y o' 


x 0 . 


9 = 


x o 


y 0 


9 = 


4 




x o 


9 = 


l 


J ' 


y o 



provided y Q / 0 
. provided x Q / 0 
• provided y Q ^/ 0. 
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where the statements ^the right are abbreviations for the state- 
-i ments on the 'left . 

TK'ese, definition -do not enable us to , calculate these 'six 
functions except in a few .special cases k since it' is usually not - 
^■possible to fjind/th©, 6oordihat§s of a point-cin the terminal side 
of;- the angle/ (0,X,9). ■ In certain important special .cases , how- 
ever, the calculation is - possible as shown in the .following 

\ \ 
examples . . . r * 

, - " ■ A." 

Example . 10- 5a . Find all six trigonometric functions of / 30 . 

JSolyition : Figure lO-Sa^shows". 
the angle (0,X,30*°).. The terminal 
side of this angle intersects the. 
standard v ^unit circle in the point 




Then 



cot- 30°; = yy 

2 JT 




sec 30 = 



Figure 10-5a. 
The angle (0,X,30°) 



esc 3(3 = 2 



Example 10- 5b . Find all six trigonometric functions of 120° 

Solutipn : Figure 10-5b shows ' 
the angle (0,X,120°).- The terminal 
side of this angle intersects the 
standard unit circle in the point 

i vTx 



(■ 



) 



sin 120 •= 



cos 120" = - 



Then 

~2" 

1 



cot 120" = 



sec 120 1 " 



tan 120° = - J~3 • . esc 120° = 




Figure 10-5b. 
The angle (0,X,120 Q ) 



\ 
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Example 10-5c. jj ... 

- , *Cj - \ 

So lilt ion : Figure 10-§<? sliqws 



**lM si^jtrlgonometrlc functions of 270 



the angle . (0,X, 270°) . : ^the terminal" 
side of this angle intersects the 
standard unit circle in (0,-1) 



Tan 270 u and 
defined since" 
values are 

sin 270° = "-r 

0 



cos 270° = 



sec" 270° are not 
x > 0. The other • 

cot 270° = 0 

vO 




(0,- 1) 



■ Figure 10-5$.. 
The angle (0,X,270?) . 

be an^y angle, and let 



esc 270 = -I . 

Definition IQ-Sb V Let (A,P,0). 
(O,X,0) • be the unique fc angle in standard position to wtflch. it is 
equivalent. Th$n . 

sin (A,P,0) --.-sin (0,X,0> cot (A,P,Q). = cot (0,X,0)^ 

cos (A,P,0) = cos (O,X,0) sec (A,P*&) = sec (0,X,0) 

tan (A,P,0) = tan (0,X,0) esc (A,P,0) esc (0,X,Q) . 

If we pair with each, signed .angle (A,P,9') the reai number, 
sin (A,P,0), we define a function- whose domain is the set of all 
signed- angles . It follows from Definition 10-5a that its range 
is [x: -1 < x < 1). This function is denoted by sin 0, ; and 0 
is most commonly measured in degrees. J^iring. cos (A,P,Q) with 
(A,<P,Q) defines a function whose domain is the set of all signed 
angles and* whose range is ' Jxs -1 < x < 1']; it is denoted by 



cos 0. The functions tan 0, cot 0, .sec 0, 

,6. L ' 



'and esc 0 are 
sin 9, , esc 0 



defined in a similar, manner. The functions 
are called the six trigonometric functions. 

Theorem 10- 5a . Let. 0 be any angle .in standard . position 
whose terminal side does not lie along one of the axes, and let 
x,y) be any point on its terminal side. Then 
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5.6* . 
sin 0 

cos 9 = 

tan 9 = 



x + y 
x 

x > + y 
z 



Proof : » Let 

/ _ 



p be the 
.to P v The^i 



distance from' 

r = v x + y - The equation 
of the line through 0 and P 

is ' . . * ; ' 

' Q 

where ( x o>yo) is the P° int at • 
which this line intersects the 
standard unit circle. 

The point P(x-,y)" is one 

of th^ intersections of this line 

pop 
with the circle x + y = r . 

The two intersections are found 

by's'olving the following system: 

2 2 2 
x + y = r 



cot 9 = A 

y 



sec 9 = 



esc 9 = 



P(x,y) 




Figure 10-5d. 
The figure for 
Theorem 10- 5a. 



y = r— x . 

. 0 ■ 

The two solutions are (rx 0 ,ry 0 ) and (-rx 0 ,-ry Q ) (remember that 

2 2 - 

x 0 + y O = 1 )' Since a ray lies entirely in one quadrant, the 

signs of the 'coordinates of P are the same as the signs of the 
coordinates of (x Q ,y 0 ). It follows that the coordinates of P 

are (rx 0 ,ry 0 ). Thus f . . ..* 
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x m vx , y = ry 



0 > - .^ 0 , 

V - X _ X ' 

*0 " r " 



y 



.= z = 



0 r /T" — 2" 

v x + y 

Then, by Definition 10-5a, ■ - 

sin 9 = y Q 



and the other statements in the conclusion of the theorem are 
obtained in the same way. 

Remark : In the course of l the proof -of the last theorem, we 
proved the following important fact: If ? (x Q >y 0 ) is one point 

on the terminal side of an angle, then all- points on this terminal 
side have coord ijakt^es of the form 

10"5a ■ ^ * (rx 0 ,ry 0 )|- r > 0. 

We shall now define a second set of trigonometric functions. 
This second set is highly important in jjpre advanced mathematics 
and also in this course. This second set of functions is so 
closely related /to the first set that the two are often confused. 

Let (C,X,9) be an angle in standard position, and let 0 . 
be its radian measure. If we pair with the real number 0, the 
real number sin (C,X,0) as defined in Definition 10-5a, we 
define a function whose domain is the set of all real numbers and 
whose range^ is {x: -1 < x < 1). This function is obviously quite 
distinct from the function defined in Definition 10- 5b. The^ 
domain of tKe fprmer function is the pet of all signed angles, but 
the domain of the present function is the set of all rea^ numbers . 
It would be appropriate to denote the former function by 
sin (A,P,0) and the latter function by sin 0. Unfortunately, 
both are denoted by " ; sin 0, but it will usually be clear from the 
.context which is intended. It will usually be true that sin 60° 
means . the sine of the angle whose meagre is 6o°, whereas, 
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sin 



TT 



\ 



7T 
7- 



■g- means, the sign of the number 

In thg same Vay, we define the functions cos 9, tan 0-, 
cot 9, sec 9, and esc 9, whose domains are the set of .all 
real numbers. If 9 is- the measure of (0,X,9) Jjri degrees,-, • 
.and if we associate with the real number 9., the real number 
sin(0,X,9), we have another function whose domain Is., the set of 
all real numbers. • This function is! closely related to the one ■■ 
already defined, and it will not be considered further In thi^. 
course . 

The definitions o^/the six 
trigonometric functions can be 
stated in a special way that Is 
highly useful for an acute angle 
in a right triangle Let A',B,C 
be a right triangle as shown in - 
Figure 10-5e, and let oc denote 
the angle at the vertex A. Figure 10- % 5e. 

Functions, of an acute angle. 



B 




Theorem 10-5b . If oc ^ Is " the ■ angle at ' the ■ vertex 'A" of the 
right triangle shown In Figure 10-5e, »them ' * '/ 1 



sin oc 



cos a 



-_ a. _ . opposite side 
c hypotenuse 

^ b adjacent side 
c . hypotenuse 



tan a = 



ci,_ opposite, side 
b ~ adjacent side 



cot cc = — 



sec a = vt 



esc oc = — 



adjacent side 
opposite^ side 

hypotenuse ■ • 
adjacent side 

- hypotenuse , 
opposite side 
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Proof : . In order to find the 
trigonometric function? of cT,' . 
we must first take an equivalent 
angle" ;ia -standard position. 
Figure 10-5f shows such an angle. 
The point P(b,a) is one point' " 
on the terminal side of this angle, 
The statements ir\ the conclusion 
of the theorem now follow from 
Definition 10-5-b and Theorem 10 ^5a 



(remember that c 



= V"a 2 Vb 2 ) . 



v.* 4- V< 




Figure 10-5f . 
An angle in standard 
position equivalent, to /k\ 



f. 



2. 



Exercises 10-5 

\ \ > ■ 

Sketch the angle 9 in> the standard position and find -sin ©, 

cos 9 and. tan 9 when the following points are on the " * 

terminal side of the angle . • 

( a ) P(-^3) ■ (e) P(-2,4) ' 

. (b) P(5,-12) .(f) , p(_ 7j _24) . < 

. ( c ) P(-.l,-l) (g) " P( 3 ,-5) 

(d) . p( 2 ,3) r° (h) P(4,l) ' 

In each of. the following sketch the angle 9. and find the'"/ 
other five functions of 9. 

(a) tan 9 



3 

TP 



(t>) cos 9 

(c) sin 9 

•(d). tan 9 

(e) cos 9 

(f) s^n 9 



'■ 1 
2-' 

2 

5 
4 

"T 

3 



9 in quadrant I 

9 in quadrant IV 

9 in quadrant 'IV 

9 in quadrant II 

9 in quadrant III 

\ 

9 in quadrant - II 



f Sfc 



[sec. 10-5] 



Let P be the set (a, b, c} and let Q be the set 
(sin oc, cosoc , tan cc , ta.n/2, cos/&, sln/&) . It can be proved 
that if any 2 members of sei^ P. are given, then all the 
other members of P and Q r can be expressed in terms of 
these given members. . 

(a) If 



(bj if 



a 




3 


■ .•(«>■ - V 


• a 




5 


b 




4 ■ 




c 




11 


tan^ 




0 




b 






cos OC 




*? 


» 0 

• ) 


COS OC 




0 , 


c 








tan^ 




0 






0 




sin oc. 




0 


b 




12 ■ 


(d>' • If 


a 




12 


c 




13) 




b 




7 


a 




9 




. c 






sin^ 




0 




sinoc 




? 


tan oc 




*? 




COS/^ 






o . 








tan oc 




9 



.Bet P and Q be the sets given Xp> Problem 4. . It can be 
proved that if a member of set P is given and if a member 
of set Q is given, then all other members of J and Q can 
be expressed *dn terms jof the given membe ri 



(a) if 



•(d): if 



a 




12 


cos oc 




3 

5 


b 




«? 


c 




«? 






*? 


sin oc 




*? 


\ » c 




8 


sin oc 




1 


A h 




<? 


a 












tan cc 




9 



(b) 



(e) 



b 




15 


sin oc 




2 


c 




? 


a 




<? 


cos/? 




<? 


tan cc 






a 




2. 


tan oc 




1.8 


b 






c 




0 . 


sin/^ 




9 


COS OC 




? 



(c) C 
tan/^ 

, a 
b 

COS OC 



sin oc. = 
b = 

COS/^ = 

a = 
c = 
sin oc = 
tan^ = 



20. 
2 

10 

.8' 

f 

1 
1 
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10-6. Some Basic Properties of the Sine and Cosine . 

In order to simplify the statements of some of the results in 
this section, it will be convenient to introduce the notion of 
■ primary angle ...«•. ^ • 

. Definition 10-6a . An angle (0,X,0) in standard position is 
.called a primary angle if and only if 0 < ©' < 360° (or the . 
• equivalent condition in other units of measure) . 

Theorem^l0-6a . Let (A,P,0) be any angle. Then 

''(sin 0) 2 + k (cds 0) ? = 1. 

Proof: Let (0,X,0) } be/the unique equivalent angle in 
/ standard position. Let (x Q ,y 0 ) be the point where the terminal 
side of CO,X,0) intersects the standard unit circle. Then 

••' ' 2 2 

V + y 0 = 1 : 

* 

x Q = cos 0, -y Q = sin 0 

' (sin 0) 2 + (cos 0) 2 = 1, 

and the proof is complete. 

Theorem »i0-6b . (Converse of Theorem 10-6a.) Let x Q and y Q 

be any two numbers such that x Q c + y 0 = 1- Then there is one 

and. only one'primary angle f (0,X„0) such that cos 0 = x^, t 

0 ; 

sin 0 = y Q . ' \ " 

Proof: The point P(x Q ,y 0 ) ' is on the standard unit circle. . 

Let (0,X,Q) be the primary angle whose terminal side passes 
through the point PUqjYq) . Then cos 0 = x Q and sin; 0 = y Q . 

•If (0,X,Q') is any other primary angle, then its terminal side 
does not pass through P(x Q ,y 0 ) . Thus, it is not true that 

cos 0 1 = x Q and .sin Q» = y Q . m The proof of the. theorem is 

complete*. * *. ■ ■ 



>7$ 



Theorem 10 -6a emphasizes the • following corollary, which has 
already been observed f-rom the definitions in Section 10-5. 

Corollary 10-6a .. For all angfes (A,P,0) 

> ■ -1 < sin 0 < 1 



•1 < cos 9 < 1. 
Corollary 10-6b . If y Q - is any number such that. 



■K y 0 < l 



there are exactly two primary angles . (0 ,X,0) such that sin.0 

for their 



= y 0 - 



These angles have 



ive 



1 - Yr 



and 



respective cosines. 

Proof: The line y = y Q 

intersects the standard unit 
circle in' the two distinct points 



1 " y o/ 



p^-n/ i - y 0 2 ,y 0 ) 



PgC-^/i" 



fQ >JQJ 

There are two ' primary angles 
9 1 and 9^ whose terminal 

sides pass through P-^ ^ nc ^ 

Then. 

c 





y 














y = y-o 

— X 




0: J 




Figure 


10-6a. 





2 . 



Two angles for 
which*' sin e = y 



0' 



os-9 1 = *J 1 - y Q 2 and cos 9^ = - \/l 



Corollary 10-6c . If x Q is any number such that -1. < x Q < 1 

there are exactly two primary angles (0,X,9) such th at 
cos* 9 = x Q . The sines .of these angles are 1 - x^ 2 and ' 



respectively. 
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Proof: The line x a x~ 

0 


intersects the circle x 2 + y 2 


In the two distinct points 








VvV 1 - x o 2 ^ 


P 2 (x 0 


,-V 1 - 


x o 2 ) •: 


There are two primary 






Y 










(0,X,9 2 ) whose terminal 


V 






sides pass through P-^. 








and P" 2 . Then ^ 






o / 


sin 9 1 = ^/l - x Q 2 








sin 0 2 « -->/l - x Q 2 . 






10-6b. 



■} 



Two angles for 
which cos 0 = x 



Corollary 10-6d . 
sine is 1, and it is 



There is exactly one primary angle whose 
, 90 ; there Is exactly one primary angle 
whose cosine is 1, and it is 0°. There is exactly one primary 
angle whose sine is -1, and it is 2J0 0 ; there is exactly one 
primary angle whose cosine is -1, and it is l80°. 

Let 9 and , .© + n-36o°, where n is an integer, be two 
angles in standard position. These two angles have the same 
terminal side (they are called co-terminal angles), and hence, 
the six trigonometric functions /of © + n-36o° are equal respec- 
tively to the six. trigonometric functions of 0. Hence, if 

sin 9 = y Q , cos 9 = x. 



then 



for 



sin (9 + n-360°) = y Q , cos (9 + n-360°) 
' n = 0, ± 1, ± 2, 



Exercises 10-6 



Sketch all the angles between 0° and 36o° in standard; 
position which satisfy the following conditions and give the 
values of the other functions for these angles • 

(a) .sin 0 « || (e) tan © = ^ o 

(b) cos 0 (f ) *• sin 0. \ 

(c) tan 0 = -2 .(g) cos 9 = ^ 

(d) sin 0 r ^ i (h) sin © = ^| 4 ' 

In what quadrant will the terminal side of 0 lie if: 

(a) sin © : and cos © are both positive? 

(b) tan © is positive and cos 0 is negative? 

(c) sin 0 is positive and tan 0 ' is negative? 

(d) cos 0 and tan 0 are both negative? 

(e) > sin 9, cos © . and tan 0 are all negative? 

o p' 3 

Find the, value of cos © - sin © when tan © 

and cos © is negative . 

Find the value of 2 tan ^ Q when cos © = - w and tan © 

1 - tan © 1 

is positive; ^\ 
Prove the'relation tan Q- ■ |-g j provided' 0/ (2k + l)90° 
where k is°an integer. . 

■ 2 ' 2 

Use the relation sin 6 + cos 6=1 to prove: 

"(a) 1 + tan 2 6 - sec 2 6 [6 / (2k + I) 90°] ■ 

■ (b) I - + cot 2 .9 = esc 2 6 [6 / k • 180°] . 

Prove that the range. of the tangent function is the set of 
all real numbers. * ■ 
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1Q-7 • Jrigonom^tric Functions of Special Angles . 

. The values of the trigonometric functfons can be obtained by 
simple geometrical considerations for certeiff special angles. 
Thesfe are the angles for which the coordinates of the point ' 
^ x 0' y 0^' where the terminal side intersects the unit circle, can 
be computed. We list. these angles^_Q^in a table which shows the 
.degree measure of 0, the radian jneasili^e of 0, the coordinates 
^ x 0 ,y 0^' and the values of the six trigonometric functions. 




Table lO-Ta^ Trigonometric .functions of special angles. 



Degree 
Measure 
of e 


Radian 
Measure 

Of 0 


(Xo, Yo) 

! 


cos e 


.sin e 


Tan e 


Sec e 


CSC 9 


cpt e 


0 


0 . 


(1,0) 


1 ' 


0 




1 


Un-' 
defined 


Un- 

defined 


30 


TT 
6 

c, . 


V 2 , 2 


2 


1 

2 




2 — 

7* 


2 


73 


45 


TT. k 
4 


(72 VI \ 


v€" 
2 


72 
2 


1 


2 

yr 


2 
72 


1 


60 


TT 
3 


. * 2 , 2 j 


1 

2 


71 
2 






2 

73"/ 


1 

73" 


.90 


TT 
2 


( 0 , 1 ) 


0 




Un- 

defined % 


Un- 
defined 


1 


0 


12 0 


' 2 TT 
3 


V 2 ' 2 ; 


I 1 
" 2 


7F .. 
2 




-2 


2 : 

73 


f 

1 

75T 


1 35 


yn 

4 


( V2 y/2 \ 

V 2 ; 2 ; 


7E 

2 


7l 

2 


-1 - 


2 


2 
T 2 " 


-i . 


15 0 


5 n 

. 6 


v 2 , 2 ; 


yd 

2 


J_ 
2 


1 


2 
73 


2 


-73 


180 


TT ■ 


(-1 , *0) 


-1 


0 


0 


-r 


Un- 
defined 


Un- 
defined 


2 10 


7 TT • 
6 


(vfl -J_) 

V 2 >7 2 ; 


73 

r 2 


2 


1 


2 

Vf 


-2 


73-; 


225 


5JJ 
4 


(71" 7i~ \ 


7i 
2 


_7T 

2 


1 


2 

V 2 


2 

72 : 


i 


240 


4 TT 
• 3 


#-± _7^ 
I 2 , 2) 


1 

2 


-7i 

2 


v73" 


-2 


2 

73 


i 

7s 


270 


3 TT * 
2 


Co 


0 : 


"I 


Un- 
defined 


Un- 
defined 




0 


300 

\ 


5 TT 
3 


( 1 

2 V 2 


1 

2 


2 


-ST 


2 


2 

73 


i : 

"73 


1 3 15 


7 TT 
4 


/ v£" 7£ y 
2 ' 2 / 


7| 


,71 
2 


-i 


12 


2 

7F 


-1 


3 30' 


II TT 
6 . 


2 , 2 


j 71 
2 


2 


i 

V3 




--2 


-73 



— 7 
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It Is not -necessary to memorize the results In Table 10-7a, 
but it is ^Important to learn the methods by wljich these results 
are obt.ained. 

.Consider first the angles 
-0°, 90°, 180°, and 270°. 
Figure 10-7a shows a point 
(x 0 ,y 0 ) on the terminal side 

of each of these angles. The 
entries in Table 10-7a for these 
angles are obtained by applying 
the definitions in Section 10-5.- 
Observe that certain of the 
trigonometric functions .of t/hese 
•angles are undefined.^ 

The angle '225° , shown In 
Figure 10-7b, will be- used to 
illustrate the method of finding . 
the trigonometric functions of 




Figure 10-7a.. 
The special angles 0 

90°, 180°, and ' 270°. 



the special angles 



135 



225^ "and 315 . The- triangle 
OiPD is an Isosceles right tri- 
angle . - '-Since x the length |0P| 
of its hypotenuse is, 1, we 
find |0D| = | DP | = ^f, an4 




Figure 1(3- 7b. 

** o 
The. special angle 225 . 



An application of the definitions leads to the results 



the coordinates of P are 
*~ 2'f - 

given in the table. The trigonometric, functions of k5° , : > 135 c 
and 315° can be obtained in a similar manner. 
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The angle 120 , shown Iri 
Figure 10-7c , will be , used to ^ , 
illustrate the method of finding 
the trigonometric functions of the 
special angles .60°, i^G?* 240°, ■■ t 
an£ 300°. The triangle OPD -■ is 
a right triangle whose acute angles 



are 30 



and 60 



Since | OP | « 1, 



we find |0D| ■= -||0P| .= ^. Then 
and th£ coordinates 

^ An . 



of P are 



K 2 > 2 } 



application of the definitions 
leads to the results given in the 

able.- The. trigonometric functions 
of 60°,. 240°, and ""' 300° can be 
obtained in a similar manner. 

The angle 330°, shown in 
Figure 10-7d> win. be used to 
illustrate the method of finding 
the trigonometric functions of 
30°, 150°, 210°, andN 330°. 
The, triangle. OPD is again a tri- 
angle whose acute angles are 30° 
and 6o°. Then |0D| = ^\ and 



I DP | = and the coordinates 
of P ^T^f ~h) - An t 



application of the definitions 
leads to the result^ given in 
Table 10-7a. The trigonometric 
functions of 30°, 150°, and 
210° can be obtained in a similar 
manner. 



D 


y 






120 \ 


I , D 0 


. I 
i * 

/ 

/ 







Figure 10-7c 
The special angle 



120" 





y 




( ( 0 


v \ 

^\ \ 

\ Di ' 


I 330°V 




P 








v Figure 


10-7d. 




The special 


angle 330° . 
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Exercises 10-7 



s 



1. Evaluate the following: 

(a) - sin 150° tan 210° . - cos '135° ' Sin 240°. 

(b) cos 90° - sin 300° + tan 225° - cos 150°. 
<c) sin 270° >.+ tan l8o° cos 90°. 

2. Find all the functions of the following angles without using 
a table. 

(a) 210° (c) * 315° . 

' (b) . .-135° '\ (d) -225°. 

3. Show that cos 9 + sin 9=1, for; ^ . » , 

(a) 9 = 45° (d) 9=g radians 

(b) 9 = 150° (e) 9 = ^ radians 

(c) 9 = 330 0% , (f ) 9 = ^ radians. 

4. Show that: 

. (a) sin (60° + 60°) / sin 60° + sin .60° 

(b) cos (90° + 60°) / cos 90° + cos 60° 

(c) sin (J80° + 60°) / sin l8o° + sin 60° 

(d) cos (i50° - 60°) / cos 150° - cos 60° 

(e) sin (300° - 120°) ji sin 300° - sin 120°. 

. < * 

.5. Verify the following: 

"(a) 1 - cos 2 . 60° = sin 2 '60° ' . 

^J#S sin 60° cos 30° + cos 60° sin 30° = 1 

(c) cos60* cos 30° - sin 60° sin 30° =0 \ * ' 

(d) cos 30° =yi + cos 6 °° 

(e) sin 30° => N / 1 " cos 6 °° " \ * 

(f) 2 sin 45° cos 45° = 1 . 
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6. • Which of the following statements are correct? Justify your 
answSr . 



(a 

(b 

(c 
.(« 
< e 
(f 

(g 
(h 
(i 

(J 



sin 9 = 3 
sin 9 



cos 9 



= tan 9 



sin 30° + sin .60° = sin 90° 
cos 2 45° + sin 2 45° = sin 90° 
cos 45° = -| cos 90° 

sin 45° cos 45° = -| £in 90° , 

sin 30° =i i sin 90° 

sin 2 30° + cos 2 330° = 1 

*= <# - m^f ' 

cos 30° + 2 cos 60° = cos 150 c 



10-8. Tables of Trigonometric Functions . 

. In .Section 10-7, we. explained how to find sin 0, , esc 9 

for certain special values of 0. There is no 'elementary method 
for computing the six trigonometric 'functions of an arbitrary 
angle 9. In a typical case, the six trigonometric functions of o 
9 . are irrational numbers which would be represented by non- 
terminating decimals. These values can be calculated to any 
desired degree of accuracy by methods developed in calculus, 
Tables of the trigonometric functions are available. Table 10-8a . 
gives sines, cosines, and tangents for the angles 1°, 2°., 
90°. • 
We shall now describe certain characteristics of trigonometric 
tables . , 

(l) Since the valties of the trigonometric functions are. 
usually irrational numbers, and since^he tables give these values 
only to three (or four,. or five) decimal places, the values in the 
tables are usually not exact. Tatjle 10-8a is correct to three 
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decimal places, but tables correct .to five, seven, or more decimal 
place^Aare available for calculations which require greater 
accu/acy . 

(2) Table 10-8a gives sines, ' cosines, and tangents of 
the angles 0°, 1°,-,,., 90 0 , but it dops not give these 
functions, for other angles such as 37.J3°. It will be shown that 
the approximate values- of the functions of these angles can be 
obtained by interpolation. 

(3) Table 10-8a does not contain any anAes 0 such that. 
0 < 0° or 0 > 90 9 . We shall show that the Approximate values 
of the sines, cosines, a#d tangents of/all angles can be 
obtained from Table 10-8a. 

First, we fhall give iome examples which involve interpolation 
Linear interpolation has been explained already in Chapter 9 on ; 
logarithms and exponents and the theory' wil\ not be repeated -here. 
Example 10-8a . Find cos 37. 8 P . 
Solution :/ From TableN^O-Sa we find 

cos 37° ~ .799 
cos 38° £ .788 

^ = 4 or x = -8.8 
cos 37.. 8° £ .790 

It is important to observe' that cos 0 decreases as Q 
increases . 




f . : ' 

; > > : 
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Table 10-8a. 



De- 








Tan- 


grees 


Radians 


'Sine 


Cosine 


gent 


■ 0' 


000 " 


0 000 


1 000 ' 


0 000 

w • www 


1 


.017 


.018 


1 .000 


.018 


2' 


.035 


.'035 


0.999 


. 035 


3 


.052 


.052 


• 999 


.052 


4 


. 070 


.070 


;998 


.070 


5 


.087 


.087 


.996 


.088 


6 


. 105 - 


•' .10.5 


- .995 


.105 


7 


.122 


.122 


• 593 


.123 


8 


.140 


.139 


• 990 


.141 


9 


• 157 


.156 


.988^ 


■ :158 


• 10 


.175 


.174 


' .985 


.176 


11 ' 


..192 


' .191 


\982' 


.194 


12 


.209 


.208 


'.978 


.213 


13 


.227 * 


.225 


• 974 


.231 


14 


.244 


.242 


• 970 


.249. 


15- 


.262 


.259 


,966 


.268 


16 . 


.279 


.276 


961 


.287 


17 


.297 


.292 


''956 


.306 


18 


.314 ■ 


.309,1 


.©51 


.325 


19 


.332 


" .326' 


.§46 


. 344 


20 


' .349 • 


.342 


Mo 


.364 


21 


.367 


.358 


.934 


.384 


22 


.384 


.375 


.927 


.404 


23 


■ .401 


.391 


.921 


.425 


24 


.419 


.407 


.914 


.445 


25 


.436 


.423 


.906 


,466. 


26 •■ 


.454 • 


.438 


.899 


.-488 


27 


.471 


.454 


.891 


. 510 


■ 28 


. 489 


.470 


■ .883- 


' .532 


29 


.506 


.485 


.875 




30 


.524 


• 500 


.866 


.577 


31 


.541 ' 


.515 


.857 


.601 


32 


.559 


.530 


.848 


.625 


33 


.576 


-.545 


' .839 


.649 


34 


.593 


• 559- 


.829 ■ 


.675 


35 ' 


.611 


• 574 


. .'819 


.700. 


36 


.628 


.588 


.809 


.727 


37 


.646 


.602 


.799 


• 754 


38 


.663 


.616 


.788 


.781 


39 


.681 


.629 


.777 


.810 


40 


.698. 


. .6-43 


.766 


.839 


41 


.716 


.658 


.755 


~ .869 


42 


.733 


.669 


. : .743 


.900 


43 


.751 


.682 


.731 


.933 


44 


.768 


.695 


.719 


• 966. 


45 


.785 


.707 


.707 


1.000 
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De- • " ■ 1 Tan- 

grees Radians Sine' Cosine gent 



4b 


0 


O r\ 0 
. O03 


0.719 


*o .695. 


1 .036 






Rpo 


. f 01 




1 070 
-L . U ( c. 


48 




.838 


.743' 


.669 


1.111 


49 




.855 


• 755 


.656 


1 .150 


50 ■ 




.873 


.766 


.643 


1.192 


51 




.896 


• 777 


. 629 


1 .235 


52 




.908 


.788 


.616 


1 pRo 


53 




• 925 


-799 


_!602 


1.327 


54 




.942 


.809 


.588 


•J. . 376 






.960 


• 819 


• 574 


1.428 






• 977 


• 0<£9 


- -559 


1 . 4oo 


57 




.995 


■ 839' 


545 


1 . 540 


58 - 


1 


.012- . 


.848 • 


.530 


l!600 


59- 


1 


.030 


• 857 


.515 


. 1.664' 


60 


1 


.047 


■ .866 


.500 


1.732 


Ol 


1.065 






± . O04 


62 


1 


.082 o 


_ 883 


470 


1 .881 


63 


■ 1 


.100 


.891 


.454 


■l!963 


64 


1 


.117 


' • 899 


.438 


2.050 


65 


1 


.134 


.906 


.423 


2.145 


DO 


1 


.152 


.514 


. 407 


2.246 


67 


1 


.169 


QP1 


. Oy± 




68 


1 


.187 


.927 


.375 


2.475 


69 


1 


.204 


.934 


.358 


2:605 


70 


1 


.222 


■ .940 


.342 


2 .747 


71 


1 


.239 


.946 


. .326 


2 .904 


7P 


1 


.257 




■ u\Jy 


0 ..Uf O 


73 


1 




.956 


' .292 


3 .271 


74 


1 


.292 


> 

.961 


.276 


3 .487 


75- 


1 


.309 


.966 ; 


.259 


3 .732 


70 


1 


.326 


.970 


. .242 


. 4 .011 


77 

( ( 


1 


.344 


• 97^- 


. 225 


Pt .561 


78 


1 


.361 


• 978 


.208 


4.705 


79 


1 


.379 


.982 


'.191 


5.145 


80 


1 


.396 


.985 


,174 


5.671 


81- . 


1 


.414 


.988 - 


.156 


6.314 


82- 


1 


.431 


.990 


.139 


■ 7.115 


83 


1 


449 


• 993 


.122 


8.144. 


84 


1 


.466 


• 995 


.105 


9.514- 


85 


1 


.484 


• 996 


.087 


11.43 


86 


1 


501 - 


.998 


.070 


14.30- 


87 


1 


518 


• 999 


.052 


19.08 


88 


1 


536 


• 999 


° .035 


28.64 ■ 


89 


.1 


553 


1.000 


.018 


57.29 


90 


1 


571 


1.000 


.000 


unde- 



fined 
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Example 10-8b . If sin 0 =■ .600, what" is 0? 

Solution ; Prom Table 10-8a we find 

•">.'• ■ v sin' 36° Z .588 

sin 37° ~ .602 
.12 



T F TIT 



or 



x = 



Prom Corollary. 10-6b 



Thus, if sin 0 = .600/ then 9 ^36 ; ;9°! 
we k^3w that there is another primary angle 0 such that 
sin 0 "as .600. A little later we shall show how to find this 
second primary angle. All other, solutions of -the equation , ; 
sin 0 = .600 can be obtained from the'' two primary ^solutions 'by 
the method- explained at the end. of Section "10-6. v - ' ■ 

We shall now explain how the trigonometric funb4jions of any 
angle can ber obtained from a tablUp which gives" the trigonometric 
functions of angles from 0° to ^90°. We observe first that the , 
'functions- of any angl.e are equal to the functions of a. co-te'rrrtinal 
angle which lies between 0° and 36o°./For examp4.fe,' sinr.473°- 

0 The problem is thus reduced to finding the, functions. 

" n ---n Ifl is one of . S p eC i a i 

it's functions 'Can .be obtain- 
where ' 0°S © < 360° 



= sin 113 

of all ^ngle^-b^wee.?!.' b u and 3^0 
angles V '0°, 90°, l8p 0 ,. and' 2f6° 
ed from Table r 10-7a. For each angle 0, 

and 0 . is not one of the special angles ,.*an angle 

■ . ■ t> ■ 

reference angle of 0 is defined by Table 10-8b. 



0„ ' . called the 



9 


The reference angle 
9 R of © 


0° < 9 < 90° 
,90° < 9 < 180 0 ' 
l80° < 9 < 270° 

270° < 9 < 36o° 


6 R =. 9 " • ' ' 
9 R = 180° - "9 * 

9 R . = 9. - 180° 

0 R = 360° -' 9 
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P(Xo,yo) 




Figure 10-8a. Reference angles for the -angle 6, 



Figure 10-8a shows the reference angle 0 R for angles 9 In 
quadrants II, 'Sg I, and IV, The circles In this figure are • the 
standard unit circles. Let PU 0 ,y 0 ) be- the point L^re the 
terminal side of the reference angle 0 D intersects ItheSonlt 
circle, and' let P 1 be the corresponding; poixvt on the terminal 
side of 0. The triangle OP'D 1 Is congruent- to r the triangle 
OPD in every. case. Thus, the coordinates* of P 1 are 

(- x 0 , - y 0 ). ■ >; : 

Theorem 10-8a . Let 0 be any angle such that 0° < 0 < 360° 
and such that 0 Is not an integral multiple of 90 p , and let 
0 R be the reference angle of 0, 

sin 0 = t sin 0_ 



oos 0 = 



cos 0, 



tan 0 1 tan Q T 



Then 
cot 0 
sec 0 
esc 0 



- cot' 0 r 



- sec 0p 
-esc 0 r 
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' ' Proof : Examine Figure 10-8a. For evl 
kind specified .in the theorem, sin 0 = y Q or sin 0. 




But sin 0 R = y Q . 



Thus, either sin 0 = sin 0 O • or sin 0 



= - sin 0 D . The other statements in the : conclusion of the theorem 
it „ ■» 

can be established irv the same way. , . 

Table 10-8c shows ti\e signs of the six trigonometric functions 
for angles in the four > quadrants . The results given in this table 
follow from the definitions in Section . 10-5. 
... . . ■ > 

Table 10-8c . Signs of the Trigonometric Functions 





Quadrants 


Trigonometric 
Functions 


I 


ii 


III 


IV 


■ sin 


+ 




, + 






cos. 


. + 








+ 


. . "tan \ 
* 


+ 






+ 




cot 


+ 










sec 


+ 








■ ■ + 


esc 


+ 


i 


2L_ 








Theorem 10-8a and TaWe 10^8c enable us to find the six 
trigonometric functions of any angle from tables for all angles 
from 0 to 90°. The method will be explained by means of 
examples . 



Example 10-8c Find sin 603° - by using Table - 10-8a. ' 
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Thus, ^y. Theorem 
sin 243° = t sin 63°. 



Solution : The ahgles 603 
and 243° are co-terminal; hence, 
sin .603° = sin. 243°. By Table 
10-8b, the reference angle of 
.243° is 63° 
10-8a, 

Prom Table 10-8a, sin 63° ~ .891.. 
Since 243° is an angle in 1;he * 
third quadrant, sin 243° is 
negative, by Table 10-8c . Thus, 
sin 603° = sin 243° = - sin 63° 
~ .- .891. The entire solution, 
except for finding sin 63° in 
the table of sines, should be 
geometrically obvious from 
Figure 10-8b. 

Example 10-8d . Find tan 328°. 

. Solution : The reference angle is 
negative in the fourth quadrant. Thus, 




Figure 10-8b. 

Graph of 603° 
and its reference angle, 



32° , and the tangent is 
tan 328° = - tan 32° "' J 



~ - .625. The reader should draw a figure. 
Example 10-8e . Find cos 

Solution: Since 5jjL f is the radian measure of the angle, 

^ ia an angle in the 
Thus , cos 



Since 

TT 
5 



the 



reference angle is £ radians. Also, 
second quadrant, where the cosine is negative. 
= - cos •£ £ -. .866.. • The reader should draw a figure. 

Example 10-8f . Find sin 1046°. 

Solution : 'Since 1046° = 2(360°) + 326°, the angles 1046 c 
and 326° are co- terminal. Thus, sin 1046° = sin 326°. The 
reference angle of 32£° is 34°, and sift 326° is negative' 
since the angle is in the fourth quadrant. Thus, sin 1046° 
= sin 326°.= — sin 34° ~ - .559 . 
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Example 10-8g . Pind cos ( -150°) . 



Solution: 



hence, 



The angles 
cos(-150°) m c 



150 u ' and 210 
0 The reference angle for 



are co- terminal; 

,o 



210° is 

30°, and the cosine is negative in the third quadrant. Thus, 
cos(-150°) = cos 210° - - cos 30° Z - '.866 . 

With our tables available we are now equipped to discuss some 
examples of a simple and important application of the trigonometric 
functions — the indirect measurement of distances by triangulation . 

Example 10-8h . At a point 439 feet from the base of a' 
building the angle between the horizontal and ? the line to the top 
of the building (angle of elevation) is 
of the building? 



31°. What is the height. 



Solution ; In the right 

we have /* = 90 c 
b = 439 feet. 



triangle ABC 

i o 



cc « 31" and 

In this drawing we seek the 
height a of the building. 
According to the formula for- trie 
tangent of an acute angle, .of a 
right triangle we have 



fon _ side opposite 
■ ■ * ~ side adjacent 

our Table 10-8a gives 

tari 31° Z .601 . 



a 




Combining these two equations 
we have 

Tf§9 Z • 6 ° 1 • 
Therefore a Z 439 ( .601) Z 264, 
so that building is approximately 
264 feet high. ° 



bj 439 ft. 
Figure 10-8c, 
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"Example 10-8i . To measure the width of a river a stake was 
driven into the ground on the south bank directly south of, a* tree 
on the opposite bank. Prom a point 100 ft. due west of the 
stake, the 'tree was. sighted and the angle between the line of sight 
and the east-west line measured. What is the width of -the river 
if- this angle was 6o 9 ? 

Solution ; The point from 
which the tree was sighted was 
taken due west of the stake so. 
that the angle .RST (Figure 
10-8d) would be a right angle. 
Prom the formula for the tangent 
of an acute angle. in a right 
triangl^ (Section 10-5) and 



Table l0-8a we have 



100 



= -tan 60° 



where r is the required 
width of the river. 

y = 100 yi £ 173 . . ■ . % 

The. riveovis approximately 173 
feet wide. 




- 100ft- 
Figure 10-8d. 



Example 10-8 j . At the instant when the moon is exactly at 
half phase the angle between the line from the earth to the moon, 
and the line from the earth to the sun is between 89° and 90°. 
Show that the distance from the earth to the sun is at least 50 
times the distance from the earth to the moon. 
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Solution : Prom Figure 10-8e 
we see that if the moon Is- exactly 
at half-phase the angle SME is a 
right angle. Since angle SEM =jg 
and ,89°^</^< 90°, we have; 
0° <CC < 1°. Then the distance 
m of the earth to the sun and 
the distance s from the earth 
to the moon are related thus 

sin a = | 
m 

and from Table 10-8a 

, O n» 



* s in OC < 
so that 



sin .018 



18 



20 



in < - 018 : < TSSS = 

m"> 50s . 

Thus the distarice^rom earth to the 
sun is at least 50\times the dis- 
tance from earth to 



The essent 
construction or a it 
length to be 





Figure 10-8e. 



these examples is the discovery and 
ight triangle one '6f the sides of which is the 
asur^d. In Sections 10 and 11 we will learn some 



further theorems about the trigonometric functions which will 
permit us to use more general triangles in a similar way^ Before 
this we must discuss the trigonometric functions in more detail. 
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What is the reference angle of each of the following? 



(a) 150° 

(b) 260° 

( c ) ^ radians 

^d) 308° : 

"(e) 615° 



(f) -98° 

(g) -235° 



\ 



(h) 



radians 



(i) -^radians 
(J) S 1|E radians 




Express the following in terms of the same function of the 
reference angle. 



(k-) stn(-195°) 
(j) sin' 305° 
(m) tan(-378°) 

sin 



(n) 
(o) 
(p) tan(- 



(a) sin 165° 

(b) tan 190° 
'(e) cos 2^2° ' 

(d) sin Q 

(e) cos(-f) 

(f ) tan(%r) 

(g) din 340° 

(h) sin ' 98° 

(i) -tan 462° 
(j) cosp-l60°) 



A wire 35 feet long is streW^^^pbiA^ieyel v^qjijhd to the 

top of a pole 25 feet high.', W^d""ljne' 'angler between the 

/ - ■ : v • \\ * . . -'V- 

pole and the wire. V -, : r . •;:'.■*•.••»••;.'» 

A" kite string 200 yards long makes '.'an arigle "of • r '- 70° with 
the ground. Sow high is the kite?';;;:--.',.., "•" " . 



(q) sin ,335? 
;,Xr)-.cos(-2 
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6; 



8. 



. 9. 



From the top of a rock which" rises vertically 326 feet oiit 
of the water, the angl£ betv/een the line of sight of a boat 
and the%iorizontal (angle of depression) is 24°. <Find the 



distance of the boat fromvthe base of the rock. 

The ecjge of the Great Pyramid is - 609 feet and makes .an 
angle' ,of 52° with the horizontal plane. What is the height 
of the pyramid? 

A gun G^. shoots at T at a range of^ 5400 yards, and the 
shot hits at S so that angle TGS = 3^ Assume that angle 
GTS = 90°. How far from T is S? 

Find the. radius of a regular decagon, each side of which is 
8 inches . - , , ■ . * * 

From; a mountain top 4000 
feet pibove a fort the angle 
of depression of the fort 
is 17°- Find the airline 
distance from the ^mountain ' 
top to . the fort . 




"10 . : : > ;.At; a - point 185 
■ • ^ei'eyation of the top is 



feet from the base of a 
o 



55 



tres, th^ angle of 
How tall is the tree? . 



ir 



13. 



.^^j^rom^^ the angles of depression of two 

' I^Kfats ^0l^ : ^lth this point are 18° and 28°.. Find the 

boats if the point of observation 

l^:,r^X^5^S^^igh. . ' • 

;A^:b,u^Ml^^ r ^t^ds . on a horizontal plane . The angle of 
e 1 e.V^tl ^ '^Ta certain point- on the plane is 30 and at a 



• \ ppiQ.tj^rp5 " feet nearer tKe building it is 



'45 . flow high is 
the 4 building?- 

Find the angles of intersection of the' diagonals of a rect- 
angle 8.3 feet wideband 13.6 feet long. 
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.14. The area of an equilateral A is -300 square inches. What, 
is the area of the inscribed circle? 

15- A circle is divided into 7 equal parts. Find the length of 
all possible chords whose end-points are these division points 
if the radius of the circle is 7 inches; 

16. The minute hand of .a clock is 9 inches. long. At 7 -minutes 
after 3 the line joining the ends of the hands is per- . 
pendicular to the hour hand. How long is the hour hand? 

17- If the hands of a clock' are 7.4 inches and 4.8 inches, 
at what time between 2:00 and 2:10 is the line joining 
the ends of the hands perpendicular to the hour hand? 

18. Given A ABC with k,/? and 
known. Let h be the 
altitude to a. 



Prove: h = 




cot/5" + cot r~ a * 

19. A chord 6 inches long subtends a certain angle at the center 
of a circle whose radius is 5 inches. Find the length of 
the chord which subtends an angle twice as large. 

20. The area of trapezoid' ABCD is 4800 square feet. Lower 
base AB is 150 feet long, side "AD* is 47 feet long 

- and angle A is 57°. Find the other base. r 



10-9. Graphs of the Trigonometric Functions . 

We have found it helpful" in phe past to draw the .graphs of the 
functions under study. Recall, that *the graph of y = i^j^ 
consists of the set of points (x,y) the coordinate plane such 

that y = f (x) . But it is»clearly impossible to draw the graphs . 
of those trigonometric functions whose domains are the set of all 
signed angles, because we have no scheme for exhitkting graphically 
the set of all pairs ((A,P,0), sin(A,P,0)) . Notice that the first 
element in this j)air is a .signed angle (A,P,0), which is a 
geometric object' - not a real number. 

[sec . 10^-9] 



We now recall that a second set of trigonometric, functions 

was defined in Section 10-5* The domains of these functions are 

Jj . ■ ■ - 

the set . of . all real numbers, and'it Is thus possible to draw thei 
graphs' in the usual way. For example, the graph of y = sin x 
consists of all points (x,y) , where y = sin(0,X,x) and x . is 
considered to be the radian measure of the angle (0,X,x). - 
Similar statements hold for the graphs of the other five trigono- 
metric* functions of real numbers. ^ . 

It is important to ;pbserve that, the fallowing statements are 
true for every x. — . •' 



. (i) 


sin(x 


+ '2tt) 


= sin 


x « 


(ii) 


cas(x 


+ 2tt) 


= cos 


X 


(iii) 


sec (x 


+ 2tt) 


= sec 


X 


■ (iv) 


csc(x 


+ 2tt) 


= CSC 


X 


(v) 


tan(x 


+ 7r) 


= tan 


X 


(vi) 


cot (x 


+ 77") 


= cot 


X 



Statements (i) to (iv) follow p from ^the fact that, if x is' 

.. ° 
the radian measure of an angle, x + 2tt is the radian measure of 

a coterminal angle. Statements (v) and (vi) follow from the facts 

that the angles having radian measures of x and - x + tt 

respectively, have the same reference angle and their tangents 

(or cotangent^) have the seme * algebraic sign.* 

If for a funetion f(x) there exists a number p such that 

/ (vii). f(x Vp) = f(x) 

for all x the function ■£ is said to be periodic . If p is 

the smallest positive number for which (vii) is true, the function 

is said to be periodic with period £. Since 2tt is the smallest 

positive number for .which Statements (i) to (iv) are true for all 

x/ we conclude^on the basis ; 'of our definition that the functions . 

sin, cos, sec and esc -"are all periodic with period 2tt. 

Similarly, the tan and cot functions are periodic with period 

7T. ' 
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Notice that the curve in Figure 10-9b is congruent to the 
graph of y = sin x in Figure 10-9a and is obtainable by shifting 
/ that curve t£ units to the left. 

Figure 10-9c shows the graph of y = tan x. 
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Figure 10-9c . 
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Notice thal^ it is composed of congruent pieces which have the 
vertical lines x = - . x =. - ^ as asymptotes. 
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Exercises 10-? 



1. Draw the graphs of each of the following sets . of equations 



using a single set of axes 



(a) 

■(b) 



y = sin x 
y = sin 2x 

y = " cos x 
y = 2 cos x 



■(b) 



y = tan 

y 



taA -|k 



(h) 



(d) y = sin -pX 



(e) 

(O 



y « cos 75X 

y = &ec x < 

y = esc x 

y = sin x 

y = cos x 



(i) 
(J) 



y = s in x 
y = 2 s in x 
y = 3 sin x 

y = ^ sin x 

y » s In ~ x . 
y = sin 2x 
y = sih 3x 

y = sin 75X 
= sin x 



y = sin(x + J) ( 

y = sin(x Y J) 
y = cos(x - J) 



r 



10-10. The LaW of Cosines . 

One of t^e Wost famous of all mathematical theorems is the 
Thgorem'of, Pythagoras,, which states that in a righjb triangle ABC, 




C b 
, c 2 >a 2 + b 2 



Figure 10-10a. 
[sec. 10-10] 



It is plausible that if f is less than a right angle, then c 
p 2 

is less than a + b_; and if f is greater than a right angle, 

2 p 2 

then c is greater than <a + b . Our' next theorem covers all 

three possibilities in a single formula. It refers to any triangle 

ABC and uses the notation of Figure 10-10b. .'V 




C ' b ^ A 

Figure 10-10b. 



Theorem 10-lOa, 



(The Law of Cosines.) In triangle 
- 2ab cos 



ABC 



c 2 = a 2 + b 2 



Proof ; 



b 2 = a 2 + c 2 
a 2 = b 2 + 'c 2 



We introduce a co- 



ordinate system in such a way 
that y is in standard position. 
In this coordinate system, C 
has coordinates (0,0), A - has 
coordinates (b,0), and B has 
coordinates which we, denote by 
(x,y) . . o (See Figure io-lOcj.. 
Using the distance formula we have 



,(x b)^;+iy^ =^x" 

-2 



^ = x 2 



It follows that 




2xb and 



> 2 = a 2 + 



Figure 10-lOc, 

. f ■ 



b^.- 2xb; 
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We also know from theorem 1.0-5a that cos /" = '. x which 



2 + y? 



is Therefore, x = a«cos/*. Substituting a cos /* for x , 

gives lis v * c 2 = a 2 + br^ - 2ab cos/*.- t 

The,., other two relations in the theorem can . be proved similarly. 

Example 10-10a : In triangle ABC, a = 10, b = 7, and 
i**-m 32°. .Find c. — , ' « . ; ■ . , ' 

Solution : By" the law . of cosines , 

\. . c 2 ,= l^p + 49 - 140 cos V 5 . • v 

Using, Table 10-8a ■' hos 32° £ .848 - and 

'therefore, * c 2 2 149 r 140( .848) . 

. Z 30 ' • ' 

Hence^, . c£*5.48 

. example 10-10b . 4 In triangle ABC, a = .10y, b = T, and 
c = 12. Find a 

Solution : law of qx>sines' - ■ * 

2 2 2 
a,. =' b + c^ - 2bc cos oc . « 

Hence, • ' cos « = ^ tl -L" ^ = li ~ 

Thus, , cc £ 5(5° to the nearest degree. 

Suppose triangle > ABC is a right triangle with" right angle 
'at C, i.e., /* - 90°.i. In this case, c is tfre hypotenuse of the 

right triangle, and sinpe cos 90 = 0, . the law of cosines becomes 

2-2 2 • ■ ■ ' ■ 

o = a +. b . But this is just the Pythagorean Theorem. There- 
fore the law of cosines cap; be viewed as the generalization of . 
the Pythagorean Theorem to" arbitrary triangles . , However, we do "* 
not 'have a new proof of the Pythagorean Theorem here, because our 
proof of the ..law, of cosines depends on the distance 'formula which 
was established on tht Basis of the Pythagorean Theorem 1 

It is worth noting, • though, that the law of cosines can be 

used* to prove, the converse of the Pythagorean Theorem. If, in 

: ~ 2 2 p 
triangle- ABC we know that c = a + b , then we must show 'that 

-% ; ' [sec. 10-10]. ? ' .. . 
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90°*. By the law cosines c ='a 2 + b 2 -'2ab'cos 7* and, *' 
combining this with c = *a • + b * we* Obtain cos f = 0. We know 
that < < 1J30°,' V( and the'oniy angle In this range whose cQsine . 
'Is zero is ,,^90°. *Therefcg?e, /* = 9Q°^as'was to.be proved. ' 



/ 



Exercises 10-1Q 



1. c Use the law 6 e f cosines? tb solve t^e following: 

£a)« . = 6Q°; b 5:' 10,0, *c = 3.0- find- a. 

*' (b) = 2v6^, b = 8V c = 10, v findiX* . 

(c) a 4.0, b = 20.0, c*- = 18.0,. f Incf oc f/ d? > .and/'. 

Z. Find the largest angle of >. t^iangle£ having sideS 6, , 8, 
and 12. / a ^ 

1 ; ■ l 

3. In the following problems find the length, of the side not 
given. " * 

' (a) b'= 8, c * 12, oc = 25^ V «"■' 

(b) .'arm 2.5,, b = 'l3, /* = 140° » , 

(c) a = 60, c =.,30, ^" = 40° 

4. Find all three angles of the triangle In each of the following: 
, . (a) a;,= 15, ' , b- ='i6, c = 17 . ' . 

(b) a = 24, b = 22', c = 25 

(c) a = 60, b 0 = 3$, ■ c = -40 . 
• (d) a = 4 t 5, b = 11, *e = 8.5 *. " 



Two sides and the included afigle of a pa'ral'lelogram are 12 
Inches, -20 , inches and 100° respectively," Find the 
length of . the longer vi d4£gonal , 
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10-11 . The Law of Sines . 

The following theorem' expresses the area of. a triangle in 
terms of its sides and angles. - 

Theorem 10-lla . In triangle . ABC 

area of triangle ABC = ^|ab sin ? 

= «|bc sin tt ♦* , 

as -|ac sin/? . 

Proof : Introduce a coordinate system so that /* is in- 
standard position. (See Figure 10-lla) . 



B(x,y) 



Then by Theorem 10-5a 




sin/' a 



(a,o) 



/~2 T^" 
V* + y 

but- y is also equal to h/ the altitude of the triangle, so 
h = a' sin/*. : Since the base of the triangle is b, its area is 

•|ab sin f. .... 

• The other formulas follow similarly. ■ t 
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Theorem 10-llb . (Law of Sines) . In triangle ABC, 

since _ sin/? _ sin 
a F " ~ m • 

Proof : According to Theorem 10-lla we have 

. -|ab sin 1* = -|bc sin ce = «|ac sin^ 

If we divide each member of these equations by we 
obtain \ 

sin 7* = sin g _ sin/^ * ■ ' " , 

. * c a b " v ■-.! - 

> . Example ,10-lla . If, in triangle ABC, a = 10,/? = 42°, 
7* - 51°, find .b. 

Solution : Since cc -+/^ + = l80° we have cc - = 87°. 
By the law of sines 

^■y' sin g _ sin/^ . 
>a 7 "^5 ' • 

i 8ln * sin 87° r 

> Example 10-llb ,. Find the area of triangle ABC if a = 10, 
b = 7, = 68°. 

/ ■ Solution : ' According to the formula in Theorem 10-lla, the 
area of triangle ABC = |ab sin7^= 35 sin 68° ^ 35(,927) Z 32A 



Example 10-llc . Are there any triangles ABC such^that 



b » 5, c = 10, and 7* =22°? 

• -4. 
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Solution ; Before attempting to solve Example 10-llc let u§ 
try to construct a triangle -ABC geometrically, given b, c, 
and Y 7 . . Lay off* Side . AC of length'* b, and. construct angle 
at C? Now with A as^ center strike an arc of radius c. , There 
are a number of possibilities depending on b, c, * and 7" which 
are illustrated in Figure 10-llb. 




Figure 10-llb. 




■ / ' 
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In case (i) there is no triangle; 
In case (ii) there is one triangle; 
in case (iii) there are two triangles; 
in case (iv) there is* one triangle; 
in case (v) there is no triangle; 
in case (vi) there is one triangle. 

Thus to solve Example 10-llc, we attempt to f ind keeping 
in mind that there may be zero, one, or two solutions. If such a 
triangle exists, then by the law of sines 

sW^ sin 22° 

0r ..: .r, ■ ' | sin 22° 5fCl87 

Recall that sih'/^ is positive in ".the second\ v quadrant and If 

= l8 °° - e : where 90°,v then siti^ - sin 9.- Thus from 

'sln^ Z .187 we conclude t'hat^':^ 11°. or ;j> > 169 0 to the" 

nearest degree. Are both of these values -'of ^ possible? If 
m 169 , then + / < 3 f = 191 0 which is impossible. Why? 

Therefore, there is one triangle with the given data. We^are in 

case (iv) '• » ' 

Example 10-lld. Are thers any tri °° ABC with .Jb = 10, 
c ■ 15, arid / = 105°? 

Solution: We attempt to find ^ . If there is such a tri- 
angle, we have, from the law of sines, 

sin^ sin Y° . 
10 T5~- 

But - sin 7" = sin 105° = sln(l8o° - 75°) = sin 75° £ .966. Hence, 

sin^ X |( .966) SC .644 and this implies^ £ 40° or^ £ 140°. 

Clearly^ can not be 140° .and there is one triangle with the 
given data. This is an example of case (vi) . 
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Example 10-lle . Are there any triangles . A'B.C* • ' ^suc-li^ th^t ; 
b = 50, c = 10, and 7" .= ,22°? • / *£^f}? * ' 

% '" ': '■ , i^^ , V"'-' i; '. l " >, v. ! ' \v». , '»'^'' ,f 
Solution ; . We attempt to find /& . If tl^er^ visi ^uch-X.tri 

angle we have, from the law of sines, * . r'^^f^i^v r-^*' ' .' . 

• sin/^ sin 22° '. >V : ^ *-V. : V:'-V-/. • fi? "- : >V \ 
~W = —15 B^^M WP 

* • > sin^ £ 5( .375) "^-^ . 

But we^ know that the-, sine never exceeds \on^^^ our 
assumption that a triangle with the eXyf9^Y^^!ld^is^\^^ds to 
contradiction. Thus there are.no such' ^trl^gfes.-;:;.- ^ Thio ls an . 
illustration of case (i). * ' t. -:i';7 f V /••V^ " • ' 

^Exercises lb-ll --,, -.' = ■ - . v 

... \ , ' '■:}. ^.;v''» ': : .:v "\ V/ . '•''"•.! 

1. Use the law of sines to. ■ solve; Afcpi^&foXfigi;; l ' 

(a) ^ = 68°, . *-/*'= 30 V .:/;c/^ : ;;32,6;/ifIhci^ a 
./ ;.'l : (b) cc = 45°, • V =/6o°- ■ .::& : ^2Q:,QiC;riM c 
- :• : (c) a - 26 Q , , 5 . Vv f « 43°, ^.''-e;'^.^?;; find b 

(d) y = 12'6\/ * ,cc~ .= 33°, a • . 
• ' ■' ' ( e ) ^ = 113 1 2?.', ' .cc' = 46°, ' ' -find b • 

(f). =, .68:5°, ' a 103 . 2°i, " c )..= ' 5^ ] - find a , 

2. Solve 'completely", the following- triangles. : ' • ' r •'- 

(a 1 ) ^ a =-.27°i - • ' ^ =. n^ 0 ,. ' .' ;:.:'.:iiV = :2^ -;; : : • • ■■ 

(b) 7" =• 29 .'5°, >•'.-.= 48.5%: ;;c{^'& ; '4 //';' "' ' ' ' 

( c) cc • = .132°, ; ^ =/24 0 , ; ; V; ^;;a: ; ^Vl35V'. ;: / >]. 
. (d) . a =/5.8, . a; \ =^50^;.: ;; v^^ : 73° j ^ 

(e) ccV= 102°, ? /f '= Vi%- i ; / : He' =^52^8 . ■■ 
•(f) a •= 48.5°, '.\ 



/ 603 

In each of . the following, without solving, determine the 
number of solutions . . , 



(a) a 


» 110°, 


a = 


5> ' 


b = 


4 


(bV 


= 6o°, 


b = 


12, 


c = 


10 


•(*)/• 


= 110°, 


c = 


36, 


b = 


36 


(d)oc 


= 30°, 


a = 


8, 


b = 


7 


(e)oc 


*5°, 


a = 


14, 


b = 


16 




= 120°, • 


a = 


12, 


b = 


8 



In the following, determine number of solutions and solve 
completely. < 



(a) a = 


6 ?V 


a ='^5- 2; ■ b. =' 6.2 


(b)/? = 


13.3°, 


b = 80, a = 193> 


(c)oc = 


142°, 


a = 8.4, b = 3.7 


(d) r = 


59.6°, 


a = : 39, c = 37 




■5.8°,. 


c = 98.3,. a = 23.2 


Find the 


area of 


the 'triangle - In . each of 


(a) b = 


12, 


c = 14, " a =' 42°, - 


(b) a = 


8.6, 


b = 7.9, r = 67° 


(c) a = 


14. 1, ■ 


c = 27.4, ^ = 112° 


(d) c =' 


5.5, 


b = 8.0, a Al03.5° 




One diagonal of a parallelogram is 24.8 ;> an£ it . makes an 
angle of 42.3° and 27.6° with the sides. Find the sides 

Two. points A and B on a side of a road are 30 feet 
apart. A point C across the road is located so that angl 
CAB is 70° and angle ABC is ' 80°. How wide is the 
road? 



[sec. 10-11] 



\ 




Two observers, one at 
A and the other 'at . 
B, . were 1760 ' yards 
apart when they, observed 
the flash of an enemy 
gun at C. If angle A 
was 38° and angle B 
was 6l°*, how far was 

each observer .from the , \ ' .... , 

enemy .gun? - . . 

Prom the top of a cliff, the angles of depress iofi of tw6 v . ; . 
successive mileposts oh a horizontal road running 'diie^por.tji/V' 
are - 74° and 25°, respectively,. Find-. the elevation b£< l#v 
the cliff above the- road. _\ . ■• 

A tower at the top of an Embankment casts a shadow 125 feet 
long, straight down one side, when the angle of elevaltlon 'of. 
the sun; is 48°. Iff-^bhe side - of the embankment "Is Inclined ,/> 
33° from the horizontal, find the height of the tower. ■ 

A triangular lot has frontages 90 feet and 130 ; f pet on 
two streets ^which intersect at an angle of 82°. FIr>d' the . . 
area of the lot. . • '-^.\ >',';■,.•■ 

The .lengths of two sides of ja^triangular lot are ^46 'feet 
and 300 feet and the angle opposite the longer side Is <: • 
equal to. 75° Find the^ third side and -the area. 
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10-12. The Addition Formulas . ■**•■"■ * 
^ Angle measures arid trigonometric; functions have a common 
feature, namely, they both are schemes for attaching numbers to 
angles. One important difference between them has to do With 
addition of angles. If cc and are any angles, the measure 
of their sum cc + / <^ is the same as the sum of the measures of cc 
and of # . The corresponding statement is not true for trigone-* 
metric functions. For instance sin(30° + 60°) = 1 and 



sin 30° + sin 60° = 



73 



+ which does not equal 1. In this 

section we derive the correct expression for sin(cc + /#) and : 

related expressions .> % %te need a preliminary theorem. 

p o 
Note: :,In what follows the expression (cos a) and (sin ; cc) 

2 ■ 2 " O ■ ' y 

are written as cos cc ahd sin cc (instead of as cos cc "and 

'2^ 2 ' P . r ' • .** 

since which could mean cos(cc) and sin(cc) .) 

Theorem 10- 12a . Let C ,be a circle of radius 1, let f 
be any angle whose vertex ds the center of C, and let P and 
be the respective c intersection of the Initial and terminal sides 
of y* with C . Then ' • • . * 



PQ 



= 2 



2 cos f . 



Proof : Introduce a coordinate system in which the initial 
side of f is the positive ,.x-axis (See Figure i0-12a) . * 

y 





L_ 2 2 








v -\p 




]d,o) 






' (cos -f, 





sirrO 

Figure 10-12a. 
Length of the chord 



PQ. 
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Then the coordinates of P are (1,0), arid" those of' Q> a'r.e 
(cos 7*, sin/* ) . The distance formula 'gives 

|PQ| 2 = (cos - lj 2 + (sin>) 2 
1 2 



/IS** 



2 cost" + cos V + sin / 



cos 2 /" + sin 2 /* .= 1, 



. . ■ ' l pQ l ; = 1 
or since ' _/ 

|PQ| 2 =2-2 cos r . k 

' " Theorem 10- 12b , For all angles qc and^ 

cos(/? -DC")" = cds/^ cos oc + sin/^ sin a * 

Proof: We first use Theorem 10-12a "to evaluate 



|PQl 2 , 



obtaining (see Figure 10 -12b.) |PQ| = 2 -;-2 cos(>' - cc ). We 
then re-evaluate |PQ| , using 'the distance formula. *We have 



p 

(cos.c3C,sir»oc}^_ 

« . J 1" 1 \ 


— + y = 1 

j. 1 1 J K 


1 1 ■ \ V ■ 


Qlfco^sin/^) 




•Pfeos.oc,* 
since) 



Figure 10-i2b. The difference of /& and oc . 



|PQj ■ = (cps^ - cos cc ) + (sln/& - since) 
2 

$ & - 2 cos oc cos^ + < 

p. 

2 sin oc sin^ + Sin oc 

2 *p p 

sin^ + cos oc h 

2 cos oc cos/c^ - 2 since sin^ . 

\lx?/& . = coa 2 

2(cos oc cos^ + sin ce sin^) . 
[sec. 10-12] * 



2 '2. 2 

= cos - 2 cos oc cos^ + cosa + sin,' 



2 p p p 

= cos^ .+ sin^ + cos oc + sin oc' 



2 2 2 2 " 

Since cos^ + sin /& . = coa a + sin cc = 1, we have 



= 2 



' 607 

By equating this expression for |PQ| 2 with the. ofte given, at the' 
beginning of this proof, we have' * 

cos(/? - cc ) = cos/^ cos cc + sin^.Jsincc . 
Example 10 -12a , Find cos 15°. . 
' Solution ; cos 15° = cos (45° - 30°) 



o 



- = cos 45 9 cos 30° + sin 45° sin .30 

. - IT* T o 

- We next derive similar 'formulas for sin(^ - CC ) , cos (a +/^), ■ 
sin(cc First we need some preliminary tfiteorems • 

Theorem ' 10-12c . For all angles cc ■.. ' r 

V . cos(cc - p = -'since / 

'sih(cc - p = - cos cc . ' 
Proof : By Theorem 10-12b - - . • 

cos(cc - 77) = cos cc cos £ + since sin ^. .,, ' 

Since cos ^ = 0" and sin £ = 1, it follows , that • 

cosCcc,- s since. ■,. 

Since this relation holds fdr any angle a,. we can use it for 

• ' .'•>*.■.' 

CC- £ itself. It then reads .' 



The left, hand side: dt this equation is cos(cC - ir) , which equals 
cos a cos 7T + sin a. s»in tt. Since cos ir = -1 . and sin tt = 0, we 
cpnclude that ■* 

sin(oC - lg) = -cos cc . 
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Theorem 10-lgd..., For all angles a .- . and j& 

sin^-cc ) = sin^ c o s cc - cos^.sina . «; 

. . "■.'■< .' . • 4 ■ 

Proof r By Theorem 10-12c, we have 

., sin^-cc ) = cos ((^-cc ) - I)' 

• ' : : . ;'";,= ^ s ( ( /f- f } •--■«)• ; ' 

■ Us ing v Theorem . lO-i2b> ;we. can write 

,'\ cos ({^ - :§):f-cD) >=; c pa ( ^ r . J) cos a +' slh(^r|) sin a 

l :.We substitute v /and • -cos^ for ' sin 

in this last ; relation jto' : obtain' - : - 
•: ' ' >; r. sih^.--cc ) ?= sin^vcos a/- cos^ sin a . 

v . Example 10^12b : , : , Find sin 15°/ 
•'».'.' - Solution: siml5 Q = sin (45° > 30°Y ; 

■ / . ' ' • ■ ; =. sin' .45 0 cos 30°'"- cos . 45° sin 3I 0 

" ' • "'■V ■ ' ■ ■ . ^V2- V3 ■ . v£ 1 ' V . . 
, ;.; . 4 " 7?,- "5- "5 ' - 

■■•v ; - v-;. v." - • : <^-' ; 'f f yjS*'%--''& :■ : > ■ 

T Theorem 10-1 2e\ For all 1 angles cc 

cos ( - cc ) = cos cc 
.;• ! .'\ ; sin(- a) = -sin a . 
Proof : cos(-cc ) ■==■ cos(6 : -xr ) ... 
v ■•■ = cos 0° cos a + , sin 0° since . • 

Since cos 0° =ol, sin 0 = o; we conclude that : 

..•■■„.'" * cos ( - cc ) = cos ■ cc ^ /\ . , 

Since sin(-a) = sin(0 -cc ) 

= (sin 0)(cos a) - (cos^O) (sin a )l 

we have sin(-cc) = 0-cos <* - .1 -sin cc • 

•...=• -sin a . 
•: ' .. [sec. 10-12-] ' ■ • •' " . 



I* . ^ . ■ , - • 

/ r . Theorem 10-l2f ... Pyr all angles a / and/P \ 
.. ..cos^ + cc) = cos^ cos a • Isin^sih cc 

sln(/^^a ) \="slrix^ bos a • + cos^ sin oc ... 
Troof ; cos(^+'cc) •= cos(/^- ■(- a. )). . : / " 

= cos^,cbs(-a ) + sln^.slnC-a )/j 
. ■= eos^ cos cc - sin^ gin' a *. ^ J 
* ' \ . sin(/^+aj = sin(/?- (-cc.)) . 

j '•' « « sin^ cos(- a ) . - cos^ sln(- a.) 

■ * ' i' ? 1 . ■'-.■'4 .\ 0 - • ' ■-.< . ' ■ : v * • 

■•' ' * = sin.^ cos a +;rp§s'/& sin oc . . • \ •„ 

' Example 10-12c. .'Find,. cos ; 75 * £nd. -'siri 75°; 



■ Solution ; , cos 75° s c"os , (4'5 d '' + 30°) • 



= cos 45° cos 30° - sin 45° sin 30^ 
a/2 . v5 v£ 1 




• if 



sin 75° = 'siri(i5' 0 + 30°) \. • 



= Sin 45° cos 30° + sin 30° cos 4$° 

.;., V6' + V£ v'. v -'• •' . ''T 

-O 



Notice that sin 75°' - .co,s.. 15° and" .cds' 75° = sin. : 15 0 :/ . This 
illustrates Theorem 10-12c.\ • * r 



Theorem 10-12g . ,* . FoV .all : . angled (?;,' 

. . sift 2.0C- = 2 3iVi a cos. a 

. • • . ' ■ ■' "i< 

a . cos 2 oc 



' 2 
cos cc 



siri 2 „0C_ 
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Proof ; sin. 2cc = sin(gi + cc ) , > .. 

= pin oc cos^-cc +: since, cos cc 



• ■ = 2 sin ce cos oc 
cos 2 cc cos(cc \+ cc ). 



= cps cc cos cc - ,'sin cc since 
■ N = cos cc - sin 05^'. * .■ :V . 

1: Summary , of - Formula^ 

cos(cc +/^) .= cos cc cos^ - sin ce sin^ 

; " ■ . • . ia • . ■<•* •. • , ' ■. .; 

sin(cc +^) = Sin cc cc*>^ +- gqs cc s inycS" • ^f.r 

cos( cc ) = cos cc cos/^ f sin a sin/^ v£ 

sin( cc -/^) f= sin cc cos/<^ - cos cc sin ^ 

cos( a - ~) = sin ce . 

sin(cc- ^) = -cos cc ^ • ^ 

cos (-cc) = cos cc f ' 'Wi. ■ 

sin(-cc) = -since 
sin 2 cc = 2 sin a coscC 
. cos 2 cc ="cos^cc - sin^cc ' ' ^ 



Exercises 10-12 
Let cc be an angle in the third quadrant whose cosine is 

: 4 . ■ . * ■ v a ' , - , 

--r and ^ be an angle in second .quadrant '.whose tangent* is 

jiv - Find • ■ " :: ■ . # 

(a) sin(cc +^) : (d) co^c 

(b) cosCcC'+^y ( e .) tan(#+ / ^) 

■ • . ' • r .■ • ' . • 

(c) sin(cc-/^) * /. (f) tan(cc. ) 

0 [sec, 10-12] *' ' 0 ■ 
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* 3.. . Use the addition" formulas to compute exact value of the 
. v following : # . ' ,f ■ ' . . - ' • 

- (af sin 75° ; s (cl) . sin*15 0 • ^ * 

cos 75° . ./'*' 'j^) . cos 105° • 

(c) W75 0 '. * : ■ (f):' %h.l95°, .' . V 



3 V Use the - addition formulas to f lnqt? 1jhe exact value of the 
■ following:* ,. " •••• .-, . * V .■ 



(a) cos(t-|) ; V( c) cos ( 7r + |)- 

' , (b) :*sin(ir -*'£) » . sin^ +^>' 

4.. . Show thatF cos,Goc = sin of' for * 



9 



#: ; ,(b)cc - 210° V , ' V v> (e)^. = 4f " . 
= 180° „ 9 - , V> . (f.) a'"'%^ 



5. .Show iSiat sin(cc - 5) i= -cos cc 'for 

■■ . = 60° . (dfce = ..££ © * 



SB. - ■ *- 



(b) -O. = ®° ' (e) a. *&E 

(c) a 1 ^= 3bo° .>■ ■ ; ; - ^fTa " ' ; - 

• . . • " : .:• ; • - ..." f ' • '.'/■■; ^ 

Prove cos 2 a = 2; cos a - g@|<J deduce from this equation 
the half ^gle' frfhn^fa 'lbs | = ^^ f 1 ^^ 2^A ^ * % * 

• i • '■■ "... ' o . ' 

PrdVe cos 2.a = 1^ 2 sin^ix ^ ^ and disd^^^r yrri this equation . 

the half angle formula sin %*= ± , fL ". CQS 9 ' ^ 



■ • a • - ' 'A.. ■ : 
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8. 'Compute the exact value 'of sin 2oC , cos'2aC and tan 2cC 

for the following: . 

■4 . • • * 

(^) cos & s oc in quadrant I 

(b) « tan oc =■ -j, oc in quadrant III _ : 

' n "'• - ■ . • '■ 

P \ 

(c) sin oc = oc. in quadrant II . 

. ' .', '■ 3- . .■ \J } ' ■•£? ■ 

, (d). cos-oc = oc in quadrant IV 

9>" ^Compu^e the exact value • of sin cos ^, arid . tan ^ for 
\the following: ■ . * t 

qc in quadrant IV 

- . OC in ^quadrant III 

jj, qc in quadrant II ' 
12 

oc in quadraht I ^ 

*10. ' Use, the formulas from Problems 6 and 7 tfi compute ;t"he exact. 
■ y4lue of • 17 

(iL cos 15°. (c) sin 11.25° 



•(a) 


cos cc 

c 


(b) 


"sin oc 


(c) 


COS OC 


(d) 


.f 

sin oc 



(bl cos? 22.5° *" ' „ ( d ) sin 7.5° 



10-13... . Identities and Equations . ; 
Equations* *saich .as\* " .'^ f * - „y 

j» ^ f s in f 2 cC = 2 since cos oc 

are known as identifies . 'Jhey yield true statements no matier 
what-aftigle or re^l'number is .substituted for OC . In a sMghtly 
generalized sense, the following equation is an identity.': 



# ■ 



[sec. 10-13] 



-10-I3a tan 0 = ||§-t§ 9 / (2k + l)| 

since, by Theorem 10-5a, .' ■ 

z ' . . •■• 

sin 9 . r _ y. . - 
cos 0 ~ x . x _ tan y " 

• . * .• r 

This identity has one peculiarity which should be observed care- 
fully; tan 0 Is not defined for ,0 = (2k +. 1)5 and f^g- § is V 

c. COS o 

not defined for 0 = (2k + .1)t£ since. cos(2k +. 1)^=0. Thus, 

the two sides of equation 10-13a are equal for every value of 0 

s 1 n 0 ' 

for* which the two sides are defined, and tan 0 = 1 is also 

■ . • . cos 0 

called an identity. 

The equation , . . , 

' ' . ■ sfn 2ct = ,2 sin OC 

>ld&- a true statement if OC is replaced by 2n7r, n an integer, 
but it yields a false statement for. every other value of oc . An 
equation of thi£ type is called a 'conditional equation . We have 
mathematical responsibilities toward, each of these types of 
equations. We' shall -be asked to prove identities, that is, prove 
that the solution set consists of all values the variable. 
More precisely, to prove an identity means to'proVe that the- 
solution set consists of all values of! the variable for which the 
two sides of the equation are defined. To solye a conditional 
equation means to find the solution set. 

There are no standardizedfmejthods f or brov)Lng identities or 
solving equations. To prove attHroantitjT or zo solve an: equation 
often requires ingenuity and perseverance, and many methods must 
be devised to handle all the pa^oblems that arise. The procedures^ 
are best explained by a variety )of examples . 
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Examp3^10-13a . Trove the identity 

2 tan g 



.tan ?a = 



1 - tan cc 



Solution : Observe that neither side of this equation*is 
defined for 



k an integer, 



for, on the left, 2. cc is-^jmgle co-terminal with ^ and the 

tangent is undefined; on the. right, tan^cc = 1 and the denomin- 
ator vanishes. We are . thus asked' to prove ' ' * 



tan 2 a = 2ta y 



1 - tan^s 

By th~e proof at the beginning of this Section, v 

\ » ■ , ■ . . , 

tan 2 * - cos 5 a ' oc / TT + 



2 sin a cos a 

2* ~ 5 — 

cos OC - sin a 

P sin cc ^ 
c os <r ( 

y y 

1 - slnfg ^ 




(by the formulas from 
Section 10-12) 



(divide the numerator 
, and denominator by 



COS OC ) 



7T 



, o / (2k + ljjv'^ 



<0 
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Solution ; By Equation 10-13a, 



tanfo + >)■> fffig^ ;j , , 0'^ (.^ + , l)|. 



COS 

a -sin Q 
7*. -cos 9 

sin 0 
cos 0 

■» tan 0; 



(by the formulas iri •'. 
• Section lp r 12) ; " - w 7 , 



Example 10-1* 
sin s 



Prove the following identity: 



f tan 



I + cos a * uaii 2 
Solution : The key to the solution Is the observation* that 

sin a - . sln 2 (|) 

ay (2k. +, : i)7t 



l + cos a 



sin 2(|) 
1 + cos 2(|^ 



2 sin § cos J 



2 a- the' identities in 

1 + cos ^ - sln c £ Section '19-12) 

a 

2 



2 sin $ cos 7j 



2 cos 2 I 



_ sin § 
cos 2 

-'tan .5- 



Example .Id- 13d . : Prove the v f pllowirig. identity: 



s in 




cc .+ s.in^= g- sin * ■:o6s- ; M^^f {\: 



"'Ite^: ' /. > 

• >j:-*f: & - >;•••■- V •■ - # 
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Solution : * The. simplest proof of this- . identity employs^ a 
device. ( Observe that ' ■■■%< r -r.:^' 

. '. '/ •• : • . ~ : ; :." ; 2 • 2 ' • .: : y-</;j ■:. : / v 



2 . 



Thenviby 'the addition ^ormui^s in Section 10-12 

-''^v •*•;•"••. '3 -■:vr >'W ■ '■ ;■ ' : 



i -sift a =:sin 

V>' '■ .*•• - ... 
: ',v^'' . " 



K '■}.-; ! 1 E^ftpie 10-13e^ S^;n|^ the "following equatipai 

' :\-.-. , ... % ^sin : ^.>^ tsi^x^ • ; .. V : ^ 

;g So : :x % 1 2k + 1)J' is hot- a .^-^B 

\'so'iu^^^ : &buation>" Then*' oois x AO' tor a... value bflRr 

• •.•pCv; '^j^M is ';:< ol^^he ; equation, '; ahd tfife. given equatiprv.is^ 

fcquiValent\ia 1<hfe. l ^uati6n^ , N ' " _ . * " V - 



cos v \r r 1 



•Jhterpol'a-tiQh'. ^fc^; ^O^^how^^ar4 : x is ; .lv.lQ7 f^dians •M 



approximately^- : P^om :Exah^^3S-13b "alSMe , it follows that 
..it +1 .107.: .radians 6^ ;'2ft5^r&dians • 18 also a solution. ©Finally*' 
since, the triganpmei^iei f unation^ arfe ^riodic with period 0^r 9 
all 'solutions ^ ^ 



•V' ■ _ 



;i£kTr; radians 



'.> ' \ : . \ : ;>^ ; .^'^249 >+; 2^ir .-radians 
c where\ • k is V an .integer': .W 4 ^ 

vv..\.- V-.a v ^W7-- ; ''^ : vTs*ec . ^-10-3.3] ' 
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Example 10-13f , Find all solutions of the following equation': 

2 sin 2 0-3 sin 0 + 1 = 0. ' ^ 

Solution : It should be observed first that the given equation 
is a quadratic equation in sin 0. It would be possible to solve 
for *sin 0 by using the formula for the roots of a quadratic 
equation, but it is" simpler in the present case to solve by 
factoring. The given equation is equivalent to 

. . . (2 sin- 0 - 1) (sin 0 - l) .= 0,* ' 

and all solutions can be ' found by solving the two simpler equations 

■2 sin 0-1=0, sin 0 - 1 . = 0\ 

The solutions of the given equation "a^ts thus, 

0 = £ '.+ . 2k7r 

+ 2k'7r ^/ 



0 = 



where k is '.an; integer . 



Example 10-1 3g . Solve the equation ... 

jl^.. ^ . "■ tan x = 2x. 

Solution : By scanning the entries , in Table l0-8a, we see 
that for small valued of x, 

.. f tan x < 2x, 

whereas for large values of x, - ^ - 

• - tan x > 2x. 

The change in the direction of the * inequality occurs between - 
x = 1.152 and x =1.169, that is, • 

• 2.246 = tan 1.152 <. 2(1. 152). = 2.304, 
. 2.356 = tan i;i69 : y 2(1.169) =2,338. 
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Since 2x and .'. tan x are continuous, it follows that there is a 
solutfon of the equation between x = 1.152 and' x = r.169 
radians.. Methods' are given in more advanced courses for approxi- 
mating this solution to as ma;ny decimal places, as may be' desired. 

There are graphical methods, which are -useful in finding the 
approximate values of the solutions .of trigonometric equations... 
The graphical* solution in the present case shows : that** the given' 
equation has .an infinite number -of solutions. Figure 10-13a shows, 
the graphs of y 2x and y = tan x. If "(x Q ,y 0 ). is a point of 
intersection o,f, the graphs of these two equations, then » 

■ > " - • y 0 ^ ^0 . V ' . ' • ' 

■' y 0 - tan x QJ 

and- 2x « tan" x' Thus, x is-, a solution of the given equation. 
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Figure 10-l3a. Graphical solution of tan x = 2x. 
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n It Is clear from the figure that the line y = 2x internets the 
^raph of y = tan x*. 'in infinitely many, points. For large values 

of x the intersections are almost on the lin^s x = (2k + l)^, 
-and x a (2k + l)^; Is. approximately a solution if k is an 

integer whose absolute value is. ? large . - - 



11. 



12. 



Exercises 10- 13a 



Prove the .following identities: 

1. tan 0 cos 0 = sin 0 

2. (1 cos 0)(1 + cos 0) = sin 2 0: 

3 * cos 0 _ r - sin 0 
# 1 + sin 0 = cos 0 

ii <-o^ a' • sin 2 0 ' 
tan 9 = U cos £ 6 - 

c > 2 : , 1 v ■ 

^ 2 v " 1 " sec 2x • 

CSC X 

6. 2 esc 2 0 = sec 0 esc : 0 

7. tan 0 sin 2/0 = .2 sin 2 0 

8% 1. - -2 sin 2 0 4 sin 4 0 = cos^.0 

9- 2 C °° 2 goa S 1 ^ 9 4 1 - 3 oos e 
10, sin 0 tan. 0 + cos 0 = 1 



1 

2 


2 

— + tan 


0 


cos 


0 




sin 21 


0 - sin 2 


0 


4 

cos 


©V sin 21 


0 


\ 1 - 


li 

• tan 0 




sec 2 . 


o 

0 CSC 


0 



COS '0 . 

2 



cos 0 



.2. *4 



1 J .. * Tl =s COS .0 



14. 



'15, tan x - tan y = sec^x sec y sln(x - y) 
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16, 


sin 4 0 = 4 sin .9 cos 0 


cos 2 0 


17. 


s in (cc. ) sin (a ) V= 


sin 2 a - sln 2 /& 


.18. 


cos (a ) cos(a -^J = 


■'■ 2 ~ 2 
cos a - sin . 


19. 


sin(a + / ^J+sin(a ) = 


<2sin a cos y& 


20. 


sin(cc+^) - siri(a -><#) 


= 2 cos a s in 


21. 


cos (a + cos (a 


= 2 COS OC COS/^ 


22. 


* cos (a +^ ) - cos. (a 


= -2 pin oc sin^ 


23 . . 


sin ; 0 ^ 0 
X I. +. cos o - zan .'2: 




24. 


3 sin; 9 - sin ; 3 V = 4 sin 3 9 



25. 



26. 

27/ 
28.. 

29. 



Prove that none of the following is an identity by counter 
example. See' Section 10-^7, . Problem 6. 

> (a) cos (a -/&)' = cos cc - cok^ . / 

(b) cos (a +/p). = cos a + cos/& v 

(c) sin(a = since ;- sin>^ ' 

(d) sin (a = sin a + sin^ , 

(e) cos 2a = 2 cos a % . : 

(f ) sin 2 a = 2 sin a 



_j||o = 1_ 
1 + cos 2 9 



- cos 2 9 
sin 2 0 - 



esc 9, ~ 1 
. " cot 9 



cot 9 
.esc 9 1 



' If/ A -f B + C = 180°, prove 
. (a) sin A = s'in(B + C) 1 
<b) cos A = -cos.(Bitt- C) 




* 4 



6 # 



/ 



Exercises 10-13b ; ; v « 



, Solve the following equations for !0 = 0 i 27T 



1 . 


r&"2 sin "9 -1 = 0. 




2. 


J Vcps 0-3=0, 




3 . 


3 #an 2 9 : '- 1 = 0 






.sin 2 9 ^ cos 2 9 + 1 = 


: 0V 


5-. 


2 eos 2 0 - VT cos 9 


= 0 




sec 2 0 - k sec 9 + 4 


= Q 


7- 


3 sec 0+2 = cos 0 , 






> 4 sin 3 0 .— . sin 9 = 0 




9. 


2 sin 2 9 - 5 sin/9 + 


2 = 0 


T A 

lUv 


2 sin 9 cos 9* + sin 9 = 0 


-L-L . 


esc 2 9 + 2 esc 9 


r 0 > 


,12. 


p, 

2 sin 9 + 3 cos 9 - 


3 = 0 


lo ... 


cos 2 9 =0 




.14. 


A tan 2 9 - 3 sec 2 9 = 


: 0 


15. 


cos 2 Q - sin 9 = 0 




16., 


1 _2.,c6s 2 9 + 2 cos 2 9 


= 1 


w7 


f-;.'ScS)s...2 9 +. 2 cos = 


1 




b- • « • ■ . 

Mjb£&?'. 9-2 t^n 9 = 0 






: , 2 

;;\;6iri 2 0 - cos 9 +./3 


2 

sin ; 


20., 


cos 2 9 - cos* 9 =. 0 





■4 



21. cos 2 9 cos 9 + sin ^2 9 sin 9=1 

22. . cos 2 9 - sin 2 9 = si in 9 

. . • • p ' ' ..' 

23 . . 2 sin 9 - 3 cos 0 - 3 .= 0 / ' 

24^ ' cos^ 9 = 1 + COs2 Q \ V 

-2 .... 

• . c [sec: 10-13] 
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26, : 
-27/ 
28. '.. 



cot 0 + 2 sin, 0 = esc 0 "\ 
[<ipB .0 + • sin 0 = 0.. 
^ sin 0 +' 4' cos 0 = 0 " ■■ ■ ' : ; 

Prove, that if k-ris any real number then the- equation 
sin x = k> cos x k has, a solution. 



•/ 29,.. 


tan 0=0 






V 30 


tt sin 0 = 20" V 


• 


vi:«io- 


• * 

14\ Miscellaneous 


; Exercises . ' 






Convert each of 


the following, to 


radians :' .'. ' 




. (a) 0° k 


(*) 


-ioo° 


■ ■ r 

» 


(b) go? 


. (i) 


-1000° 




(c) 60° . 


(J) 


. ' 12° 

• ' . ■ , ; 


• 


inn 0 > 


/l - \ 


9° • .'• £ 




.(e) 390 


• (/) 


i8o° ■ / W^M^ ^ 




(f)iooo 0 








■(g) ,i° ;.. 




* 




-Convert each of 


the following to 


degrees: 


•t '• ■ i * ' 


(a) 0 radians 


:>•'"'. (h) 


■■■ ^ », 
2 radians 


. . * ^ 
0 ■ 


• (b) -:- m ir radians 




-10 radians ' 




■ (c). E radians 


•' (J) 


radians . 


< 


' (d); £ radians. 




radians 




'': (e) IOtt radians 




•j^j radians 


<p* V. 


' (f ) :1 radian . 


: ' ' (m) 


90 radiahs 


• (g) -1 / radian 
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■ Angles are ' sometimes measured- in 'resolutions , whe>e .1- 
revolution is 2tt radians 'and/^lso 1 in.^mi^s whaVe' 3200. * 
pits is tt radians. Pdr.-each. of v -these ^units/ find the- ^ 
radius of a circle 'for which a unit angle corresponds vto a 
unit distance on the circumference? V • 0 4 V 

Using., the definitions;- in Probl.em ,3,,vCpnvept: • • ■ 

.(a) lb',Opo mils t^o : rev'olytionS : \ r ; - \v ' 

(b) ,,lp8 /degrees to mils, .'• ' v * '■■ ' V ^j^* 

(c ) , 10,dop mils to degrees ; ;\ * ■ '-'ff-.^ ' : ' r V ■ 

(d) \ 168 .degrees to revolutions^ ■ " ' "V 

(e) . 10,000 decrees to mils'- ■:/*/' ;"; . . : 

(f ) • .8 revolutions to degrees- * . : / .. 

(g ) 80" degrees to revolutions " * 

(h) \8 radians to* fiegrees . ;'■ ; - * 

(i) $0..miis v to radians .» \ '■ .. -- : 

f j ) 800 m|ls to revolutions ' ' ■ - 

Find. sin 9, cos 9 and '..tan* 9 if ,the^ terminal side of r 9,. 

■ in. its. standard posit ion, goes, through the, .given 'point-. 

^af (-3,4.); ' : , : : ~ ' V \d) ] (-3,-2) . V, ■ . ';. ! '. V 
(bf ; (-2,0) ' . ; * - (.e). (3, 7 5) ~ - . ; 

(?) ■ (2,5) - * : - -./";• / . ^ - : v 

Sketch in standard position ^alj the angles- between - 0°** arid 
"3.6TO • which satisfy the following conditions , and give^. 
values ;of the other f^nctions^ of these /angles . 

(a) - sin;9 -= ' ..." »V" ( c ) tan 9 - -| - • \ 

(b) ; cos. 9 = r |: . ^, i ' ' : *" > 
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Express the following as functions of positive' acute'-^ngle§ * "* 




,(a) cos 17.0° 

(b) sin 160° ' 

(c) cos (-130°) 

(d) sin '6hT)° .' 
tan (-45°) 



(f ) cos 305 & 
' .■(g ). cos ( -100 ) 



(h) 



Sin 7T 



w and 



angles)* find : 
<a.) sm( a -f^ ) 

(b) ' sln( a ) . 

(c) cos( a + /S ) 



(i) C6fi. - ^ 7T 

( j ) tan «j ir 
sin^ = ( oc arid^ 7 each are acute 



(d) cos ( a -/^ ) 
' (e) sin 2 a 
• ?? (f ) cos 2^ ... 
Find- the value bf the following: s 

(a) -._slH 90°. + cos, 120° + tan 225° + cos l80° : 

(b) sin 30 cos 150 - sin 60 qos 45 

jp ■* 

(c) sin 330° tan 135° - sin 2^5° cos 300° tan l8o°- 

\ .... . ' ■ ■ ' 

Sol'v.e the; following triangles .for $he indicated parts. Given: 



(a) 
(b) 
(c) 

(e) 

"(o; 

(g) 

(h) 

ti) 
CO 



a 

a 

c 

c- 

a 

b 

(X 



3, 
5, 
16 

5 
20, 



— r 

= .5# 



60 c 



b - 15, 



a = 
a^ = 



12 > 
21, 



b 
b 

oc 
b 
a 

I c' 
b 
b. 



= 2, 
= 6, 
= 84°, 

= 2ir'" 

= 75°, 



fr 6o°, 

c = 7, 

/V 54° y " 

a = 6, 
^= >3°35' ,. 



find c.. 
find . 
find a. 
find ■ 'bi; 
find c . 



■ 7 



^ = 30°, $f . find c 



and a . 




find . 
find Area. 

fiSiy.' . ..; 
Tind AreW. 
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11. • Prove that tan(.-e) = - tan © * 

• .'• :• : • •• ■ ■ 

mg. . .. : . . - 

12. cps(^ - 0) .= sin 0 / 

13. 3in(27r - 0) =^sin 0 

14. cos' 0- cos 2 0 - sin 0 sin* 2 0 = cos 3 0 

15. ; C9S »2 0 cos Gf + sin 2 0 sin 0 = cos 0 

16. 2 COS 2 «| - COS 0 ' = 1 v: 



» 



17. v 2 oin 0 ••+ sin 2 0 = 



" 2 sin" 9 



cos 0 



18.* (cos Q^s, sin 0) 2 = 1 - sin 2 0 

19 sin 2 0 cos 2 ft = 1 • cos 2 2 9 /. 7 . 4 

-cos 2 0 : 2 f = 1 ; 

V-? '■ > . . " 4 -sln^ 0 * 9 . '. ' 

.21. cofa'x .+ sirt x = ** cos .^x : - 

cos^ x - .sin x . . 

• - . ^ v ; . * M , ■ • ■ . ' 

r . Find : al,l primary, angles wh^tfh are solutions of the •fallowing 
equations.; y ' 



22. sin x - tan x,= 0 . . 

2 ' ■ ' ■ * - ■ ■ ■ 

23 . 1 - sin x - cos 'X * 



V 



24. cos.xf ^" l os x 

? sin 2:0 -. sin 0 = 0 . 

26. cos 2 0 = '2 - 2 cos 2 ^ 

"• • \ • > a _ ' ■ 

27. cos -3 0 - cos 0 = 0 . /• . 

28/ \ 2 cos 2 2 0 ->2,sin 2; 2*0 = 1 * . , \ \. 

29. * '2 cos 2 '0 t sin' .0 -1 = .0. t - ' ■, & "■ . * 

~ n ' 1 - cos 0 . Q - . . . . " 

'31;/ cot 2 'Q + esc 0 = 1- ••<'' , 
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Let, a and b be *any non-zero real numbers and let 0 be 

* v. 

any angle, prove that there 1g an angle a /such that ' 
* • 

a cos- 0 + b sin* 0 = *J a 2 + b^ cos(0 -*cc ) • ' 

In a triangle, one angle. is . 36° and another is' radians. 
Find the third angle in radians . 

Through how many radians does the minute hand of * a clock 
revolve in- 4,0 /minutes . . . . ° 

Find the .tt^^; angles of a triangle *' ABC, given a = .-200, 
* b'= 300, = 400. 

■ l t> \ ■:, . • * . ' 

-Find the remaining parts of the triangle ABQv ■ given 

b = 128, c ^ 145 and/c? \=/21°. * .-' 

i - ■ . 

A, man. standing 152 feet from the foot of a f lagpole., ■ which is 

on his eye level, observes that the angle of elevation of the 

top of the flagpole is 48°.. Find the; height 'of the, pol4*. . 

Two points A and B are on the- £ank o£ a river .are 40 

feet apart.. A point C across the rivfer : is located so-'yv 

that angle CAB is '70° and. angle' AQB . is . How' wi&e' 

is ' the river? s • ■ 

% ■ " ^ 

The adjacent' sides of., a. parallelogram are r 20 and". 

respectively, while: the shorter' diagonal is ■ 17 inches . What 

is the length of ^the longer diagonal . ■ 

.A flagstaff known to be 20 feet high stands on top of a 
building-. An observer across the street observes^ that the 
angle <>f;. ele^pi0'^f r the .bottom • of "the flagstaff is 69° ■■ 
and .that the ' ati&ii^^^ the tap of the flag is ■ 

76°. Find tfrg heYght of. the building. ' K " \ '.. ' ' * 

AB is a towei^rhich- stands on a vertical" cliff "§C. V At a * 
PQjL.nt P 31Q.®eet £rom the foot of .the cliff, the angle, of • 
Elevation of /Jff ■ is . 21° ,afid trie ' angle of elevation- of aV* 
is 35°.' Fin^he hQight of the, tower . * 





Chapter 11 ' ^ 

x THE SYSTEM OP VECTQR$ ' 

•a > ' - "..j : • '• *' 

^11-1, Directed Line Segments . " ' ' V, ■ 

'It Is assumed Ih this chapter that you are familiar with v 
plane geometry. We revlew^some of the symbols of* geometry. ,AB 
means the line which contains the distinct points A and B'. 
AB means the ray tfnos£ vertex J.s» A and which alsp< 
contains the point **B . |AB| jneans the distance 
(and frpm B ta A), ft Is a positive real number 

are distinct /it.is zero If A and B are the sameM 

j- - 

We need one further Ides^ which Is not ordinarily 
geometry—that of parallel' rays. Raya^are said to be 
they lie on lines which are feather parallel or colnclder 
they are similarly sensed. Figure 11-la shows typical It^f^fS^^ 
of rays which are parallel *p$t& of rays wh£ch are nqt/-^^l^^^f\^ 
and Is supposed to take the place of a fdrraal deflhltitfni. ffi- 




A 

T 



B 



A B 



C D. 



B 



rays AB a pd CD are 



A 



A B : I> 




Pig. 11-. 




AB 



.•V- 

CD aire not 1 1 



4* 

■ • :i 



f C"? 



>••{••••" 
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T)eiln%tlon-^X^^ : A line segment is . said to be a directed 



lne? - segment if one of its endpoints is designated: as its' Initial,^, 
t and the other, endpo.intj is designated as its terminal -point ; ' 




use ■- trmj symbol 

" : directed iitt^se^ehts 
w-rfehat .their lepfcth^ ,are 
/'•GDVare paralie 
■ f arid*: CD r ;* aire e4yi>felfen^ 

• • ; ^ .Nqtfe:-, Wes £.9^^^ be both initial 

.* ancj terminal poiiftt of the »iamfc. directed line segment and we 
consider thafr; a]$. s^uch ^treated ;-liri6:; segments are. .equivalent 
one another. ' ■ /■ 



to denote the directed line segment whoise • 
d. : whose terininal point is B. . We say tha^ a 
AB ; 3nd; CD are equivalent if ,jt is' ti*ue^, ^ 
e s ame . and ^a 1 so that, the rays / and >% ! ^ , 
We write; AB i CP ; to dendte /the Tact that fliT V 



to 




-lb/\shows some pairs of equivalent- directed line ^Igmen^s. 
It uses; thqj&^^ of a segment which has . an . 

; arrow is th?F tjsrjninal point of ! the segment. Notice that if A, J; 
,'C, D are hot c^ ± .CD if and on^y-if ABDC jis a 

parallelogram. We need :the fact that if AB is any directed line, 
s^gnient-and if C is : any- point, -then there is one and only one 
point D such that/\AB v ^CD We dp not> prove this- fact/ but ' 
.. assume that 4jt is !kn<^ri**^f roin the study of geometry. " . ;}[ 



4 
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■' Pef inlt iofe^a 4i ^. JL^^B •;, and ; CD $$&ny . two directed ■line; 
■ .' segments ^AB CD we^ iriean • the dli^cted -.line . 

^^gjBiex^'\ AX*,. • ^^v^^\%s tb| ui)iqiie^point ,siichHha£ : ' *BX £ : . > 
; ^Wev : pall the ppe^ation \Vh2ch assigns their sum to each pair of " r : ' 
•.d^-reoted line.^.e^ents-^fie addition operation; for -directed line ■ 
s^mehts , Figu%£^^ sums of' directed" line segments > 



1 




. ■ v-syv' ■• T • 
y ..•:■•*» !■_'„ -y ■'■ gS&f ,.v 

j ■' ac J-^^^ttK «y J§f 




AX = AB + CD 





AB =\AB + CD 




pig; ii-i-c 



Directed lirte segments; can be added and, multiplied t by real 
numb.e^ i# J a useful way . We give the formal definition of these, 
operation's here. Their prQpertie£>|^e studied and applied through- 
. qut the> rest of the chapter. c * • * 

, 'Definition: Let AB be any directed line segment and^let- r 
be<&riy -real number. Then the product rAB_- is .the^directed line. 
Segment AX , where X is determined as follows : 
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(1) If r > 0 , then X is on the ray . AB and 

(2) . If r < 0 , then . .X is on the ray opposite^ 

| AX | » - r| AB|. 

(3) If \r « p then X = A "V.- . 

(4) If . B =* A /then X = A / J 

Figure 11-ld shows, some t ypical - pro ducts . '/ 




E AD B 



"0 AB* 




AA 


1 AB 




If 


2 AB 




AC 


\ AB 




AD 


-1 ab 




AE 


-2 AB 




AF 


Fig. 


11-ld 



A 



It ^ useful to know that if equivalent directed ^line s£g- . 
ments are added to equivalent directed line segments the sums are 
equivalent, and that if equivalent directed line segments are 
multiplied by the same number the products 'are equivalent. *We 
now state these facts formally as, theorems and iliustrat^8i%henj| 



Theorem 11-la ; If AB' = 'CD ^nd if PQ = RS then 

AB + PQ m CD + RS . .% 




AX- r AB + :-PQ CY = CD + RS 

\ *' / •• AX i CY* 

/ Fig. 11-le / 

Figure 11-le shows a typical instance of this theorem. It is 
equivalen^to the fact that ifv^DC is a "parallelogram and if 
XYDB is a parallelogram, then AXYC is a parallelogram. This 
is a special case of a famous theorem of geometry known as 
Desargues^ Theorem. 

Theorem ll-lb :' J If AB = CD anci if r ' is any real number, 
then rAB = rCD . 

' ':• • . _- ¥ . .-.;>- ■ ; 

' .. .. . D - ... -\ !; ■ ■ .\ 



B 



AX » rAB; CY - rCD; AX • CY 



5 
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Figure II -If Illustrates a case in which A, B, C, D are not 
collinear. It also illustrates the geometric version of the 



statement, that- if ABDC is a" parallelogram and If AX = CY 
then AXYC • is a parallelogram/. * 



/> 



/ ■ Exercises 11-1 ^ 

1. A and B are distinct points-. List all the directed line, 
se&jj£rT?s^ they determine . ' - . . ^ . 

2. A, B and C are, distinct points. List all the directed line 
segments they determine. 

3. A, B, C and D are vertices of a parallelogram. List all 
the directed line Segments they determine, and Indicate which 
pairs are equivalent . a / — : 7 B 




In triangle ABC 

(a-)* AB .+ BC = ? 
(bjl $A + ? = BC 
(c>" ? + BA, = BC . 

(d)o ? + ab:^ AA' . 

(e;)" "(AB + BC ) .+ "CA - ? 
(f ) BA + (AC + CB) = ? - * . 
.(g). ? + AC = CB . . v. 

A, B and X are collinear points 




Find r such that 



AX 



rAB 



and s such that 



BX s sBA : , 



.635 



if ; 










-v 








(a) 


X 


is 


the midpoint; of segmVnt AB 








'«• ; 


(b) 


B 


is 


the midpoln^gy segment ~AX 


• 




: / 


c ' 


(c) 


A 


is 


themidpo.int ;9f -segment BX 






J 




U) 


x 


is 


twolthirds of -.the way from 


'A • 


to 


B ... 




(e) 


B 


is 


two-thirds of the way from 


A 


to 


x : 




(f) 


A" 


'is 


two-thirds o'f the way from 


B 


to 


x : : 


6. 


- In 


triangle ABG X is the midpoint 


of. 


.AC 


and 



Y is the 



midpoint of segment BX 

(a) BX = BA + ?AC ', ('' 

(b) BX .«' ?BY ; 

(c) BX = .BC V? . - 

(d) BX . BC + \ ? 

(e) - BY = ?BX . 

(f ) BY = ?(BA + AX).. 

(g) BC = ?BY + XC . 




11-2. Applications to. Geometry . ^ • s 

It. is possible to use directed line segments to* prove 
theorems of . geometry. These proofs are based on,, algebraic 
properties 'of directed l,irte. segments. They are quite different 
from proofs usually given in geometry which appeal; to such matters' 
as congruent triangles "and the like. * 

We state and ^llusti*ate the necessary algebraic properties' of 
directed line segments here. Wd. prove these statements ifi 
Section,, 11-3. 

I. Commutative Law : 

, • . AB + ' CD a. CD „+ AB' 
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Figure ll-2a shows an instance^ of the- commutative law for 
addition in which the directed line^segments A3 and CD have 
a corrtmon initial paint, . 




1* ;■■ 



AB + CD = CD + AB = AX 



Pig. 11- 2a 



II. Associative Law: 



^ ' AB (CD + EF) = (AB + CD) + EP .. , 

- Figure ll-2b sh6^ ^sums AB + (CD 4- EF) in which B and C 
are the- same and D . and E are the same. * 



D = E 



B«C 




'AB + (CD +' Ef ) '= (AB + CD^ + EI 



AF 



Fig ,#1- 2b 

..••,4' ; 



III. • Existence of Zeifc'* Elements , 



Every directed l l lne. segment of the type AA is a -zero 
• dlement because " PQ + AA. k - PQ . ... '- , *'•' 



[.see. 11-2] 



J.v: 



TV. Existence of Additive Inverses .. 

BA Is the additive inverse of AB , because AB ± BA 

< .■■ * . V, . 

We use a minus sign to denote the additive Inverse. of a 

directed line segment , AB. , and write - AB for 23A . Wd write 

PQ - AB for PQ+.BA . ; . r . -'■ . .'\ 

This 'operation of subtraction illustrated in Figure 11- 

■ _ _ _ ; '. :. - c ' 

AC - AB + BC. .. 
AC* - AB^= BC - 
AC + BA =1C ••'* 
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V. The Associative Law, 
r(sAB) =■ (rs)ABs . 



A 



; - AB) = - ;|.(AC) a AD 

■ *■ *■ 
(- "I*. 4)AB = - 2AB = AD" 



I 



Pig. 11 -2d 



1 



■ 



\ Figure 11- 2d sffcows *n instance ,of the^associatlve . law. in, 
which r * - i , * s » 4 . . . 1 . . * 
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Vly Ihe Distributive Laws: 



r(AB + CD) « rAB + rCD, 
ff)AB = rAB + sA3 . 



AQ, : '=i :^AB, QP C 4CD,' , AP = 4 AD 



. ;* AP it AQ + QP .;' 
;,4(A§ '+ CD) = 4AB' + 4 CD 



v 



" c 




' 'AD,* AC - DC 
' 2AB* = AC + CD 



(4 + \(-2))AB ^ IfAB + (-2)AB 

if! '- "t " 



Pig.. 11- 2e 



1 - 



; Figure 11-Se illustrates the- distributive laws for 



."Tfte; combined effe^J^f^li thes<| laws can be summed' tip . > 
brief ly^as follows: V .^'^l- . : ■■' r ■ * ' v * 

. *' , : " Directed J'llpe segmept& : obey' the * 1 

... > .-;' / - familiar, r^ie* of Algebra.' with * 
*|!k->;- ' ' ^ • respect to addition, subtraction, / ? _ 

and "multiplication by- real, numbers/ * '" & V 

•We now show how this algebra^ of directed line segment^ can £e' 
■r applied .&> -proving theorems of geometry/ . ; /VI 

: «■ • .. , J .-. , - ' • . *. * fi - % • 



• v " • * ' ' ' ' ~ 639 

Example 11- 2a : Show th^t the midpoints of the sides of^ any 
quadrilateral a:re vertices of a parallelogram. ^ 

\ ■ • 

Proof ; Let. ABCD be the quadrilateral (see figure ll-2f) 




Pig. 11- 2f 



and let X, Y, 2, T be the midpoints of its 'sides "as indicated, 

It is ^suf ficient to show that XY = TZ since this' implies both 

that C XY || TZ and that |XY| = |TZ| . \ 

We have ■ 



and 



XY = ^AB + -^C 



Since DC = DA + AB + BC , we also have 

TZ = 75AD + ^(DA + AB +. BC ) 

= ^Ap V 75AD + 75AB + -|bC 

'* = 75AB + 75PC . * 

**" . 
This show^that XY = ,TZ . \ / % 



■ 4 £xamp!6 11- 2b: Prove that the diagonals of a' parallelogram 
bisect each other, «. 



Solution : Let ABCD be vhe paral^log^affi (see Figure ll-2g) 



\ 




• - Pig. ,11-28 , J-'^ ' . 

Then the midpoint of AC is the" endpoint of ^ABct- ^C) . The 

midpoint of is .the endpo^nt of AB + ^{BA + AD) which equals 

AB - ^AB +^AD or ^AB + -|ad . We show thajb this is the same as e 

^AB + .«^BC . Since ABCD is a parallelogram * AD ^ BC , so the 

aast sum is certainly equivalent to -^AB + $£Cr . We conclude that 

these directed line segments are the same by noticing that in • \ 
addition to being equivalent they also hav^ the same initial pqifit, 



Example 11- 2c ; Prove that tlje medians of a triangle meet in 
a point which trisects. each of them. 



Solution : £et ABC be the triangle. (See Figure 11- ai. ) 




11- 2h 



Let X, Y, Z be\th"e midpoints of its sides. Aen, £n"e point two- 
thirds the. way from A $o X is the endpoint of .-|(AB + -^BC)^.. 




/the point two-thircte^the way f rom B 7 to Y is the endpoint of 
, £B'+ f (ba + ^acK . , / 

The point two-thirds the way from C to - Z is the endpoint of 
AC + |(CA + ^AB) . 

Ke .show that these three directeoT~Tine' segments are one and the 
same. We use the Sfact that BC* =» BA + Ac" . 4 



Then the f irstl is equal to 



|(AB + ^A + ^AC) 
whi^h is equal to ' . ^(AB' „?.|ab + -|ac) 



) 



r.' 



^AB +"-gAC . T ' V ' 

The second is equal to /JHS^-. ^KB- + -^AC, 'which also equals 



The third is 




^AB y'^AC 



-jAC +W^B which also ^quals ; 



|AC .+ ^AB 



i Example jll-2d r ' Prove that the line which Joins one vertex of - 
a, parallelogram to. the midpoint of art opposite side 'is trisected 
by' a diagonal. . Prove' also that' if -.tjrisects tils diagonal , : 



Solution : Let ABCD^TTe thfe parallelogram (se.e Figure 11- 2i) 
Let A be the given vertex and let' X ,be the midpoint of CD . 



\ 
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We are to show that thef-^fw 

is •the' same as the point* £tf 

"•if... , • /' % v 

vThre first point is the et 




^-thirds- of the way from A Jbo X 
ds.of the way from to B ^ 



or , r 



int of 



jTfte sepond point Is; the encjpoint of 

! " V : ■ . " ' ' • ^ ' o — a* — ■ 

AD + 4(DA> AB) , 



\ 



This latter equala 



Afikc- /§AD' + |AB 



or 



- -*AD' + ttAB . 



t^€ 



. Since. -AD is equivalent to' ,BC we see- that these two— : 
directed line segments "are equivalent; that they are in fact the 
sam£- follows . from the additional • fagt that.th.ey have. t*he same, 
initial point. ' > 



Exerciles 11-2 



1 .« if &B(&£> /'lis a parallelogram, express ' DB s 
(a) jtft t^rms o T f DC and DA 





[p)f ift\terms oK DC and GB • 
jc ) in terms of \ AB J and BC ■ . 
Jd) in- terms o£ AB and AD 
(e) iff^terms of BA and BCfQ 
2^ If A arid B are distinct points, "identify the set of all 
terminal points of the directed line segments of the f orm : 
t AB for v/hlbh / : ** 

" (a) t ,> 0 . ^ " (c) 



y.o < t < i. ,. 



G4)i 



ir< t < l . 



If -A, B,; C are non-cotiinear points, find the set of all 
terminal points of directed line segments of th6 form 

' ■ w * \T'Ap + s AC - r 

for which . • » ; > '-»^ % 

(a) *r'= p ~, s~"arbltrary. 

(b) . s r arbitrary. 
4c) 0 < r < 1 , s; arbitrary. 

r arbitrary 
0 <f < 



y o < s < i 
1 ~ 



(d) 

(e) 0£r<l 
(?) r ^1 , s 

(g)(N s 
*(h)- 

*(D . 

* ( «J ) 

♦ (to) 
*(1). 



r 9 



/i 



arbitrary, 
arbitrary. 



, - s = J. 

3 = 1 



"5 + "J 

6r +■ fs = 8 



are real.rtumber& and 



ar *+ bs +^ c^='0, *whei£e^ a;, Jd, £ 
-where npt^both £ and' b/ are zei^b. ;i " ^ 
Show by a'n ex&mpl^ that^ subtraction of directed - line segments 
^(a) is not cdntoiutatd^e. V \, ■■ " « * . 

(b) is ^jiot associative^ . „ 4 

In the. following figurV 



4 



4 




ABCJVEOGB, arfd HDFO are each parallelograms . Prove that* 
their r^pective.diagonals AC, EG, HP, e^Wded jrf necessary 
in' a single point X- . '"■ ^ 
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6. AB^D ^is a parallelogram and P; Q, R, S are the midpoints of 
the sides. " 




7.. 



For each o^the follov/ing directed line segments, find ap 
equivalent directed line segment of the form r- OQ + s OP . 

(a) OET _ - , (e) DB 

(b) OC • ; (f) 

(c) OD^ • .(g) CA / 
(aQ OA ; (h) "BD 

Show thfat the four diagonals of a parallelepiped bisect one 
another. 



11-3* • Vectors and Scalar s j Component's . 

> ~ ■ - :> V 

Directed linp segments acquire new properties when -algebraic 

operations ^re defined fo^'them, so it is proper to give;. them a 

new name. v^Real^gymbers 'also acquire new properties when they 

multiply directed ,line segments, so it is proper to rename them 

also. Prom now on we shall call a directed -line segment a vector . 

>We sh^ll call a real number a scalar if and when it^ multiplies a ° 

vector. This is a refinement which is not absolutely necessaity 

fo? logical thinking, but* it^helps . v 

We are going to discuss equivalence of vectors, addition of 
vectors^ and multiplication of ' vectors by scalars in terms of 
coordinates. The following theorem is the basic tool in this , 
discussion . 



t 
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Theorem ll-3a i Let A, B, C, ,D have respective coordinates 
(a 1 *a 2 X,;(b 1 ,b 2 ), (c-^Cg), (a 1 ,& 2 ).' Then 



AB = CD 



if and only if 



^1 " a l = ^1 " °1 ^2 " a 2 ~ ^2 r °2 ' 



Proof; Figure ll-3a illustrates Theorem ll-'3a.. 
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AB = CD 



2' - 1 = 4 - 3 

J - 2 - 2f - 1 Plg - 1 ?-- 3a - 



_ AB ^ CD 

4 - 2 / 4 - 1 



We give only a few indications of its proof. 

If bj^ - aj, » d^ - and 'if b 2 - a 2 = d 2 - c 2 



then 



and 



(b 1 - a x ) 2 + (b 2 - a 2 ) 2 =5 '(d 1 - Cl ) 2 + (d 2 - c' 2 ) 2 



b 2 - a 2 
b l - a l 



d 2 - c 2 
b 2 - a 2 



provided that 



- a 1 4 0 and b 2 - a g + 0 
[sec, 11-3] 
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We conclude that | AB | -« |CD| an<3 that, AB | | ^CD . This 
makes plausible the fact that If the given- equations hoid'then. 
AB i CD . It doesn't completely prove this (we need AB || C^) 
and # it doesn't contribute at all to the proof of the converse. : 

* Corollary; If OP is' 'the vector equivalent to AB , where 
0 is the origin, then P, has coordinates (b, - a, , b« - a„) 

, . Definition 11- 3a ; If * A is the point (a a ,a 2 ) and *B is * 
•the .point ^b^bg), we, call, the number b.,- - a.^ the x- component 
of AB , the number b 2 - a p " ' the - y- component of ^^flB . 

In most discussions 4>f vectors the initial and terminal ^points 
of the '.vectoPr^e not as Important aX^ their x and y-components . 
We* shall therefore often specify a vector by giving its, x and y 
component. We use square brackets [,] : to do this; [p,q] means*, 
any vector whose x r component is p and whose * y-component is 'q 
We shall sometimes ' denote vectors by single letters, with an arrow, 
above., like A ^ when "the specific, endpoints are not important . 
We also wr^t.e A = B to assert that two vectors are equivalent. 
The equal sign should properly connect not -the vectors themselves / 
but their components. Thus Theorem 11- 3a carube restated^as 
.follows: 



If X is . "fx 1 ,x 2 ] and Y is [y 1 /y 2 ] the« 



p X a Y 



if and only if 



■j^ and x 2 = «y, 



We use the symbol |X|] to'denote the length L of X . We'have 



|[x 1 ,x 2 ]| 



+ x^ •« « 
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- • We -turn now to the addition and multiplication operations for 
vectors, show how they can be effected in terras of component arid 
prove the basic algebraic laws stated for them in Section 11-2/ 



Theorem 11- 3b 3, If X is [x^x^ and if Y is [y ,y ] 
then Y is [(x 1 \y 1 ), (x 2 + y 2 )]. 



Proof ; By definition of addition for vectors (see 
Fifldre ll-3b). z_C y,, x z +, y 2 ) 

1 • y 



x (x,,x 2 ). 




■ \. ■ . Pig. M-3b. 

OZ is OX + OY if an<4 only if XZ ~» OY According to * 
Theorem ll-3a^, t^is will be so if and^only if the point < Z is 

+ , x 2 + y 2 ) . . it follows that the* components- of X + Y 
are x ± + y ± and x 2 + y 2 ; 



Corollary : Addition of vectors is commutative. 



Corollary ; Addition of vectors is 'associative . 
\: C (X + Y) + + t) . 
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Corollary ; There. Is a zero vector [0,0] . ff 

Corollary ; Every vector X has an additive Inverse - if . 
If X is [x^xgj^, then - X Is [-x^'-Xg] . 

Theorem ll-3c ; If X* is [x^,x 2 ] / then rX is [rx^rx^ 

* t . ' ' ' * 

g£2S£ : Let Y' .be the point (rx-^rxg) (see Figure ll-3c). 

S 



ylrXpDg 



Jj(x,,x 2 ) 



0 



— Vi' 



•<\ 0 
* Pig. /II- 3c 



Then 

Y 



|0Y| -v^) 8 * (rx 2 ) 2 = |r|V* 1 2 + x/ 



' = M. I OX I . 

Also 0, X, Y are collinear, since they^ace on the line whose 
equation is XgX - x^V 0 . We must show that the ray 03? is 

parallel to the ray * 0Y\ to complete our proof . We omit this 
part of the proof. 

• Corollary ; Multiplication byl scalars is associative, 



r(sX) = (rs )X 



9 
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6^9. 



laws, 



Corollary : Multiplication by scalars obeys the distributive 

. "r(x[ + "Y) = rOC + rY* . ^ 

(r + s j^"= rlt+ rX*" .. 



Corollary :\ (-l)X = -X . 

Corollary : If ~X is Ifx^x^ and if % ~Y is [y^y^ then 
rX + sY is [rx x + sy^ , rx^.+ sy 2 ] . '>.■■'*■■ 

Definition 11- 3b ; Non zero vectors lT and ~Y are said to 
be parallel if and only if the directed line segments OX and OY 
equivalent 'tc them are collinear. 



n 
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Theorem 11- 3d ; Non zero vectors X and are parallel if 
and only if . 

• + ^ T= rX 



for some non-zero real number r . 



Proof; Let X be [x^x^ and^-Y be [yy f yglT let X be 
the point (x 1 ,x 2 ) and Y be the point (y£,y 2 ) .. 
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Then OX « X , ' OY> A yj . Then X \ | V and only if 0, X and 
V -are colllnear. But- . - •'.*'.» ' • 

I',-'...:- OX = r OY . 



if and only i£ 



if- 



= ry 



x~ = 



- J l 



ry' 2 



which holds if. and only if "b, ' X, Y are colllnear. 
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X not paraiJLel to. ~T 
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< Theorem li-3e : Lit X and "y* 1 be any pai^ of non-zero i 

----- *" i 

Z = rX + sY . 



non- 



parallel vectors; Tften for each vector Z therej are numbers r 
and s > such that 

v " • ■ ' 



<j£esf: Let X, Y, Z ^ be ; [x^Xg] , [y^] Cl^z^), . We 
are to show that thef equations for r . s • " 



.^i/ rx i + s yi 



• z 2"= rx 2 + s ^2 
. ' '[sec. 11-3] . 



haVe a unique solution (r,d) . Since X is n&t parallel to Y , 
it follows from Theorem ll-3d that 

' '. ' x l y 2 " y l x 2.^ 0 ■ " * • 

Our conclusion now foll^?^^Trom *the result of jch^pter 7, Section 
on ty\e existence and uniqueness- of solution, of 'equations . 
' '\- . _ ' _^ ^ ■ . • ^ . ■ >./ 

Corollary ; If - rX + sY =. 0 (where 0 is a zero vector) 
then r = s = 0 . 

Definition ll-3c ; ft Any two non-zero, non-parallel vectors in 
the plane are said to be a bagfe for all the vectors oY the plane. 

. .." <■ i . * 
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Figure ll-3e shows two base vectors ^OC and Y - and vectors 
OZ and OT expressed. in the* f orm rX + sY . 

* v [i*Q] and [0,1] fonn a basewhich is frequently used. 
The vector [1,0] is denoted by i and the vectiot^ [0,1] is . \ 

denoted by j . ■ ■ * \ 

^ * 

Theorem ll-3f : X » ai + bj • if and onl^ if. .X is [a,b ; ] 
and (a,b) is the- point P for which ■ " * 

"X m OP . 

Proof ;' If X is [a,.b] , then, since ^ / 

v [a,b] - a[lX>.] + b[0,l] ... 

it 'follows that - % 

' X* = al + bj . 
If 3t = ai* + bj , then * 
"x*=i a[l,0] + b[0,l] = [a,b] . 

\4 





y 














j 


' e 1 1 


~X = 3?+2]V 






i 0,0) 


1 1 V 

(3,0) 


X 
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Figure ll-3f shows an example of a vector X expressed as 
sum 3i + 2J . 
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Exercises 11-3 . V\ 



If A; B and C are respectively (1,2), (4,3), (6,1) find 
X so that *° . ■ 

(a) • AB s CX . ' ■ '\ "'<»,.'.''" 

. (b) AX i CB . 

(c) XA - CB . 

(d) *'xa;= bc • '■■ ~~ ' 

Sapfe as Problem 1, if A, B, C are respectively (-1, 2)., (4,-3)/ 



(-6,-1). 

> 

Find the components of ', • . . ' £• 

(a) .[3,2] + [4,1] . V 



[3,-2] + [-4,1] 




frl,3] . .. _ 
Determine x andY y so that /• y r 

(a) x[3,-l] + y[3,l] = [5,6] 

(b) x[3,2] + y[2,3] = [1,2] 

(c) x[3,2] + y[-2,3] = [5,6] . \ . 

(£) x[3,2] + y[6,4] m [-3,-2] (Infinitely many solutions )>. 

Determine a and b so that V 

(a) [3,1] = al + bj\ ' . 

•(b) Jl,-3] - a? + bj* . 

("e.jT 1^= a[«-3,l] +• b[l,-3] , , .' 

(d) ~f= a[-3,l] + b[l,-3] . ^ ^ 

Determine a and b so that 31* - 2 J* = a(3i* + 4j) + b(4i + 3j") 
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^)ur algebra of vectors doe& not yet laclude multiplication* o£ 
£phe vector" by another,. We no!? define such a product i<" a ^ * J ^ 

We ifirst 'say%rthat we mean by ^th6 tfhgle' between-* two vectors 
X land Y which do»not necessarily have & common Initial 'point .' 



^Definition ll-4a; ^Let "x" and it 



1 , V ; : v\, /\ 
be any non T zero vectors 



end Let. OX and DY 1 be vectors whose initial point is the origin 

. * . « t: — ^ f ^ ■ — * a 

0 *and. which are equivalent .respectively to. X. &jid Y . TJien by 

the angl«* between X- arid Y we mean the aftgl^ between OX and 



Definition ll-4b 



inner product of X 



Let 
and ~Y 
r 



X -and Y , be*any vectors'. 
J.S the real nunftfe^« 

|X| |Y| cos 0 



Th-en the 



where |X|is the length of X , |Y| is ,-thp length of Y and 6 is : 
the angle between X and 1f . (if . X or Y \is a zero ^vector 
then a is not defined . We interpret the definitions to mean 
that the inner product is zero, in this case.) 

The inner product has important properties. Before we 

investigate these properties of the inner product we 'relate t^e 

inner product to a. familiar mathematical. reLation-^-ths law of 

" cosines . 1 ' * 

> ■ , _^ . _^ . • 

If our given vectors X and Y are no*; parallel they / 
determine a triangle OXY , where 0 is the origin and where' 'X 
and Y a are endpoints of the vectors r OX arid OY respectively 
equivalent* to ^x" and Y . We can find'at least one earlier 
appearance of the inner product by applying the law of cosines to 
the' triangle . It asserts (Figur^\ll-4a ) j , : 
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|*Y|* 2 = |0X| 2 + |0Y| 2 V 2|0X| . |0Y| cos 6 
*•' so that - •■ T ' : • ' ' • , 

/ . • ' > |m| -Jot! cos e = |ox| 2 + |oy| 2 - l^t 2 . - 

Thusvthe expression we have called the "inner prqcLuct" is 
suggested by the law of cosines. 

- 5 We sometimes denote this product by the symbols X • Y' 
(read^x"* dot Y") ,atfd sometimes call it the ''dot product." 

/ Usually, in algebra, a multiplication operation for a set of 

objects as&igns a member "of this set to\each pair of its nfembers. 
The 'inner product is not an 'operation of this type. It does no^ 
assign a vector to a pair'of vectors but rather it . assigns & 
real number to each pair of .vectors. 
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Example . il-^a ; Evaluate X . Y '-If / [*j |' =». 2 , |Y|, = '3. and/ 

'(a) e = o , (b) (9V.45 0 V"tc).e = 90 0 , (a) e = 180° . — "' " 

Solution:', . ' , ■ A* - * 

^ ;(i),X 2T .,3 cos P Q 2 . 3 • 1 = 6 • r " V 

> * % - (b ) ~X • 1? = , 2 3 cos 4'5° = 2 • 3 • = 3*/~2 ' *\ 
•(ef),'*j?-. y"a= 2..*3 cos 90° = 2 3' • 0 = 0' 

.«';• , . (d^' . y"^ 2 • 4 cos^l6|0 0 = 2 . 3 . (-1) = \6 - * 

»"**•.••■•«•**•.• . * 

" *Rie' inner product has man,y applications . One of these is a test . )=■ 
.for perpendicularity.* > . ^ ? . 

i 1 " / " . ' ^ - • 

f Theoremrll-4a : IT j X • and , Y iare non-zerjp vectors, then . 
£hey are! per^ettdicuiar if and, only If p 

IT • lT« 0 , ' , ^ 

Proof, : According to the definition df inner product 

■-.■'■»■ IT . ^= |"x| . Jyj cos e . v , . . 

This product of real numbers is zero if and only^if^ onei of its 
factors is zero. Since X v and Y are hon-zerc^ vectors, the 
numbep^r |x| and |Y| are not zero. r Therefore the product is 
zero if and only if cos e = 0 , which is the case if and'only if 
X and Y are perpendicular. 

The following theorem supplies a useful formula *f or the 
inner product of vectors. 



f 




Theorem ll-4b : If "? = [x 1>?2 ] , r « "^1^2! ^ 
then ' ; \ ' ' v. * 

m \ % X • Y =^1^1 + x 2*2 * ' X 



r 



4 
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Pi^of: ^ According "to the law of Tiosines (see Figure ll-4b) 



4 



yiy,,y 2 ) 




,x(x,,x 2 ) 



|ox| • |oy| cos e loxr + jar I? - IXYl* 
*r + ^ 2 2 4- 7^ y 2 2 - (x^ yi ) 2 -/tx g -y 2 ) 2 

58 1 — — ^~ — ; • 

» X l y l + x 2 y 2 • 

r-* •■■ ' ; - y v . - _ _ ■ 

ic^e, by definition, the left member yf this equation is X • Y , 
• theorem J.s proved. 



_Example 11 -4b ; If ~t Is [3,4] and ~Y~ Is [5,2] , find- 
Y . • * v I 



Solution ; X . Y = 3 • 5 + 4 . 2 



23 
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, Example ll-4c : vlf.'X is [3,7] and Y , is [-7,3] /show 
that X and Y are perpendicular. . 

Solution ; X • Y «^ 3 (-7) + 7 3 = 0 

The conclusion follows from Theorem ll-4a, ; and the fact that lT 
and Y are non-zero. 

A useful fact about inner products is that they haye some pf 
the algebraic properties: of products of numbers. The following 
theoa^em gives one' such common property.* 

Theorem ll-4c ; ' If .X , Y , Z are any vectors, then 

V ~x . (y* + ~z) = x* '.. ~y + x" .if 

(tx) . ~y - t(x . . • . 

Proof: Let X* = [x^Xg] , *Y = [y^yg] , "z = [z^Zg] . Then 
» ' X • (X +. Z) -. [x^Xg] • [y^ + z x . , y 2 + z g ] 

= x i(yi + z i) + x 2 '(y 2 + z 2 ) 
= x 1 y 1 + Xgy 2 + x 1 z 1 + x g z 2 



J 



X) .. Y .. [tx 1 ,tx 2 ] . [y-^yg] 
= tx iy! + tXgy 2 

= + x 2 y 2^ 

= t(X • Y) . 
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^ fficoxtellary i X . (af 4 bZ) . .« a(T . ~Y) + b(X . ~Z) 

- ; • ' '• .. : ^ ' . : 

In" certain applications of vectors to, physics the notion of!* a 
component of a vector lit the direction of another vectoi>is 
important. We now define this concept. 

. Definition Il-bc ; Let X be any non-fzero vector and let Y 
be any vector. yThen the component of Y in the direction of X 
is the number given by each of the following equal expressions: 

~X • Y * fxV * |y! cos 9 " ^ 
— ^ — = 1 1 -3» 1 1 = Y qos 8. 

|x| I x i 1 - 

NOTE: The component of ^ in the direction of ~X can te 
described geometrically (see Figure 11-^c). 





Pig. 11-hc 

In both parts, of the figure P is the foot of the perpen- 
dicular from the initial point of Y to the line of X , and Q 
is the foot of the perpendicular from the terminal point of Y to 
this line. In. the first part the component of Y in ,the direction 
of X turns out to be the distance from P to Q . In the - 
second part this component turns out to be the negative of the 
distance from P to Q . 
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The Inner product is used frequently In applications ^of 
vectors to physics 7 Por^ the moment we consider Inner products 
from a purely mathematical standpoint. ♦ . 



Example . il-4d : Let X be any vector parallel to the 
positive x-axls ^let Y be any vector parallel to the positive 
y-axis and l^t Z be the vector [p,q]. Show that p and ' q ar,e 
the components' of 2 in the direction of ~xV and ~Y* respectively", 

Solution : According to Theorem 10- 5a 



cos 0 



v^7 



so . P = cos 6 . Vp 2 + q 2 . 

Since |Z| =y P 2 + q 2 , w^j, conclude that 

p = |Z| cos 0 . 
The angle between Z and the y-axis is ^ - 0 . Conse- 
quently the component of Z in the direction of Y is 

co*(£- 0 )v£ 2 + q 2 . 

Since cos(£ - 0 ) = sin 0 and since sin 0 = > Q =" 
' * / 2 2 

VP. + q 

we. conclude that this component is., in fact, 

3 */,2 " „2 



or q 

p ta + cf" 



Vectors in Three Dimensions : Much of our discussion of 
vectors in the plane can be carried over to three dimensions 
with only minor modifications. 
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\ . ■ • ' X 

•W ■ •■ . v ^ - ^ ^ / . » . 

^« £ T J ie PP ptl °ns about directed line segments require no modlfl- 
>^t£bnY When we come to coordinates and components/ the con- 
clusions are as follows: 



- 1. 
2. 



> 



■ v-5. 



The components of a vector In three dimensional space 
are .-an ordered -triple [a,b,c] of real numbers. 
Two vectors [a,b,c] and [p,q,r] are equal if and 
only irr^~a = p , b = q and c ■ r .. 
The addition of vector? [a,b,c] and [p,q,r] is* 
given by the rule 

[a,b,c] +. [p,q,r] =» [a + p, b + q, c + r] . 

Scalar multiplication &f vectors is given by the rule 

r[a,b,c] o [ra,rb,rc]. 
The unit base vectors associated with the' coordinate 
axes are * 

T=. [1,0,0] 

[0,1,0] . 
k= [0,0,1] . 

Figure ll-4d shows these base vectors., 



■ i 



Fig. ll-4d 
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The vector V . 4i + 8j + 8k' is illustrated in 

* 7 

Figure 11- 4e. , 



, x 




Pig. 11- 4e 

6. The inner product of V and W is still given by 

v, v* r * lT= M|"w| cos e . 

In component form if V is [v^v^Vg] and ~W is 
[w^WgjWg] ,\ then . 1 

■ * V • W » + v 2 w 2 + v 3 w 3 c 



also 



l?l =y Vl 2 + V 2 2 + v 3 2 ' . 



' Exercises 11-4. 



Find X ? Y If 

(a) 1T = T , "?=~T . 

( b ) 1T = 7l ., ~Y =~1 . 

(c) ~x\=T , "Y * 

(d) X = J ~? = J . 



Xr 
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Yj ) X = ai + bj , Y => sX* . - • 

Find qie angle between f and ~Y ft fx| » 2 , : [y\ «* 3 
• and T-? is- . - . ' 

(a) o , (b) i:, ( C ) -2 ,"(d) 3 , (e) -4- , (f) 5 , (g) 6 , • 
(h) -6 . * • • t 

If X = 3i + h j , de'termine a' so that >Y is perpendicuia 

to it, if T is '• ; , ' '.. .. • y : 

(a) at + i+f , . ( c ) 4."f + a?" • 

(b) al"- k? , (d) ai"- 3T . ■ 

Find the angle between X and. Y in each part of Exercise 

abo^e,. _ _ _ 

2 2 - - 

If a + b + 0. prove th£tr ai + bj is perpendicular to 

ci + dj. if and only if, aT+.bJ> is parallel to < -di% cj* 

Find the component of Y in the. direction of if * 

(a) lT = T, T=t3i"+ 4jf . (e) lT = 3i* + k? , *Y = 31 + kT > 

(b) IT = 7, T= 3i% (f) ~X = 31 b +^T^£-^+ 2j" 
{c) lT= 3i% Y* = T . (g) It = "31 + kf , "?» aT+ b~f 
(d) X= 31% 4j% T= T- (h)- ,,»U P r+ qj% Y^= aT+ bT 
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11-5. Applications of Vectors In Physics .. 

The notion of "force" Is one of the Important concepts of 
physics. This Is the abstraction which physicistsMiave Invented 
to describe "pushes" and "pulls" and to account^for the effects 
that, pushes and. pulls produce. 

The "student, who knows something about vectors can readily 
learn about . forces . The connecting links between the concepts of 
"force" aftd "vector" can be stated as follows: 

1. Every force can be represented as a vector. The 
• ' direction of the force Is the same as the direction- 
of l^s representative. vector . The magnitude of the 
force determines the length of Its representing 
vector, once a "scale" has been selected. ■ 



Example 11- 5a ; A red-headed man Is standing on top of a hill, 
staring Into space. He weighs 200 pounds. Represent as a vector 
iach of the* following: . 

(a) the downward pull of the earth f s gravity, on him, 

(b) the upward push of the, hill on him. 



Solution : (a) 



(b) 



Scale: 1 Inch = 200 lbs, 



Scale: 1 Inch =200 lbs, 



Any collection of forces which act on a single body 
is equivalent to a single force, called. their 
resultant . if all the forces are represented as f 
vectors on the same-scale, then the vector which 4 
represents the resultant of the forces is the sum 
of these vectors . . 
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Example II- 5b ; Represent each of the following forces as a 
vector, and find the vector which represents their resultant: A ' 
force of 300 pounds directed to the right, a force F 2 of 

400 pounds directed at an angle of 45° with the x-axis and a force 
of 500 pounds directed upward. 



Solution : (graphical) Using the scale 1 inch = KOO pounds 
X represents F^ , , Y represents F 2 , Z represents F 3 . - 



A 





X + Y + Z represents the resultant of F 1 , F 2 > £3 • 

Its length is a little less than 5/2 inches; its- direction is 
, about 5^° \ 



G are two^ forces which have the same' 



If F and 

direction, then they*h'ave a numerical ratio and 
there is a number r such that r times force F 
is equivalent t.o force G. Moreover if F is the 
vector which represents force F , then rF is ^ 
the vector which represents force G /where r is 
the ratio of force G to force F . 



[sec. li-5] 



ERLC 



667 



. Example 11- 5c : Emily and Elsie are Identical twins. They are 
sitting on a fence. If P represents the total force Emily and 
Elsie exert on the fence and If G 6 represents the force the 
fence exerts on* Emily alone, express 

(a ) F in terms of Q . 

(b) 0 In terms of P . 

Solution: ■ 

II — * 

(a) » -2CT. 

, (b) 0*- -- *f . 

A body at rest Is said to be In equilibrium . It Is a fslct of 
physics that If a body Is at rest the resultant of all the forces 
acting on the body has magnitude zero. (Note: The converse of 
this Is nottruS, since the resultant of all the forces which act 
on a moving body can also be zero. According to the laws of 
physics, If the sum of all the forces which act on a body Is zero, 
then the body must -be either at rest or it must move In a straight 
line With constant speed.) ■*.*'•• 



T - 
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Exercises ll-5a , 
A weight is suspended by ropes as shown in the figure, 




If the weight weighs 10 pounds, what is the force exerted 
on the Junction C by the rope CB ? 

A weight of 1,000 pounds is suspended from wires as shown 
in the figure. 




horizontal 



The distance AB is 20 feet, AC is 10 feet, and CB is , 
10 -s/"3 feet . ; , What force does the wire AC exert oh the 
Junction C ? What force does wire BC exert on C ? If 
all three wires are about equally strong, which wi^e|is 
most likely to break? Which wire is least likely yto . break? 
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A 5000 pound weight is suspended as shown in the figure 
Find the tension in each of the ropes CA, CB and . CW. 




A barrel^ is held in place on an inclined plane Bff by a 
fdrce OP operating parallel to the plane and another 
operating perpendicular to it. (See diagram.) J\ 

Q ,F ) 




If the weight of the barrel is 300 pounds, (|0W| = 300) 
and the^plane make s^an angle of 23° with the horizontal 
find | OP | and |0Q|. (Hint: Introduce a coordinate syst 
with origin at 0' and , OW as negative y-axis.) 
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A weight Is suspended by ropes as shown In the figure. If 
the weight weig^S|r20 pounds, what Is the force exerted on 
the junction CJ by the rope CB? By the rope AC? If AC 
and CB are equally strong, which one Is more likely to break? 



7 ft. 



.2ft. 





- J- 




6ft.. 





\ 



— horizontal 



\ 

A 500 pound weight Is suspended as shown In the figure. Find 
each 6f the forces exerted on point C . 

A 



500 lb. weight 

w 

hinge 

A A 2,000 tfound weight is lifted at constant speed, as showti in 
the diagram. Find each of the forces exerted on point C . 




A W - 2000 lb. weight 





^ o\ f /y\ 45 \ \ 
^30 1- ( 4/\ ° 1 \ 








'//*// 






^ hinged strut 
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lift 




propeller thrust 



drag 




force of gravity 



The motion of airplanes provides another application of 
vectors. Some technical terms involved are listed and illustrated 
in the figure. . ' - '. 

Lift: P L --a force perpendicular to the direction of motion. 

This is the "lifting force" of the wingy 
Gravity : F g — a force- directed downward . 
, Propeller thrust : "P pt --a forward force in the direction of 



motion, 

£rg£: p d"" a backward force parallel: to the motion 
force is due to wind resistance.*^.; 



Thi r S 



^ Effective propeller thrust : P ept — the .propeller thrust- minus 
the drag. ' S\ 

The physiefal principle we shall use staites that a body'in 
motion will continue to move in a straight line with constant 
speed if and only if th& resultant ^f all the forces acting on 
the body is zero. 
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8." An airplane weighing 6,000 pounds climbs steadily, upwards 



9. 



10. 



at an angle of 30 . Find the effective propeller thrust 
and the lift. y .. 

An airplane weighing. 10, 000 pounds climbs at an angle of" 15° 
with constant speed. Find the effective propeller thrust 
and the lift . ■ ■ \. 

, A motorless glider descends *at an angle of 10° with constant 
speed. If the glider and occupant together weigh 500 pounds, 
find the. drag and the lift. 



The term "work" as the physicists use it also provides an 
example of a concept which can' be discussed in erms of vectors,. 
Consider for instance a tractor pulling a box-car along a track. J* 







mjim 


ihiiiip 




Track 




(Direction of motion) 



^frac tor" 



Fig. II- 5a 



The effect of the tractor's force depends on the angle. 9" . It 
ala© involves the force Itself and the displacement produced. The 
term "work, Vas used in physics, is given in this cfse by p . 
F • S ,xwhere F is the force- vector bf the tractor and where, S 
is the displacement of the box car. . 

More generally, if a force F acts on a body and produces a 
displacement S while it acts, then the work done by the force is 
defined to be F • S , -where F is the vector^hi.ch represents 
the force and where S is the vector which represents the dis- 
placement.. . * . 
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Example 11- 5e : If the tractor of Figure ll-5a exerts a 
force of 1,000 pounds at an angle of 30° to the track, how much 
work does the tractor do in moving ar- string of cars 2,000 feet? 

Solution : Evaluate the .expression |P|-|S| cos 9 where 
|P| -r 1,000' pounds, | S | = 2,000. feet, cos 8 £ .866. The value of 
this product is approximately 1,732, 000* foot , pounds . 



Exercises ll-5b 

— ^— . ♦ ? ; 

A sled is pulled a distance of d feet by ; a force of p 
pounds Which makes an angle of e with t>he horj kqafca ^. Find 
the work done' if ■ 

(a) d JLO feet, p = 10 pounds, e = 10°*. ^ 
(.b) d = 100 feet, p = 10 pounds, 6 ' = 20° . 
(c) d = 1,000 feet, p ==,10 pounds/ e = 30° % 

How far can the sled be dragged if the number of available 
foot pounds of work is 1,000 and if 



(d) p = 10 pounds, 6 = 10° . m 

(e) p = 100 pounds, 6 = 20° . 

(f ) p « 100 pounds, 6 = 0° .. 

(g) p = 100 pounds, e = 89? a 

The drawing shows a smooth incline 



d feet long which 



makes an angle e with the horizontal , 




V 
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" .'P ' ' 

How much work is done in moving an object' weighing p pounds 

from R to S if 

(a) d = 10 feet, p = 10 pounds, e = 10° V. 

(b) d = 100 feet, p = 10 pounds, e = 20° . 

(c) d = 100. feet;, p = 10 pounds, e = 30° . 

How* far can the weight be moved if the number of available 
foot pounds is 1*000 and if 

(d) p = 10 pounds, e = 10° . 

(e) p = 10 pounds, e = 20° . , 

(f) p = 100 pounds, e = 1° . 

(g) p = 100 pounds, e = 89~. , . \ ' 



Velocity is another concept of physics that can be represented 
by means of vectors. In ordinary language the words "speed" and 
"velocity" are used as synonyms. In physics the word . "speed " 
refers to the actual time rate of change of distance (the kind of 
information sypplied by an automobile speedometer), find "velocity" 
refers to the vector whose direction is the direction of the 
motion and whose length represents the speed on some given scale. 
When velocities are represented by vectors, the lengths of these 
vectors give the corresponding speeds. '* 

Figure 11- 5b shows vectors which represent some of the 
velocities of a body moving around a circle with constant speed. 




= I y I = \t | = | IT | 



Pig. 11- 5b 
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. It iV easy to Imagine; situations : in -which velocities are 
compounded out of other velocities . For Instance, a man walking 
across the deck of a moving boat has a velocity relative to the 
water which Is compounded out of his velocity relative to the boat 

and out of the. boat »s velocity relative to the water. It Is a 

* . i * . 

principle of physics that the vector . which represents such a 
compound velocity Is the sum of the vectors which represent the 
individual velocities. 

o 

Example' 11- 5f : A ship sails : east at 20 miles per hour. A 
man walks across Its deck toward the, south at- 4 miles per hour. 
What is the man *s velocity relative to the water? 

Solution ; In the figure, X 
represents the ship's velocity. J 
relative to the water, Y* . . x 20 / 

represents the man *s velocity 
relative to the ship. Conse- 
quently, X + Y * represents 
the man »s, velocity relative to 
the water. Its length is 

^/20 2 + 4 2 Z 20.4 
and its direction is approximately 22° south of east. 

Exercises ll-5c j 

1. A river 1 mile wide flows at the rate 
of 3 miles per hour. A man rows 
across the rlv£r, starting, at A and 
aiming his boat toward B the nearest 
point on the opposite shore as shown in 
the diagram. If it took 30 minutes for 
him to make the* trip, how far did 'he row? 
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2. A\ river is ^ mile wide and flows .a-t the rate ^f 4 miles 

per hour. A man rows across the river in 25 minutes, landing- 
1, j^-miles farther downstream on the opposite shore: How far 
did he row? In what direction did he head? . 

3. A river one mile wide flows at a rate of 4 miles per hour. ■■ 
A- man wishes to row in a straight link to a point on the 
opposite shore tJvo miles upstream. How fast must he row 

in order to malae the trip 1dn one hour? 

4. A body starts jit (0,0) at the time t = 0 . It moves with, 
constant velocity, and 20 seconds later it is at the point 
(40, 30) . ° Find its speed and its velocity, if one unit of 
length of vector corresponds to 100 feet per second. 

9. A body moves v/ith constant velocity which is represented by 
the vector V = lOi + 10J . If the body is at the point 
(0,1) at time t = 2 , where will it be when t =.15.? The 

\y scale is: One unit of ^length of vector corresponds to 10 
miles per hour; the time t is measured in hours. > 

6. ^ Ship A starts from point (2,4) at time t = 0 . Its 

velocity is constant, and represented by the veCtot 
'. V a = 4i 3J . Ship B starts at the point (-1,-1) at time 

. t = 1 . Its velocity is also constant, and is represented 
by the vector V fe = 71*+ T - Will the ship? collide? 

(Assume that a consistent scale has been used in setting up 
the vector representation.) 

7. Ship A starts at point. (2,7) at time t = 0 . Its 
(constant) velocity is represented by the vector 

V a = 3i - 2J. Ship B starts at point (-1,-1) at time t = 1. 

Its (constant) velocity is represented by the vector 
^ s 51 _ , Will the ships collide? 

*8. A river is 1/2 mile wide and flows at' the rate of 4 miles per 
hour. A man can row at the rate of 3 miles per hour. If he 
starts from point A and rows to the opposite shore, what is 
the farthest point upstream at which he can reach the 
opposite shore? In what direction should he head? . 
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. Exercises , 11-5(3 
Show each, of the following graphically: 



(a) 

(b) 
(c) 
(d) 
(e) 
Find 



31 + 8j + 5k 
3J% 3k" , . 

~A ~B , If : 



(f) 


21 - 


2? . 


■(g) 


7k* . 




(h) 


5~T . 






71 '.' 




(J) 


8t + 


8? + 



(a) gq= 31 + 2J + 4k, ^ B = 21 + J. + 2k . . 

(b) T= 3t + 4"T_ 2k" ; 21* + 2j% 2k . 

(c) T=, 3T + .3k*j "b\=.4"T. 

(d) T = 4"T + ~B*= 7lT 

(e) T=. 4j* + 2k ; B*= 51*. . • 

Find the cosine of the angle between vectors X and 
•each part of Problem 2. 

Find the cosine of the angle between the vectors A 
If T= 33^+ 2"j*_ ~k 
and B = 41*- 3J% fit." 

A lighting fixture Is suspended as shown: 

perspective^ vietf/ . 
.vertical view 



Side View 
/the angle is' 
shown in its 
true shape; 
is an angle of 
60°. ) 



B in 
-and B 





The fixture weighs 1 5 pounds, 
the supporting cables. 




Find the tension in each of 
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6. An airplane is climbing -at -an angle of 30°. itji climbing 
z speed is 100„m.p.h. Although a wind is lowing from west 
to east with a velocity of 30 nr.p.h., tye pilot wishes to 
climb while heading due north.. What is the ground speed 
% of the airplane? 

; 7. Suppose that in Problem 6 the pilot climbs at an angle of 
^30 ,. but does not insist on heading north. What is the 
'fastest ground speed that he can achieve? Which way should 
he head, to achieve this speed? What is the least -ground speed 
that he can achieve? : Which way should be head to achieve 
this? ^ ' \ , . ' : ■ 

8. Prove that, . - " . 

- % ^ a(x - •&) + b{p r e) + c(z - f ) = 0 : 

is the equation of a" plane through the point Q(d*e,f) with*/ 
the normal vector ; ; 

'* N = al. + bj '+ ck 

9. Find a vector .^norrail to the - "* plane „ 

< ■ 7x - 3£* + 5.z = 12,. ' . . 

10. Find the distance from th£ point (0,0,0) to the plane 

: " . . * 5x + I2y- z '= 1- . . 'p 

11, Find the' distance from the plane' 

x + 2y - 3z = 1 " \ *- 
to the origin. - ' 



. -11-6. Vectors as- a Formal Mathematical System . , 

In our discussion of -forces and velocities by means of, < 
vectors we made a few assumptions which wg did 0 not Justify. We ' 
applied vector methods to the solution of fcirce and velocity 
problems in a fashion which turrjs out to be correct but which we 
have hot backed' up with a convincing argument . * Our thinking was 
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something like this. "Some of the rules that forces obey are very 
much lifce the rules that vectors .obey. Therefore we can talk 
about forces as though they were vectors." This is not 'really .-a 
sound argument, and if it were trusted In 'all cases it could lead ■ 
to chaos. For instance, some/fr the rules that real numbers obey 
are. the rules that 1 integers "obey, and it is not the case that real 
numbers. can be regarded as integers. 

Nevertheless, it really was correct to treat forces as 
vectors and we now explore a point of view which gives convincing 
evidence for this statement . The key fast in this examination f is 
that every mathematical p system which obeys certain of the laws' v 
which vectors obey must be essentially the same as the system of 
vectors itself. 

We now formulate three goals: 

1. .To list the rules in question. 

2. To.-give a precise specification .of - what we niean by saying that 
. ,. a mathematical system is "essentially the same 11 as a system 

of vectors . ^ 
3.. To prove- that systems which obey the stated rules are 
essentially the same a£ the system of vectors. 

. • 

I. We state certain ^ules^/hich vectors, have been shown to 
obey. We. have a sejb S. y two operations @ , 0 , for which, 
for all cc , , , in S and for all, real numbers r , s / 

* (1) cc 0/^ is in S . • o ' ■ ; ■ 

(2) cc 0/^ ~ £ 0a. 
. (3) cc 0 (a 0^). © -r: 

(4) There is a zero element (j) in S such that 

cc- 0 (J) = cc . 

(5) Each cc has an. additive inverse - cc for which 

a 0 (- a ) = (h . / \ 



f 




, (6) r 0 cc is in S . 

(7) r © (s O « ) - <rs) © a 

(8) (r + s) © qc m (r ©a) "©(a© a) 

(9) r © (a 0/3 ) - (r © a )® (r ©^) . * ^ 

(10) 1;© OC - GC . ■ ' V 

(11) There are two. members y and w. of S such that 
' each oc has a unique representation ' ' . 

' * - (a O y ) © (b©w) 

II. We have already shown that vectors satisfy such rules, 
Where S is interpreted as the set of vectors, 0 is interpreted 
as ordinary^-* for vectors and where © is interpreted as 
scalar multiplication. We take it as given (by physicists 
presumably) that forces also satisfy these rules, where S is the 
set of forces, cc 0 /3 mearjs the resultant of cc and /3 and © 
means scalar multiplication. We are to show that forces are 
essentially the same as vectors. What do we mean by "essentially 
the same?" We mean that' the system of forces is isomorphic to 
the system of vectors. . What do we mean by "isomorphic"? That 
there is a one-to-one correspondence between the set .of forces 
and the set of vectors such that, if force a corresponds to 
vector \£ and \f forced? corresponds to vector B , then 
cc 0 /^.corresponds to vector A + B and force r © a corresponds 
to vector rA . 

III. We 'now state and prove the promised theorem. 

Theorem : Any system S which satisfies Rules 1-11 is 

isomorphic to the system of vectors in a plane. 

•■ ■ ■ ' . t ■ 0 '" ■' ' "' 

■ Proof : We first setr up a one-to-one correspondence between 
the members of - S and the vectors. For each cc of S we invoke 
Item 11 to write 

oc .« (a© y )0(b©w) . . 
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The pair (a, b) which figures in this expression determines a 
unique vector A , namely [a,b] , which we pair with cc . This 
process -assigns to each cc of S a^vector T ^s its image. We 
must show that if [a,b] is the image of cc and if [c,d] is . 
the image of ^ , "then [a + c, b + d] is the image of cc + /(? 
and that [ra,rb] i*3 -the image of r © cc . . To prove the first, 
write » '. * 

< a = (a 0 y ) @ (b © w ) 

* J ' \ /5-(c0y)®(d0 w ) , 

Therefore oc, 0/3= ((a © y)® (b ©w ))®((c© y ) ® (d © w )) 
which equals using Rules 2 and. 3, - ■ ■ 

S . (,(*0 y )©(c©y))® ((b© w ) ® (d© w )) . 
.This in turn equals ■ * 

(("CC + C) © y ) © ((b + d) © W ) 

by virtue of Rule .8. We see then that our one-to-one correspond- 
ence assigns [a + c, b + d] to cc + . 

We now examine r © cc . We write 

r © cc = r © ((a© y ) ® (b© w )) 

which by Rule 9 can be w'ritten as ' 

r © (a© y ) ® r © (b © w ) . 

According to Rule 7, this last equals / 

((ra)Oy )® ((rb)© w ) , 

whence the image of r © cc is indeed [ra,rb] . 

This completes 'our proof. Notice that we did not use all the 
rules given. They^are in fact redundant. If the last rule* is 
left out, the remaining set of rules is not redundant, and'is 
the set of axioms which defines a vector space . The Rules 1-11. 
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are axioms for a more special mathematical system a 

^ ^two - dimensional vector space . 

We have shown that every system which satisfies Rules 1-11 
is isomorphic to our system of vectors. We have not shown that 
the system 'o'f forces satisf ies^these rules. We take the 
physicist's word for this. We have not. shown that to be 
- "isomorphic l \ really means to tre "essentially the sante." Let us * 

meditate a little on this' and then take the mathematician's word 
' for it. 

; ' ° Exercises 11-6 * 

1. Let S 'be the" system of complex numbers. Does S satisv^r 
Rules 1-11 if 0 is interpreted as ordinary addition of 
complex numbers and © as ordinary multiplication of a real 
number by -a complex number. (Hint: In checking Rule 11 
.try 1 > for.y and i ' for w ). 

a ■■ 
-Let be the set of all ordered pairs (a,b) of real 

numbers, let ® be defined by (a,b)® (c,d) = (a + c, b + d) 
and' let© be defined by > 

rQ (a,b) > (™ . 
Which of the Rules -1-11 does this system obey? „ 

Let^S be the set of all ordered pairs (a,ti) of real >^ 
numbers, let ® be defined by (a,b)®(c,d) = ( a ^ c , b + d ) 

and let 0 be defined by ^Q(a,bj = ( r£L > rb ) . Wh^ch of 
the Rules 1-11 xioes this system obey? 
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. Chapter 12 ( 

POLAR FORM OP COMPLEX NUMBERS 

12-1. % Introduction . m ' 

In Chapter 5 we Introduced complex numbers z = x + ly, 
x and y real numbers. We found (Theorem 5-4) t*>at each complex 
number z is uniquely determined by its "real" and "imaginary" 
parts, x* and y , respectively; i .e. , 

z i - x i + and z 2 = x 2 + ^2 are e( l ual 

if and only if x^ = x g and y^ = y 2 

We also discussed the addition and' multiplication of* cofhplex~ 
numbers given by the formulas: 4 ' 

12-la (x x + iy 1 ) > (x 2 + iy 2 ) = (xj + x 2 ) + i( yi + y' 2 ) < 

1%-lb ( Xl + iy 1 )(x 2 + iy 2 ) = (xjXg - y^g) + i(x 1 y 2 + x^) 



We Ypund £n SeWlon 5-7 that the addition tff complex numbers 
may be described geometrically by means of a parallelogram. In 
Section 12-2 we discuss a geometrical description of the product 
of two complex numbers. 

The remainder of this section points out some similarities 
between the work in Chapters 5 and 11. Exercises 12-1 provide a 
review of some of 'the work in Chapter* 5. 
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.Complex Numbers and Vectors . We call attention to*, the 
Important case of Formula 12-lb In which y. ■ 6: 

12-lc x^Xg + iy 2 ) - (xjXgj + i(x 1 y 2 ) , 

In view of Chapter 11, this special case appears in a new light. 
Note the similarity between Theorem 5-4 and Formulas 12-la, 12-lc 
and the statements in Chapter 11 concerning equality, sum/ and 
scalar multiple of. vectors in a plane. 7 

Just as two complex numbers are equal if and only if their 
real and imaginary parts are the same, two vectors in a plane are 
equal if and only if their x and y components are the same. 
This similarity is more than a coincidence: our geometrical 
representation of complex numbers is exactly the same as our 
pictures of* vectors in a plane. 




Moreover we add complex numbers Just as we add vectors and we use 
the same picture (a parallelogram) to represent sums in each case 

Multiplication of complex numbers by real numbers, as in 
Formula 12-lc, corresponds exactly to the multiplication of 
vectors in a plane by scalars: we multiply each "component" by 
the real multiplier. 
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We thus recognize a-^kind of identity between these topics. 
It is true that we have used a different set of v/ords in what v:e 
have said on these two subjects, but our formulas show that even 
-with this difference in the v/ords we have actually been saying / 
precisely the same thinga in two different contexts. 

Two mathematical systems which, are the same in this sense- are 
often called abstractly identical or isomorphic . '(The word 
"isomorphic" has the Greek roots "iso,." meaning "same, " and 
"morphos, 11 meaning "shape" or "form. " See page 68o. ) 

* It must be emphasized that our isomorphism is between frag- 
ments of these two subjects. The theory of complex number^ and 
the theory of. vectors in a plane have the same form only when we 
restrict our attention to the notion of equality and the operations 
of addition 'and multiplication by a real number (scalar), and to 
ideas depending solely on these. 

Isomorphism—like analogy — is not necessarily complete 
identity. Our two systems-- vectors in a plane and complex 
numbers-^dif f er remfi^a^blV, and in two very important respects". 
They differ, when it^b^omes a matter of discussing an operation of 
"multiplication" between .elements .of the two systems: product of. 
two complex numbers, #adb ^product of two vectors. Perhaps the most 
startling difference between the products in our. two systems is 
the matter* Aficttbsurfe . J *The product of two complex numberd is a. 
compleXf ndjn^eri the E^ j j ftuc't; of two vectors in a plane is not a 
vector ' in^^yp^^^^^ti^the/case of the inner product, it is not 

a vector of- ^if'^m^T^lt '-is 'a scalar. Multiplication of complex 

. ' f rt: /^Ai : -:':vV- : '.: 
numbers i&^a&socis/tlve Th6 "question of associativity for the ■ 

".'^"-Vi :;. • . ■ . " • 

inner prodU^ -df * rV^^pir^-'is^iludicrous; the very expressions 

A ^y K 'ZV\ t^\;^;{.^ Y < (A • B) • C 

whose equality ^ do not make sense since the 

factors in paifen^ cannot be "dotted 11 onto a , 

vector. Only' a^ onto another vector. 

• .'./^\- r " r ,V" : . \-l \\ 

• : ^J?\*M : ~j&M • '12-1 ] ' 
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In Chapter 13, we discussed the geometric interpretation of 
the inner product of vectors. In Section 12-2 we pursue the. . 
analogous question for the" product of complex numbers. Such an •*'" 
interpretation will, serve to emphasize the differences 'we have 
been discussing. 

The two systems also differ fundamentally if one attempts to 
extend them from a plane to a space of three or more dimensions. 
Vectors in spacfes having 3, k, ... , 6 N Q , .... dimensions have * 
very important, applications in physics, chemistry and engineering. 
(N Q is Avogadro's number, 6.025 x 10 23 .) On the other hand, ex- 
tensions of the system'of complex numbers" are a bit bizarre and, 
in any case, are another matter entirely. They are beyond the 
scope of this book. • 



Exercises 12-1. (Review of Chapter 5.) 

1. Write the following in standard form: 
(a) 1_ (d) 1 + i 2 

< b ) *\ ' (e) yrrs 

2. Write the conjugate for each of the following complex numbers : 

(a) 2 -31 

(b) 5+1 . 

(c) -2*+ 31 

3. If^ z = a + bl , express z • z* in standard' form. 

4. JExpress the quotient 2 ^ |* in standard form. . 



[sec. 12-1]. 



687 



5. Pind the absolute value of: ^ 

(a) 4 + 31 ' i 

(b) -2 - 51 

(c) - 31 

6. Solve the equation 2z + z + 1 = 0 . 

^J. Plot each of the following complex numbers in an Argand 
Diagram: 

(a) 2 + i (d) 5 

(b) -3 + 2i (e) -5 - 3i 

(c) 3i 

8. Find the sum, difference, or product as indicated: 
(aj (2 - 31) + (-4 +1) (e) 5 + (2-1) ' 

(b) (-3 + 21) + (1 - i) (f ) 3(2 - 31) 

•(c) (2 + 31) - (4 - 21) '(g) (2 + 31)(1 - 1) 

(d) ,5 - (4 - 21) (h) (1 + 21) (1- 21) 

9. If a and b are real numbers, under what conditions will< 
a + bi * b + ai ? r - 1 , . 

10. Solve each of the following for the real numbers x and. f : 
(a) (x + iy) + ~(2 - 31) = 4 11 

\ Jb) 2(x + iy) - (3 - 21 )^ 

(c) = -1 + 2i ^ \ N 

. (d), (2x + i)(8 - ix) m 34 

11. Pind .the value of a ;j^ by the following alternate methods: 

(a) a ^ ^1 is a number x + yi such that 

(x + yi)(a + bi) =* 1 . Prom this, -obtain two equations 
for x , y * a ^d solve them. »■ ' 
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^ a + bi ■ may be ex Pressed as a .number x + yi in 

standard form by making use of the conjugate of 

a + bi ^ 

12. Simplify: ..-^J ... « . 



^ 12-2, Products and Polar Form , 

In this section we consider the problem of a geometrical 
representation for the product of two , complex numbers. We shall 
find some of the ideas and methods in Chapter 10 very useful in 
solving this problem. Moreover the introduction 4 of trigonometrical 
notions enables us to write complex numbers in a form particularly 
convenient for the study of powers and roots given in the ■ 
remaining sections of this chapter. 

We know from Chapter 5 that the absolute value of , a product 
of two complex numbers is the product of their absolute values: 

l z l z 2 l = >il V l z 2 l • 
In view of Formula 12-lb, this follows easily from the identity 

' (*i* 2 - yi^) 2 + <V2 + X 2^l) 2 = (x r 2 V yi 2 )(x/ + y 2 2 ) . 

V I L 

This fact alone tells us something 
rather interesting about the product. 
Suppose z 1 represents a point on 

S the circle with center 0 and 

radius ^ . Then r 1 = |z 1 | . If 

z'g represents a point on the 

circle with center 0 and radius r 2 

then r 2 = Iz 2 l * an d the product 

z l z 2 re P resen ts a point on the 

circle with center 0 and radius Fig. 12-2a 

r ir 2 , sinoe r 1 r 2 = |ziZ2l • 
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Given that represents some point on the circle, our 

problem is now to locate which point on the x circle. 

We discussed questions of this ' . .'* 
s kind in Chapter 10:' : > In < Fi^r > e ^.2-2b , , 
we reproduce the fundamental diagram 
from Chapter 10,- drawn in an.Argand 
diagram. As in Chapter 10 we have 

x = r cos e , 

y = r sin e , 



so, if z = x + iy is in standard form we can write . 
12-2a z =r r(cos e + i sin e ) , 



y 








z =x+iy 




r/ 






y ] 




Ae 










X 


Pig. 


12- 2b 





where r = |z| =v x f V • 

Formula ^2-2a, expressing z in t^rms of r and 9 enables 
us to solve our problem. Indeed, suppose 

= r^(cos.6^ + i sin 0 ^) , 

z 2 = r 2( cos 6 2 + 1 sin 9 2^ • 
If we form the product of these expressions, we obtain 

^ z l z 2 m r i r 2( cos ®. l + 1 sin 6 i)( cos e 2 + 1 sin e 2^ 

12- 2b =1 r^rgKcos 6 ^ cos 6 2 - sin 6 1 sin 6 2 ) 

+ i(sin O'j cos © 2 + cps e V sln e 2^ • 
Using the addition theorems for cosine and sine (Chapter 10), 
V \os ( 6 ^ + 6 r cos e 1 cos e 2 " s * n e 1 s * n e 2 

• sin( e'j + e 2 ) © 1 C P S e 2 + cos 6 1 sin e 2 * ■ * 

we can simplify 12- 2b. 
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i. 

Thus 

** 

i2-2c - ^2(008(19 x + e 2 ) + i sin(e 1 + e 2 )} '. 

Formula 12-2p gives the following geometrical description of 
the product .of a pair _Qf complex numbers: to multiply two complex 
numbers one multiplies their absolute values and adds their angles. 




Pig. 12-2c 



Formula 12- 2a, expressing the complex number z in terms of 
r and 9 , is called the polar form of z . We have seen that 
Pormula 12-2c gives us a way to describe a product in geometrical 
terms. We shall also see that the algebraic consequences of 
these formulas are extremely "important . 

Example 12-2a : Multiply; 3i and 1 + i , plot the product 
and the factors, and check the result using polar forms of the 
numbers involved . . " 
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a \ 

/ > • : ... • 
. Solution : 3l(l + i) = 31 - 3 » -3 + 31 

• 1 3i I = 3 , |.i .+. i| -yg-- |_3 + 3i I = 3yr : 

Polar forms: ' 3i v = 3(cos J + i sin \) 
1 + i =y?(cos £ + i sm J) 
-3 + 31 = 3^2 cos(£ + J) + 1 3 m(£ + 
• ^ « . = 3V^(cos ^ + 1 sin Jf) ... . 

Example 12- 2b : (l + 1 ) (1 - i ) = 2 . 
1 + 1 =V?(cos £.+ i sin J) , 

1 - 1 -y?[cos(- J) + l ; sin(. J)] , 

(i .+ i)(i - i) - (y?) 2 [cos(| - f ) + i smtff 1 

= 2{cps 0 + i'sin 0) 

= 2 . 

• . ... • f 

Let us examine the relation between the standard form^f z 
and the polar form of z , (z ^ 0) . For the standard form we 
write 

z = x + i'y , ■ (x and y real ) ; 
for the polar form We write t 

z = |z| (cos 9+1 sin. 9 ) 
Since . ■ ' * i •/ 



cos e = 




, sin e = 




the polar form, expressed In terms of x and y , is simply 



z - |2|( itr + ! tIt> 
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The polar form of z may be described by saying that it 
^resolves z into a product of two factors: the -first "factor 
being |z| , a non-negative real number, the second factor 

cos e + i sin e ,=» + i -jip , which is complex, has absolute \ 
value 1: 

*> ■ 

|cos e + 1 sin e I =y(cos e ) 2 + (slne.)^ m 1. . 
Example - 12- 2c : The polar form of 1 + i is 

since y?J> C0S f > yf" 33 sin ¥ * 

Example 12- 2d : » The pqlar f orm of 3 V 41 * is 

a. 5 (3 + i = 5(cos e + i sin e j , 

3 li ' 

where cos e =' ~ , sin 0 = 

These examples illustrate thV f^ct that one does not have t 4 o 
refer to a table, of trigonometric functions in order to write the 
polar form of a complex number when' it is given in standard form v 
Reference to a table is' necessary only for determining, or estima- 
ting, the value or 0 , We shall see that for many calculations 
involving the polar form it is not necessary to find 0 itself 
— knowing only cos e and sin e being sufficient. * 

. It is- clear, on geometrical grounds,, .that there are many 
values ofle- corresponding to each given non- zero complex number 2 
However, . these values of 0 are related to each other, in a very rfc 
simple way since each of them measures an angle from the positive" 
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x-axis to tjhe ray f rom . 0 through the point representing z. Such, 
angles differ by some number of complete revolutions /about /.0 , so 
vthe rvalues "of 9 measuring these angles' differ by* integral 
multiples of 2ir '. Each ray from 0 is terminal side' of one 
angle, having. the p positive . x-axis as initial side,,.which is 
less than one complete revolution". If e is the radian measur^o^" ' 
such .an angle , then 0,< 9 < 2ir ; we shalj^ say that 9-,. Is the-'...,; 
argument of each non-zero complex number z corresponding to a 
point on the ray. -$/e, write e« .«= arg z . Thus 0 = arg z means ..f, 

z r(cps 9 + i sin 9 ) , T >' 0 , and 0 < 9 '< Sir ... ■ 



Since [cos e + i sin 9 I - ^/(cos q ) 2 + (sin^e ) 2 = 1. / th# 
complex "number? ' cos e + i sin 9 represents V/point on, the "unit - 
circle" — i.e., the circle with center 0 -and radius' 1 . V 
Consider two, such complex numbers : cos 0 + p. sin 0 ^nd^ 
cos' 9 + i sin 9 . By We remarks .in the previous paragraph-, we 
have, the following theorem.* ?v - - ' 



Theorem 12- 2a ; cos 0+1 sin 0 = cos'e.+ i sine 
if' and only if ■ / 

)2f = 9 + 2k 7r , for some integer k . ■ , 

This theorem may be proved directly from the 'periodicity 
properties of the cosine and sine functions without appeal to 
geometrical ideas. See Exercise 12-2. 
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1 " -a £*$ ress each °f the following complex numtffers in polar'form 
^ and defce.ftnine arg z : ^ 

# *..(*> z # 2 + 21 * * (d) z = - + |i . 

. tbj^z = -3 + 31 ' (e) z = 4 

'* ' *3 ....... 

' , ( , ,;(c) z *= i - ^-i (f ) Z = - 21 

2*' Express each of the following complex numbers in standard 
> form a : «• * 



4 



(a) _. 3 (60s -|'+ l"sln |) (d) 5(cos tt + 1 sin' ir) , 

(b) ^(cos ^tisin *•(*) cosl+.i^in^ 

Cc) cosi^L + i sln 111 (f ) 2(eos 0 + 1 sin 0) 

'. " * . : ' • *■ . • 

Find the Indicated products In polar form and express .them 

'In standard fprm: 

: (a)' 2 (cos £ + l.slV-g) . 3(cos $f + 1 sin ^) . •* 
■{(b) (cos |f + 1 sinf) < (cos f.+'l sin gj: 

(c) (3(cos £ + 1 sin |)] 2 V V 

Prove that (r(cos 6 V 1 sin 0 )} 2 = r 2 (cos 2 e +< 1 sin 2 e ) 
where r . is a real, number. 

Prove that, if z ± « ^(cos 6 1 + i sin e , r real,^ 
and • z 2' sa ^(cos e 2 + 1 sin e 2 )^ 0, r^'real, 

■ z r ; r ■ .-. . . * • * " 

: t J ien "' ^ = V^[cos(e ^ e, 2 ) sm(e 1 -*e 2 )] . 



61* ' Show .that, zU if I z I = r - * 



- * 



c 
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7*. Show that two non-zero complex numbers lie on the same ray 

m from . 0 if and only if their ratio is a positive" real number, 
8. Prove Theorem 12-2a without appealing to geometry; i.e., show 
that . \ 

" ' • *^ 

(a) cos 0 + i sin 0 cos e + i sine " f ":\ 

if and only if 0 = 6..+ 2kir , where k is some integer .' 

[Hint: Prove first that (a) holds if and only if 

(b) cos 0 + i sin 0 _ , 

. cos e + 1 sin e " • # # * ' 

Rewrite (b) using Exercise 5; equate real and -imaginary 
\ parts and show that the two conditions you get -lipid if 

% and only if cos(0 - e. ) - 1 . But the last cpndition 
9 holds if and only if 0 - e = 2kipr , for some integer k 
* ' Why?] ■ . ■ 

• s ; . ■ 

12-3. Integral Powers ; Theorem of deMoivre . 

We saw in Section 12-2 that if 

z = r(cos e + % sin e ) 

and z t r f (cos 0 * + i sin e •) , 

then zz ' = rr *(cos( e + ' e • j + i sin( e +' 0 ■ )} . 

We now turn to the case where z and z * are equal and- 
obtain* for the square of a complex number 



z 



2 '2 



= r (cos 2 e + i sin 2 0)., 



We can extend the idea to ..■■"«*" 
«z 3 = z 2 * 

= [r (co^ 2 0 + i sin 2 0 ))(r(cds 0 + i sin 0 )) 

lr ' ' '■ 3 

.. = r (cos 3 0 + i sin 3 0) 
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Continuing in this way, We may derive, one after the other, 
similar formulas for , z 5 , z 6 , , z n , for each natural 

number n . The theorem of de Moivre sfates the general result.. 

>■ Theorem 12- 3a ; (de Moivre) If z V r(cos e + i sin e ) 
and n is a natural number, then 

z n = r n (cos n e + i sin n e ) . 

Let us turn now td some' special instances of this theorem 
to see what it has to tell 4 us about the geometry of the complex 
plane. ' . 

Example 12- 3a : Find all positive integral powers of i . 
Solution : We have |i| = 1 and arg i = f . Thus 
2 

i = l(cos tt + i sin tt) » -1 + Oi = -1 . 

1 3 = l(cos ^ + i sin ^) = 0 - i = -i . 

1 4 =. l(cos 2tt + 1 sin 27r) *= 1 + Oi = 1 . 

« R » ll 6 li p 

From here on the powers repeat: i^ = i i = i , i = i i -= -1 , 

7 k V ' R c ll ll 

i' = i^i° = -i,, i° = i i .= 1 , etc. We can. explain this 

repetition in geometrical terms by noting. that each time the 

exponent.' is v increased by 1 , steps through a quadrant of the 

unit circle. We can express these facts compactly by writing 

> M , i kn+ \ = i , i 4n+2 = -i , i 4n+3 = -i 

where n is 0 or any natural number. 
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\ 



Fig. 12- 3a 



Example 12-£b ; Let z = cos 1+1 sin 1 . (The angle with 
radian measure 1 has degree measure i~ , which is approxi- 
mately 57.3 degrees.) Plot the. first ten powers of *z Which 
quadrant contains the point represented by z 100 ? 

Solution : Since ' ' 

z = cos 1 + i sin 1 , de Moivre f s Theorem gives 

n . K ■ 

. z = cos n. + i sin n , n = 1, 2, 3, . . . 

These numbers all have absolute value 1 and hence represent 
points on the unit circle. The length of arc along the circle 
between successive powers of 2T is 1 . unit. To. determine the 

we may first determine how many complete 



qu£3ranl containing z 100 
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; V* . V Pig. 12- 3b • 

circ^i^s/pccur as ; n steps from '0 to 100 / Dividing 100 by 
2ir we obtain 15. ^915y^T^^T^s z n steps through 15 complete 
revolutions and ovef ^ of another as n steps from 0 to 100, 



r 



Therefore, z 100 represents a point, in the fourth quadrant.! / 

Example 12- 3c : Calculate, -and plot the first five powers of 



z ■- 1 '+. 1^3 . 

Solution : Here |z| = */! +. 3 



2 , arg z = 



ir 



So 



= 2(cos J + i sin £) = 1 + iy7 , ' 



and 



7 T ^ 

z 2 = 4(cos i sin ^) « | + i^-j = 1 2 + 2i/3~ 

z 3 = 8(cos tt + i sin ir) = 8(-l + 0 • i) = - 8 . 



z = .l6(cos ^ + i sin ^) = 16(- \- i^-) = -8 - 8i73" 



T 

z 5 = .32(cos ^ + i'sin 5f) - 32(| - i ^) = 16 - 161^3" 
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12- 


3a 


cos 


.2 


e = 


(cos e ) - (sin e ) ■ , 


12- 


3b 


sin 


2 


e = 


2(cos e ) sin G , 


12- 


3c 


cos 


3 


e. = 


(cos e ) 3 - 3 cos e (sin G ) 2 , 


12- 


3d 


sin 


i 


e = 


3(cosG) 2 sin G - (sine) 3 , 


12- 


3e 


. \os 


k 


e = 


8(cos e ) fy - 8(cos e ) 2 + i , 


12- 


3f. 


sin 


k 


e = 


8(cos e ) 3 sin G r/ 4f(cok e ). sin e , 



and corresponding formulas for cos ' 5 G , 'gin 5 G , cos 6 G , 
sin 6 6 , . .. , cos n G , sin n 9 , where n is any natural 
number. We call such identities multiplication formulas . 

\ ; ;V/e/^ay prove the identities 12-3c and v l2-3d as follows:. 

k 3 



.COS': 



3 G + i sin 3 G = (cos G + i sin G )' 



v " 



= ,/cps G ) 3 + 3(cos 6 ) 2 (1 sinV) 
( + 3 (cos G )(i sin 6 ) 2 + (i" sin G) 
/i ( (cos e ) 3 - 3(cos G ) (sin Q ) 2 ] 
- i(3(cos 9 ) 2 sin 6 > (sin 6 ) 3 ] , 



t 



and, equating real and imaginary parts, 

cos 3^G = (cosG:) 3 - 3 cos G (sin G) 2 , • 

sin 3 6 = 3(cos 8') 2 sin 6 - (sin &)? . 

We leave the proofs of the other multiplication formulas as an 
exercise . . - 1 ■ " • ' , 



Exercises 12-3 



In each of the exercises 1 through o, 

(a) Find |z| , arg z , and express z in polar f oiMk * 

(b) Using the polar form found in ^Step (a), calculatj^ ^ 

2 3 ' ■ h . 

2 , Z , Z t 

tsec. 12-3>1- . 
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(c) Check the results obtained in Step (b) by calculating ' 

2 3 4 ■ 
z , z , z ' using the standard form. '' U;:/. 

(d) Show in a diagram each of the joints 1 , z , z 2 , z 3 , z 4 
1. z = 1 j 'i- . - 4. . z = 3 + 41 .. 

a./ s. - 1 * 1 ^ ... ; s. z..-i -^j* , ... ■■• ' 

6. Deduce de Moivre «s theorem; for negative Integral exponents 
from the version stated In the..textr for exponents which are 
natural numbers. .ll?'V?"j' 

7. Prove the multiplication formulas 12- 3a, 12-3b, 12-3e, 12-3f. 

12-4. Square Roots' . • ' • 

"H The theorem of de Moivre in Section 12-3 provides a compact 
formula for any integral power-' of 'a-.npn-zero^^Plfex ' number: 
If z o r(cos 6 + i. sin e ) , r > 0 , and 
. n 13 any ±nteser y 'thin z n = r n (cos'n e + i sin n e ) 
In Sections 12-4 and 12-6, we consider the converse problem: 
. . . Given a complex number z • and a natural number 

n , to find all complex numbers ,w satisfying 
the equation w n = z . • " ■ 

Section 12-4 is devoted to the case n = 2 . Section 12-6 contains 
the general theorems. 

tye recall that, every non-zero real number has* two square 
roots. If x is a positive real number, its square roots are 
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real; we have denoted them by ^/x and -V^(V* being the one 
which is positive, - ^/x the negative one). In Chapter 5, we 
extended this notation to cover ^square roots of negative real 
numbers. Thus for x < 0 

J* = , -v/x = - i y\x[ . 

Let us consider the equation 

where z is a given non-zero complex number (which we. may supppse 
is, not real). We are interested in the solution set of this 
equation.' 'Let us assume that the solution set is not empty and 
write 

w a | w | (cos 0 + v i sin. 0) 

for one of its elements. If z = |a| (coa e + i sin e ), we have, 
by de Moivre's theorem and the assumption \w = z , 

|w[ (cos 20+1 sin 2 0) = |z| (coS e + i sin"fc ) . 

.Equating absolute values we have 

Jw| 2 = |z| ; 

so that 

|w| =yrzT . • . 

Note that |w| is uniquely determined: |z| is a positive real 
number and |w| , being a positive real number, is «its ^positive 
square root. . l Knowing |w| , we must still find' 0 in order to 
get w . We have \ -j ■ ; 



* . cos 2 0 + i sin 2 0= cos e +. i sin. e ; ; %|P 

hence, by Theorem 12- 2a, t ' 

.20=9+2 k7F , for some integer k , 

•or * • 

0 \ 9 + kir , for some integer k . , 



v 
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Now z 'was given, and if 9% arg z then we know -6. too. Moreover,. 
0 < e 2tt . If 'we suppose 0 fS^S w , the -restriction 
0 < 0 < 2tt limits the po^sible^aiue^s of the integer k' . .Indeed 
k • can only be either 0 or !>} %d#, : 'with 0 < e < 2ir , we have " 

1 s - . ' V. ' — - 

0 < ■£ e < tt and if. ' ' . ^ . ' • ' •.>', 



k = 0: .0 . ^ © + 0' • > , |q'>0 < '0 = i e < it < 



2tt 



1 1 i 

! k = 1: 0 = e +1 ',ir- , so 0 < 0 = *2 9» + tt < tt + tt = 2tt; 

but if' * . . 

x k > j 2: 0 ' m \ e: + kTT > ^ e 2?r > 2?r ; ^ . 

. . We therefore find precisely two candidates for elements of 
the solution set of the equation 

F ■ 2 , m 

w = z , ;z given, not zero. 

They are w Q = yi^T [cos(i"e + 0 • tt) + v I sin(i 0 N + 0 • tt) ] 

*- ; w l > -/TzT [cos^ e + 1 . tt) + i sin(^ e + 1 . tt) ] . 

The question still remains' whether or, not the solution -set Is 
empty. As a matter of fact it is -not, and both of pur 
Candidates are members of* it. To see this we have to sl\w that 
they satisfy th£ equation. . We use. de Moivre »s theorem: 

w 0 = C/TzT x '[cCs(^ e -K 0 +' i sin(^e + 0 • tt)]) 

= |z | (ctos( e + 0 (^^r) + i sin( e .+ 0 •■ 2ir)} 
.= |z| (cos e -f i sin e) 

= z : ' • ' ! . 



a 1 
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and w x : - C/FT [cos(| e + 1 • ir) + i sin(| e +,1 • tt^) 2 

=». |z| {cos( e + 1; ; 2tt) + i sin( e + 1 • ,2tt)} ^ v 
«. |z| (cos'e + i sin e) s - ■ 

These conclusions are summarized in the following, theorem. 



Theorem 12- ka : The solution set of the equation 

' w 2 = z , 

■ > 

where z is a giv^h non-zero complex number, is 
where 

w 0 ^VT^T Ccos(-| G + 0 • ir) + i sin(^ Q + 0 • it)) 

■ * 

w ! - yfzT (cos(-| e + 1 • ir) + 1 sin('i e + 1 Air)) 

J ■"• ■ ■ ■ ■ 

and 6 » arg z . . 



Three observations: _J> - : 

1. If z happens to be real, .this theorem agrees with the 

results in Chapters 1 and 5'. If z > 0 , then |zj = z and 

arg z * 0 , so that 

[ ' : 

w 0 a VI?l [cos(0 + 0 • ir) + i sin(0 + 6 • ir)] =\fT 

...... • . • » \ , ■ ... ■ , 

w i =VTzT [cos(0 +.1 • w) + i sin(0 + 1 • ir)] = - ./T . 
If z < 0 , then |z| = _z and arg z = ir , so that 

/W Q =yTzT [cos(-| tt + 0 • ir) + i sin(^.Tr + 0 • tt)] =yTzT (1) = 
w ! -yTzT [cos(-| ir + 1 . tt) + i sin(^ tt +>X . tt) ] = V^z" (-i) =-,/z" 
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• ■•'.2. -.The roots 'vr Q ., are,. additive inverses of each other: 

• w l =• V" I z 1 [cos(^ e + V) .+ l sin(^'e, +'*■)] 
v . ' -yfzT [- cos(^ e ) - i sin(^e )] v . 

, . (However, it would not be correct to, saj& that' one 
... - of them has to be- negative. Why?) . . « . . • • 
; .3* If z ■ 0 , the solution set contains only one element. 
That element ip 0 , for w 2 = 0 if and only if w = ,0 . 

Example 12- 4a ; Find the 'square roots of i . ' 
. resolution; Since . |T| = 1 and arg i = f , the theorem givf 
w Q = cos (5 + 0 • tt) +'i sin (5 + o' • tt) = ±±A ; 

.w 1 .'• cos(J + 1 . tt) + i S 3jn(| + 1 < tt) = 1 '.. " '>. 

■Check:';'-. ■ 

/I + i'x2 1 + 2i + i 2 2i . •"v. 



7Q$" 



IT - 



Note that -a 2 arg .= 2Nj) = £ » arg i , 

^ 2 arg WjL =. 2(r^) = ^ ' - 2tt + \ =-2tt. + arg i ; ' 

Example 12-4b : Find*the c; square roots .of ;j 2 t 51 ' * ' 

Solution: 



'Let 



~ lg_± 51 



13. 



then |z| = ^ and the polar fornTiof z 

.1 v. , - r * v . : - 

' 13/ 12 + 31 v -13/ 0 ■ v V 

-g-l 13 . / "5-(^ os e \+ i sine )....■ 



is 



■j a: 



Since . cos :e t sS 3f ! > 0 and si & = T§ - . m ^ asureS a n angle 

*i'h the! ^Lrst quadrant ; Wj jjay .g«gt^an s ..estifaeft€|, of e by consulting 1 , 
1 a table of cosines' or sines/' Dividing this estimate by two we \ ' 
would* have an estimate f or' the argument 6f w' .> . Re-entering tt\e 

table we could get estimates for,.'! dos % and ... sin % t and'usihg , 
them we could obtain an approximation, to Wq> and hence also an 
approximation to w ]L = - w Q . s The -fact of the matter is that 'we ' 
■ fteedjaetf settle for such approximations to. Square roots. We C4n 
calculate them. exActly.7 For this.purposfe we. use. the "half -angle 
formula^ of Chapter 10. . ' ' .. * ... 



,cos -| 



+ /l h- cqs e , -,„e +' Xl Vxqs e 



(Recall that the choice of ..signs In these formylas is determined . 

by the quadrant containing £ . )' Returning to our example ' 

12 + ^1' - " *■ * ■ *> ' ' ; . ■ ■ ■ ■ A ' " 

";. = ^ % lies in the' first quadrant ; hence S is, also in 

' the first quadrant. Thus cos -| J*and sin ^ afe both positive .7 



cos 



sin * . J^M 
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( ^^J" ) in polar fonng* 

a 4* ■ = 2 + "5 standard fC^m. 

The two square -tfoots of :> 12 % axe therefore- and , - $\ l± 

' ' " ... ' • ■' : ' IT '.V .' * '•. 

Exercises 12-4 , . \ 
- 1 <*-.'.- ~~ ~ — . . • ' .« . ' • ■'. 

In each of Exercises 1, .. . ; 6, find the square. roots o£ the 
give^complex number z % , Check answers; £y squaring Plot 

z and Its ^square ropts in an Argand diagram. • * 

. a - 2 ; • v : z\vT- i.. ... ./ -. 

/. 2, z -2+21 . ; . 5. z » 3+ ■ # ; -'4*. 

7 V. L ^s W k =v^zT [cos(£ e + Ictt) + I sin(^.e^ kTr)]. Show jthat 
w 2k = w 0 and w 3c+l 52 w l for V an y natural number k,;gj 



12-5. Quadratic Equations with . Qpfoplex Coef f iciertts /' ' . 

: . : We announced ^ Chapter ' 5, . Section 5-9/tha^ each quadratic 
equation with complex coefficients has complex roots . In this 
section we prove that this is. the case/ 5 ' ;v ,. r 



Consider the equation 

/■ ' , P ' ; ' 4v 



* A. 



i- ■■/''■■ p * 4 ; * ■ 

12 r-5a . \.. A? +'B2 + C = 0 , -i 

where A, B, C are given complfcx numbers (some or all of which may 
be, reajL), and • A / 0 \ Completes the square, we have * »■ 

12- 5b "' Bx2 ! B - kA C ■ ■ ' " 

. : " ■ ■ €?■. ' ■ " - . V •'■ ' '. " • 



lM Chapter % where wA, B, G were redl, the right-hand member of 
^quatioh K2-5b was j*ea<L huraben, In the present case, it is a 
complex fBraber (perhaps rea^i pei"haps not). Let ifs 'write 

» ' •*« >> • •. * 

• '«r . kA 2 

and 

> " ■ • . * B'% ' ,' • 

* ^ w =,- z + "5jr ... ■ '<* 

" . : ' • . .... i, " •■ 

Then Equation 12- 5b becomes, .... 



*\ ^— \ .2 \ „ * 



i*.. ^piere are^two» .cages :^ * (l ) E = 0 , *ind (2) %.j£ 0 . If E = 0, ^ 
t witch means B 2 --4AC = 0 , the solution Set of Equation -12- 5c is 

' ^ ^ ■■ B ® ■ • -'• •• A ■ 

the 3et„(0] . Since z => .+ w , the solution set ' of Equations . 

■ •" • ' tj « ••• ' , v . " ••' 

■• T2-Sa and 12- 5b' is the set (- . Thus in Case (l), 

B . - i* : A6 = 0 V Equation 12-38 ha* just one solution f - -JL . . 

In .Gas^e (2), 3 - ^AC V 0 * ^Equation 121 5c has, two solutiofli#, 

say w n and *tw ' . We know& however, : from Section l'2-4, tnat » x 

'Ok* "■' * ■ • J 

w 1A = - w n ^ ThusS^we may write Xw-. , H;.w n ) for the solution 

v. jte-* • * , • • -4 ■ , , w . w ^ 

set of^Equation^2-5c . Jhe solution set of Equation ^12- 5a is then 



rj. 

^ vf* B ** B 



beting- one or "the solutions o^ '* a 



« . - o 

2 B - 

2~ . • 5? j.' ^ . ' • ft 



w 2 J E = 1. ~ 4AC 'Jt ■ • - * 



We. state* "these results as^fttheorem. 
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Theorem 12- 5a ; The solution set ofj*the equation 

• ' - t 2 \ 

■ * s ■ Az + Bz + C = 0 , A ^ 0 , 

is If ^fe 2 *- 4AC = 0 j> if B 2 - 4AC ^ 0 , the sqlutipxi^ 

set is v B B « . 

\ { - ; /3T + w o ' - -ST - w o 3 ' *; 
where w Q is.pither of the solutions of the equation 

4 2 B 2 - 4AC ^ 
♦ ■ ■ ' W ss. — ^r-n • 

. , , ■ ■ • > . 4a^ • 

Example 12- 5a ? Solve z - (2 + 4i)z + 4i = 0 
Solution ! Here ^ . " 

li".* f •° ' 

A = 1 ,' B = -(2 + hi)' , C B 2 — 4AC ... 4(1 + 2i) 2 

-l6i .= ' -12 , E - -3 . Let w Q = ; i,/3" ; then " 

z x = - . -J^ + w Q = i + 2i + i yr= i + (.2 + y3")i , 

Z 2 = " Ia " w 0 = 1 + 21 " 1 •# '= 1 + (2 - 73)1 . 



* 



'P 

Example 12- 5b : Solve^ z + (1 + i)z + i = 0 . 

. ... • 

Solution: * Here . 



A = V, B*= 1 + i , S 2 - 4AC = (1 h- i) 2 - 4i = 2i - ? >i 



- x 2i - e - 4 - |(cos 3r +* i sin.^) ; 

H ^ nce , w b ..^(cos 4r+ 1. sin ^fj , and 

■ * 

' ' ~ B - • ... _ ' l + i . i - i * 
v: 1 = " "ST + 0 5— + —2— - - 1 

* . 

• B 3« + 1 > - 1 - 1 , 
* V Z 2 ■- " -ZK " w 0='— 2 2— " - 1 

Example »12-5c ; Solve the equation " 

" v . ' " < }•<« 

z 2 + (1 - 5i)z - (1.2 + 51)°= 0 
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Solution : Here 

■ ' _ A = 1 , B = 1 - 51 , C = -12 - 51 , B 2 - 4AC = (1 . 5i) 2 

..+ 4(12 + 51) - 24 + 101 , E = 12 \ ^ . In Example 12.4b, we 

found that 'the solutions of w 2 = 12 t 53s are- 5 t 1 ~_ 5 +■ 1 . V 

Taking w Q = 5 j 1 , we have . •'' . * 

^■•l^O-^^H 1 " 2 +31. . ' 

• z 2 = -lr--»o-^- 5i -^ i --3+>i .' • 

(Compare with Section 5-9 of Chapter 5, where this quadratic 
equation was. mentioned.) . 



"Exercises 12-5 
Solve the following equations : 



1. 


z 2 ,. 


■ lz +' 


2 = o ... f 


4. z 2 - (2 + 2i)z + 21 = 0 . 


2. 


iz 2 


.+ (1 - 


l)z - 1=0. 


5. z 3 + 21 z 2 + 31z = 0 , 


3. 


z 2 ; 


. 2 i z : •• 


1 = 0. 


6. a* + 4^2" iz 2 - 8 = o . , 


•7. 




. lz 2 + 


1 - 31' = 0 . 


(Use half-angle formulas to obtain 




Z 2 , 


tables 


to, get approximations for z .) 


8. 


V 


-I? 2 ) 


- (1 + 2l)(z 2 


- lz) _ (iz + 1) = o . 



pts dlf^Or 



Roots d|f Orfler n, 



^tiori 12-4 we 1 discussed the solution -of the equation' 
w =Nz, where z is a given complex number. In this section we 
considet* the equation w n = z , where z^i is a given complex 
. numbery&nd . n is a natural number. First*** consider the case 
n = 3 , and later we extend our results to an arbitrary natural 
number n v , ^ - ' v " 
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For z = 0 , the -equation . w = z has only one solution, 
which is 0 • (Why?) We shall find that there are n distinct 
roots when z ^ 0 . 

> ■» 
Cube roots . * 

Consider the equation 

v ■'■ 
12- 6a >^ : ¥ w 3 =*z , 

' ■/ 

where z is given. Suppose z / 0 , We" proceed as we- did in 
Section 12- u 4, when we discussed the* equation w 2 = z . if 

■ ■ • w = | w | (cos 0 + i 3in 0) . 

is in^lhe solution set of Equation 12-6aJ then 

, |w| (cos 3 0 +.i sin 3 0) = |z| (cos 9 + i sin 9 ) 

so |w I =.|z| , cos 3 0) + i sin 3 0= co£ e,+ f sin e ; 

and |w| = x y |z| , 3 0 = 9. + k • 2ir , for some- integer., k , 

or |w| = 1/JzJ , 0 = 1 9 + k • ^ , k C I . 

No#b that Vl z l i s the (real) cube root of the positive 

^ • ■ " - ? 

real number |zj it is therefore positive. We propose to show 

that, if* 0 < 9 < 2tt , we have 0 < 0 < 2ir if and only If 

k = 0, 1, 2. (donipa>re this to the analogous situation in ' 
Section 12-4.) Indeed, for* 



2 2 

so . O- < 0 < -j7T + -jir/ = ^ir < 2w 



k = 0: . 


.0 


1 

= 1 


9 


4 

, SO 

1 •; «* 


k = 1:. 


0 


1 

~ 3 


9 . 


+ IT * 


k - 2: 


0 


1 

= 1 


9 


. W- 
+ T ' 



so 



* ■ j 

0 < 0 < |tT; + 
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But if 
and if 




As with square. roots, de Moiyre *s ' theorem shows! t^4t^^kb)^ f 
of the.- numbers- ".j. V " ' " - ^ *'- r '"•'•"« '■ /-H'^'-'.. • ' \ * ' • • ' ' <' : : :: .'«^':.- : 

w 0 = [cos (^ e4 o £ 'sirif|v> 6 '0 



12- 6b < 



w 



e- +..i v °- 

2tt, 



w 2 = Vf^T [cos 6 + 2 /^;+l:"sin(|ft.+^ . ^) ] J,-", 

really is a member of the solution Set.. '/* We Summarize these : « 
results as a theorem. . * ; ■ \. . »'■ v 



Theorem 1 2- 6a ; Thi^ solution s6t of ; trie- eq^^ 
where z is a given non-zer<# complex n'Omber^^^' -^ : *?" >: '« 



where 



W^ =sr 



W„ =s 



3li 



• ' f' w d > W I ' w 2l ' ' \ ^^^| 
zj {cos(^>; +. 0 ^) +■ i sin(^v& 

; ••■i'A-'V-'-..' i i! ; . . f ; v ■ 

2tt\ 



v o / SVx 




and ,9 - /arg/z . . , " . ■■ ..- -■■ . ■. • t . 1 s> • .§ii?P*J*JJ 



fe-'.-^.;. :.>lfe«:- ; * >• f^eb. 12-6] ; , 
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Example 12- 6a: Find the cube roots of |^^1^ (J • i ; : : 
Solution:-. Here . Jz|. = :1 arid , arg z = .formulas g&£. 

w n = cos(0 + 0 + i ; -sin-it Of. + ^§fcjMf : ./ . " . 



' =. COS' 0,+ 1 'sin 0 m ■ 1 ■ ; 



w L = cosfo + 1 - '.if 1 slntO^^^-- 1 ;^.-^ - 

<C9 s ;: f;..^ 



\i 2 = cos (0 +, 2. • —y)- +- 1 ^ft^^i^ ' ^ 
• _ cos ^ sin.i^ W^ 



.1 




Pig. 12- 6a , ' 



^i^^^-" J ^ er ^'^" : . a ' V ©^ important cpnnecti^S betweeri' the" results - 
'ifc < ; 6tt££ned in scimple l2-6a v and tPe Formula 12-6t> / : ' ifet - us 'give 



[(-1;) 3 + '3(^&^- 3(i' 1 v^ r ^,&: 5 &/5) 3 ] 



4 — v-'i 



v'. 'jnames' -to t'hejfspecial numbers 



■ , 2 ' 5 

":%«tfte'-. tbre# cDbe roots of*l. If we put 



\ 



^ = -1 + 1/3- - ; 
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then. «, 2 = C 1 g, lv/r ) 2 = £(i - 2i vj-- . : 3X;^L;,f 

... . = £(-2 - .21 ^3) = -i^- *fS . . . • 

and is the other non^real complex cube rqot'of 1 , The three 

cube roots of 1 are, theref ore, ^ „ , ^ , since,*/ 3 = 1 
The connection between the cube roots, of 1 and the cube rootV of 
any complex number z is given in the following theorem* 

• > 

Theorem 12-6b ; If z is not zero arid" w is any one 

" : — ' 3 

solution of the equation w - z , then the other two solutions 

2 * ' .-■ 

are io\i and at w . , ■ ■•— - 

• ■ "S*- ,-■ 

, : We give two proofs of Theorem 12-6b. The first proof, ' *\ 
which involves less computation, accomplishes all that is . 
actually required^ The second proof exhibits explicitly the 
relatidtaship b^Cween the Formulas 12-6b and the mtich more compact 
expressions w, u/w 9 uTw . 

■ First Proof . Our firs% assertion is that the three numbers 
1 9 jC^ 9 are distinct. This is evident on the grounds that no 

pair of them have the same real and imaginary parts . Moreover, '■ 
it is impossible for any two* of the numbers w ,^w. , u/ w to be 
u ;equal if, w 3 = z ^ 0 For, on the contrary, we should have % 

(say) or 1 = ^ since T .v cannot be zero. This contradicts the 
fact that 1 and ^t/ are distinct. We know'.then,. . that w ' ou w 
and uj w are three different numbers . tye propose to prove that 
each of these numbers satisfies the equation w 3 = z Since they 
are three different numbers they must be the three elements. of the 
solution set, for that set contains only .three elements altogether*. 




[sec .12-61^- 




715 



-By hypothesis w 3 « z Now, in addition, 



(ct/ w) 3 = ^/ 3 w 3 = w 3 = z ,' for ^/ 3 = 1 , a" . 

and (^/ 2 w) 3 = ^ 6 w 3 = lV =r w 3 » z ' 

2 

so ^/w and ^ w also satisfy the equation. 
Second Proof ; We show that 

■ • N i ■ \" 

^ W 0 = Vl and ^ w 6 * w 2 ' * 

and leave the other possibilities as.fin exercise for the student 
Recall that v 

w 0 = VfzT [cos (^8) + i sin(^e)] , 

/ ^ - cos ^ + i sin ^ , */ 2 = cos itf + i sin . 
We have, then, \ *^ . * 

* to Wq , = VjiT [cbs(|e.) ".+. i sin(|e)] (cos ^ + i sin ^) 

= VTzT [cos(ie+ §£) +" i sin(^ e + 

■ "• ';■ ' - w i \f ' .'• " ; - 

"^O - VT^T-[cos(|e). + i 3ln(|e)] (cos ^ + i sin i^) 

is.J/RF [c6s(|. e + if) + ± si„(4 e'+ 4f )] 



* ^2 ••- 



This theorem tells us a great deal about the geometry of cube 
roots. It is the analogue for n » 3 of the fact that = - w Q 
when n = 2 . We know thai the cube^ roots of z • lie on the 
circle with center at 0 .andL radius V|z I . '■ One /of them, the ' 
one we call w Q , has argument one-third of the argument of z . 
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Since, the other two are w Q and ^^w Q , we can see at - once that 
the three cube roots are equally spaced around this circle. This 
is clear when z = 1 and the roots are 1 , &y , ^ 2 ,: For*agy 

other value of z we have* merely to add rj. 0., or .|arg z t , to 

.' p -'• ''*"■ ' 

the arguments of 1 , U> , us to%et the arguments of w 



0 9 "l > 



w 2 , respectively. Since we add the h$aihe quantity to each of these 

arguments we turn the whole, configuration around 0 by. the x 
amount added . » . 

















v\ w °\ 









W 0 



Pig. 12- 6b 



Roots of order n . • 

We now extend the results. obtained for square roots and cube 



roots. We give theorems for the roots of the equation 



\ 



12- 6c. 



w n = z , z ^ 0 , 



where n is any natural number .' The student will note that sub- 
stituting 2 and 3 for n in the theorems and their proofs 
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"•• ' " . ; ' ■ . . * " - : 

gives- us the theorems obtained for square roots and cube roots as 
weil as their, proof s . Thus th^re is noynew idea in the remainder 
of this section; we merely carry over w^at we did before 'to. the 
general .case. " 

, , • * • ' . ' -.. ..... . 

: Theorem - 12- 6c ; If n is a natural number .and z is a . ^ 

given non-zerQ complex number, the solution set of the equation ' 

'••/.'*••". ' /-. ■ w n = z , . ' ■ _ . : 

is t^o ' w l > "' > w n-ll ? where '. 

' ' '•' ' - " ' ■ '' \ ■ • . • 

' •• ■ • ' " . • ■ 

• " k = YfzT [cos(i e + k . |E) + i. sin(i e + k . 

k = 0 , 1 , ... , n - 1 , and 0 = arg z : 

' Proof : By de Moivre •s. theorem, each of the numbers 
w^ , k = 0 *, 1 , . , n - 1 , belongs to the solution set since 

w k n « (VT^ Ccos(i e + k . % Vi sin(i e + k • ^)l) n 

|z | [cos( e + k • 2tt) + i sin( 9 + k v 2tt)] 
= |z| (cos e + i sin 9 ) 1 

Moreover, they are all" distinct for no two'liave the same argument 

On the other hand, suppose w belongs to the solution set and 

that „ 0 = arg vi . We must show that each element of the solution 

set is one of the numbers w A , w, , : w ... We assume, 

O 1 n-1 ' 

then,, that w n = z .• This implies . > • 

|w| n = and, V = 6 + k • 2tt , . 

for some integer k . Thus . , ■ 

, |wj = vi^r and |e + * . 
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Now 0 < e < 2tt - and, 0 < k < n - 1 give 



while 



Q < 9 < 2tt and k > n give 

e .+ k ;S> o .+ n ... •§:> 2ir , 



i 

and | 0 < 9 < 2tt and k < -1 give 



f . ■ 
. 4 



0 = - 0 + k • < 2t _ 2tt = . 
n n > n . n - u 



This theorem shows that each non-zero complex number z has 
n. distinct complex n tn roots, where n is any natural ~ number. 
The complex number 0 has only one n tn root for each natural - 
number ji . It is 0 •." ' •, •■ • • 

1 V^f n ccinplex -.n^ roots of the number 1 'are called .the ■ 
n ' root3 of unity . Let • ' ... ' *< 



, ; cos(i'o + i\. 5l>. + i sin(i o .+;i : ' v' V" v 

so that uJ is a particular one of the n tn roots, of mityj»\ " 
De Moiyre «s lio^ . shows us that the n - 1 other.. nj n roots* of 
unity are : • ' , ^ ■ 

. : ; ■ - ' V ".•'•.«■. '•' •" <1 

2- 3 .:. n •• ' 

since--'- v. 



W [cos(^) ■+ 1 sin^)]* v 
lEv . 4 -4-/,. 2ir 



. - cps(k V^) + i sln(k |E) , • V 

thus for k = 1 , 2 , 3 , . . . , 31 >e obtain precisely the same 
roots given by- Theorem 12-6c on putting z = l , e = p ..• 

... • ;;/•'; ' ' 7 ". 7 7 • 77 * . : '7 ^ 
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The next theorem generalize^ a res.ult we, f pund^te. the cases 

n V 2', 3 ., "r \\ ■ _ * ::.',-. : ;;;v ; 'V . v 



Theorem 12-6d ; If w is any one of the roots of x the . 
equatiofi w n * z ,\ where\ z / Or, then the solution set of the 
equation may be described 'frs 



where = dos ) + i sin(~) , 



\ 



Proof: No two of the numbers .1 ^ y ty 2 , . . . , >^ nrl 
can be equal because their arguments are,/ respectively, r Q y' 

~ * * * "n" ' * "rT ' ' ' n - 4) ~ , and no two of _these^ 

arguments are equal. Hence no o two of. th^.nWbers • • 

I2^6d i • w , us - vi ,^ 2 w , ... /^> n "" 1 w : • 



cah.be equal; for otherw;Ij£*^^ be -zero, which is 



impossible?, We know, by|^|p^ 12-6c, tha^ Equation 12- 6c has 
exactly n roots; we- coJl^^ b'y/sh owing that each, of 

the numbers 12- 6d i& a so^^oivof " ^,w n = z -. But this- is easy, , , 



since .'■ * . - ; " . -\ v ,- • ■ 

• . - ; . (^V) n - (^ n ) k w. n = iViiir?;, " ■ • / /'.. . :' 

for any integer \k . — 

. , . ... ■ . ' ■' • * : 

• This theorem extends to the general case the results we found 
for cases n = 2 , 3 on the location of the roots ;'A11 the roots 
lie on the circle with center p\ and radius ^/JzT . If 
^8 =- afrg z , 'one. of these roots has . argumient .^- 9 ; the other 
roots are located at «fequal distances around 'the\ circle. For- 
n > 2 , the n roots, therefore, Represent the- Vertices of a 
regular polygon qf " n ;§ide&y inscribed in the circle. It there- 
fore^ suffices to locate one ofi them- -say /w_ / after this the t 
positions of all the. others are determined-. 
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' . Exercises ( i!2-6 -V, ' • - 

•>• In each of Exercises 1 ± .*• , .j-find ithe cube roots of the ■ 
..given complex numbers. *'* ' • 

.. i. Z = 2... : ; V- V>.:— . "' •: 

.'. 2." z = _2 : ... • '•/:'»'•••*••''.•'••'• j/ ' 

•'. 4.- z = -1 , '■' ;* ' :-" ■ ". , ' ■ 

5, : z = .i - 1. .-f. .'/it;-' . \* ' , v- : ... *• •„.... 

:.6. z . v3.'+'*i ;(U#tibles td ottain approximation^ ta the cube 
• .' - / roots.-) • J ■■ 

•7. ' z '*i 1 + i. . '" (Do not us e' j tables ) - - *■'. ' ', - \ 
. .8. Solve the equations -' / H • « 

• (4) x 4 = , i . / . ? . 
.; .... .(c) x 3 . + ('6 <+ .€^1) = o .• >'. ; ■ . 

9-. Using •tables- find the 4 th roots of : ■•■ * ' . 

. * 16(cos 164° + i sin 164°) ' ^' 

10. Show that the -sum of the * i* n fch roots of unity 'is ■ zero .' 

*11.. ^Pind n complex' roots of each of the following -equation^ 

•. ^\ 2 + z + 2 ^ -f; ...,-.+ Z, + Z + z + JT-.i 0 .y ■' 
•• „'H • ' where ,n is a natural number; ' ' '' "-. V ;', 

^ ' (b) .z n : z"- 1 1 z n - 2 ,y •« t v. 0> ", " 

'■fffi. > '. "here, n is . an even natural- -nutaberi. . " , . > i 



■' • ■ x * . • " . *. + * \- . > ■« 

V ' Section 12-7: Miscellaneous ' IScercises ' .T * " # ' : : ! 

1 1 . .Prpve that ^ .= >u> 2 • and- == u;J, -flrhere ^nd'- .^ s 
^. .• ' ■-»■■■ * ■ „ * ." ■ * * « ' 

*• a*re the. two non-real cube roots, of unity. ■ v 

.press- in polar form:. /" ' , '' 



I^"lti"":r3 . + .y f c j ^cos ei;7° ^ i sin 217° 
(b) -2 - 21 . ; •' / ' /(d) 0. '5592 - S 'p. 8290- i*. 



V 
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(e) The conjugate of r(cos % + i sin ; Q^f "'. 
tit) o6a K 25° 35* + i sin 25° ■ . ' '' 

As) 'cos 182° + i sin 358° . ... * ' 

"(h) cos 23° + i sin 32° . (iMe tables. / ; ' 
Express in polar form and perform' the indicated operation^: w - 

(a) (-1 + i)<l - VTi) . * S ' ', 

(b) - • ... v 

( c ) (cos 137° -f 1 sin 763°)(cos 317°'+ 1 sin 223 a ) -- ^ 

.:• cos(-30°) - i sin 330° ' ' - 

on ■ , n-n* . ' ''..•*:'-r 

(i -/ri)" 

(fi^ (cos 10° + i sip lS^Xpos 15° - i sin 10°)*. ■ 

^Simplify the product 1 *(V • aJ 2 4 ^ 3 . . ' . .^Z 1 " 1 ; , 

(a) when n is even. 

(b) When n is odd ; T ^— A .."«■.. 
Let » be a complex number and a; a non-real cube root of 
unity; Show that the points z ,u?z , #j z form, art equi- 
lateral triangle on : the Argah& diagram.* ; * 
Express as a function. %f z and n the length %f one side 

' ■ ■ ■' v. . : • & . ■ ■ : . ■ - 

of a regular n^ided^ polygon inscribed in .a *&ircl^. of . 
radius |z| , where z • is a complex numbei^t , 
Pincf*all- the roots'' of each "of the following Equations : 

(a) x k ' - 2 = 0 \ ■ • . . -v -3| • ., 

(b) 8z 6 w| ^o . < • ' * ^ • • -\ • ' ' 

..... :' , \ •> . ■ i- . ■ 1- ■ , 

■ V* . , . ■ ■ . : 2 ■ , : y . \ . *. . ;\ " 
""-is- < ." " ■ ■'"■t ' . " V ' " 
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■ ? ; Chapter 12 * ^ 

- APPENDIX ' •. 

| 1 l l * 

♦12-7. The Functions *zf , , ; .. 

• v.- • ' ' 

We have: seen that If z 7 is any non-zero Complex number, 

• ,8 » ar# z ; and m Is any Integer, then . 

..■ • • 1"' ' \ 

z m . |zj m [cos(m e ) + 1 sln(m e )] . ' 0 

In Section 12-6 we studied the equation w n = z , where z la a v 
given non-zero complex number and n Is a given natural number; 
we found that the solution set consist* of the n distinct numbers 

J w k - Vlzf[cos(i 0 Vk . 2f) + 1 sln(i e + k if ;.|E)] , 
k ? - 0 > 1 ; 2 , 3/, ... , n - 1 . 

The results In Chapter 9 ■tell; us that If a Is a positive 
real .number, there Is a unique positive rikr number b* such t£at 

b n =.a . We write, in this ca^e, b = a 1//n . Moreover 

(a 1//x> ) m ' - (?f )V P , entitling us to write a m / n to denote either 
of these numbers. We arso know from Chapter 9 that the familiar 
laws of Integral exponent^ carry over entirely to these 
"fractional " exjjoneftts . * \ 

In this' section we pfrbpose to consider the question of af 
"fractional" powers ojf complex numbers. It should be apparent 
at the outset that our task -is. much more involve^ in the complex 
case than |t was in the r^ail case— if only because we have n 
roots of order a ' here instead of Just bne. 

. . ; . . . " ■".»./■ * h •. " ■ ■ v.- - '• " fc • 
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The. first step in any study, of /rational 'powers is to 'give a 



i 

meaning to expressions of the form" z 1//n . . We cannot simply say, 
as we could in the real case, that it is the solution of the 

equation w n = z ; for there are too many solutions (more than 1 
if. n > 1) 



does not^ define 



To put the. matter rather bluntly, the relation 

w as a function of z T In order to 
construct some sort of function in this context, we are therefore 
forced to Shift our point of view.* We have a correspondence here, 
but in order to obtain a function we mus^first settle the 
questions, of what are its^domain arid range. 

Lfet/us take the simplest case first; we therefore consider 

the eqt^tibn w"= Z . We hope eventually to find how w can be 
considered to depend, pn z . In order to understand this relation 
however, we shall first turh it. ^rouncl and .investigate income. 

detail how 



By shifting our attention to 



depends - on- • vy 

this more familiar situation* we can le^rrr" much that will help us 



in discussing the more cq 

2 

*have a function z = wJ 
function let us draw, two pictii 




« 0 . ' 






Imaginary 


V • 






h 

i 

- ' • i 




• ® 




■ 1 



relation. We how 
our .study 'of this 



Imaginary 



Real 

•I 



■Real 



z = w > 



© 
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In the first we shall plot the complex number- w and in the ' 

second vie shall plot z . The.'functional relationship between 

these variables can be describ^T by^determining which pp^nts in 

,our "z-plane" correspond to giv^n.^points in our "w-plifee . "~ 

• '■ **Ssr* f '■ 

Let us trace some of the pairs in this correspondence! For 

instance, if w = 1 ,' the corresponding point in the. z-piane is. 1 

If w is real and greater thajri *1 (on the "real" axis in the 

w-plane to the right of 1), so: -is its "image 11 in "the z-plane; f 

indeed it is further away from 1'.. since \z\ >„|w| if 

z = w 2 an£ | w | > 1 . The'imag^'^ any' point ip the? w-plarie . r 
outside of the unit circle A±es x outside the ynit $irclte in the 
z-plane for |z| > |w| p> l' if .> 1 . Ais£ ea^h point in 

the w-plane arid inside the unit circle corresponds tfo & point 
inside the'unit circle o£,the z-pla^ne. F^aily ,eac)a point on the- 
unit, circle of the w-plane corresponds #6 -appoint on the. unit 
circle (^f the z-plane. .^)ur jdiscrt|slon of . the correspondence has 
taken into account oniyAtfhe absolute valjups of w and . z so far, 

and may be considered thi geometrical version of the statements: 

• £> a ■ • ■ • 

>f . z . w* , then |s| >^w| f^or *|w| > .1 , , •* 

£ » M'^ for |w| = a , 

|z| < | w | for | w | < 1 . . ; 

To compl^te^our p'ictu^e. We consider arg w - and arg z . 
fe maj dp this "by tracing the image in the z-plane of a pointy 
itfovirig around i;he unit circle of the w-plane. The image point 
moves meantime on the unit circle ^f the z-plane. jfote that as 
w makes .the trip through t^e firsts quadrant on its unit circle, 
going from 1 ^t$ i , z manages to, travel through , both the first 
and second quadrants, going all the way from 1 through i and 
on to '-1 (Figure 12-7T>) , ffiy 
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It) 



?-4 Let w continue, pass 
unit circle." When this happetf 
/'clrtele completing a full c 





, the secq^Sttad^ttt fdrT-it s, 
Shoots on £rourid lt»M<Btt ,,;V 'r 

gure 12- 7c) :V« ■ , *g#4|^& ,A i J 




^^W»v*PP ens is a" .good question , * lit depends ■ on y how you 

choose tj^jl^icribe ;. . < If 1 w keeps -going, -passing ShVoUgh'€he 
third quadrant, ' z"\ will snlfot along .througfegits first aj^p >, V";' * 
second quadrants/again v An<!^PlnaJly ^as w -passes thrall its * ' 

" • %■- % ■ -..jVir.i.. 



Vjr .» ij^.- 



&c 1-2-71 . 

: c . ' ' ■ 



, ' V 7 / -. 
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fourth, quadrant, z will: rabe through itf$' tWird^andvrpurth'v'-'V.S .;/-/, : 
quadrants; and, lapping W /, they will - c*ftte< into /theiift respect iv^/ v. 
pointy 1/ together*; This is the tVou^ie.' If; £z ■■- •wferitf>th*6u^ Vv*'-' : 
.eacri^pf .the /points on its- unit 1 circle exactly once as makes*''/ 
. } its /full circuit there would be' no problem; ' tfte£e would be. Ju^t V : 
..one- 'value of w corresponding -to : each <^ 4he3% values 6f ;\z . , . / 
[ .andvwe;- would have; a function- / w = f (z) to ifcalk* ajjpufc . ^''iit is J. 
/we./ha,ve: ;not'; yet/got jsiic'h a function since. ^archT* '-z y gives rislrto '/ 
; iaVpaLir .of : ^w'teJl'V:'* ": / .: - .■: , .- / V/ : " : f ^ ; ■ V: V Y//: •"' ■ '■, 

was a/trjft^ was introduced about' a hiarid^ecl' years jago". - V 1 / 

^JBut ■•no.-t^olc' can> remain-, a, trick for a .hundred- y'earrs — dettai'nly* : - 
.-not one' ; "^ quit® ^»e^jjfictable me^Kq;} , 

and hap come to ; b^. dbnsMere^' <$|| of jjhe'** *" * 
■•.raostv'im^ for.. treating questions 'of thi'S sort; V" ;'4 

: />/v : '-/j- ; ;^;//- ./.v':. //•;, / -■•>>■■■■ l;^«^* r •'/ ■ / • ..... 

■/;/ : ^ .to/t#e..^£a^ t#fe . 

Ypb'iL^ twipe'tb <tescribei a 'tpiir'^uch^s the one^' 

: :qox\hid^e^:- Suppose' tir\en ; £hat/w*yuse iwo zV fplarils " £oing 
V-^hrou^-;^ ^ ; 

'..famous Bernard Riemann found t&at ij^can^ '.f 

: provided;/ we are sufficiently ingenious about it. He ^visualized; 

.. the "ty/oV z - "planes M arranged as. follows : : W> u cut " eaph of^them' • / 

/along the; positive . real^axis arid then^flLLue" them ^bgethei*. in . //\ :: •;''.' 
ctiss- cross fashion as' shown- (Fig^e l2?Td) / Th§ VesM^^|| s f ^ : 



^configuration is an ? example of v/hat we /call . a Rie^dftn surf^cfe / ■ 





Fig. 12_7d 
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. ♦ . Our otject^n all this is to. obtain ' w as a function of z 
( ;vv^ . z-;:.; Can we do -it now? . Agalh let w traverse its unit 
" -^pircle .* * This tiine, however, . let : U3 : d^gine z as moving on the 
/ mp 'Jfr$epiann Surface .<;' Very well, /when .■ w f ii3 1 ,-f' 2 is 1 . As w 
$ I rn^es through the first quadrant on its unit circle- we imagine z * 
^Tas moving halfway around its unit circle in one of the sheets of^ 
^■■|...»its Rieraann Surface. As w passes through its second quadrant, 
; y z comes completely arougd^eCnd" returns to 1 . . Now— here is the o 
i.' ^ trick — as w goes 'into its; third quadrant, z will pasis over to 
;*/ its other sheet and go through two quadrants of the unit circle on 
;\ that sheet. (Remember the sheets cross t each othe^ along the * » 
positive real axis.-) When *w finishes its circuit, so does z ; 
But, by introducing this way of looking °at • the matter z has 

- gone through no point twjfcce,\ except that it ends,, at. 1, where, it 
starts / * This statement mupt be .interpreted with c^re. There 
would appear to be a duplication sihce our - "gluing " seems* to 
identify the two points l^Af the two Sheets. Let us imagine 

- that z a ^ (in the first sheet) fpr w = 1 , z * l g (in the 

second sheet) for w = -1* , and z ' = 1 1 ^ when w, = r again. 
We need aXi thfe points of each sheet — we -cannotf afford to throw 
..any aw^by allowing some points' to be in both t sheets % - We look 
on these p^nts as distinct although it is'hard toomake a con- ■ 
vincing drawing; the pieces are connected erdss-wise but we ; 
think of them as not touching knywhere other than t> . 

Hence, corresponding to each point on the unit "circle fU *lLrf 
the Ri^mann Surface, there is one and only one jtoiqt in the 
'.\ w-pla^?/ Here is ouir function. 1 Its' domain is the twolsheeted* 
Niemann Surface, its a range is the w-plane. Jhis function is 
denoted by .w « z ' * _ ^ . . . t . 

■" ■ % ■ . .. * . . - S\i . 



The same theme, With variatidjkns, rurffe" through the discussions 



of ' w 1 * J z 



for other natural 



fiber values of n 



Thus for n = 3 , the function 2*'= w 3 opens each of the 



~*~ \ 


V 


t 


9 




® 



fans" J • 

'°> * <¥> ^<* <! T > IT- <0.< 2ir 
«in %; the sense the images in the z = w 3 

glahe of the points in each 'of them 

fill out the z-plane. •■■ 



Thus the z-p^ane is' cov-e^ed three, times by the images of 
points in the; w-plan ; e. In this' case we replace the z-plane with 
■*a three-sheeted Riemann Surface shown ^in Figure ( 12-7e J . As before, 
x fte then obtain a 'function w?s z^^Vhose domain is this surface 
and whose range is the w-plane. . ■* - 

...The idea is • analagous for a general n . The function 

w = z /n has an n-sheeted^^jfc^naijn Surface for* its domain; tits 
range, as before, ■ is the .w-planpj ; ^ , 




u Chapter" 13 
SEQUENCES AND - SERIES J 

13-1 . introduction . 

It ^ iS f common experience to be confronted with ag set of ' ; 5 
numbers arranged ,in some order. The order and arrangement may be. 
given us,"or we may have to discover a law for it from some data. ■'■ 
•'For •example; the milkman, comes every other day.; He ; came on ' 
Jul^ 17; will he come on August 12? We might consider that we are 
given the set of dates ^ .. . />•'■■■:' 

. ' ' 17, 19, 21, ... • 

arranged from left to right In the order of increasing .time V . We 
wish to know hov; to .continue the set. -In this simple case. the 
scheme is trivial; we have 

; ;Wl7, .19, .21, 29, 31, 2, k, 28, 30, 

and the ^fewer to the original ^question Is yes. ,Ariy such ordered 
arrangement;.' of a set of numbers Is called. a sequence. 

Definition 13-la : . A finite sequence of, n terms is a 
•function a 'whose domain is the set of numbers {1, 2, n} ... 

The range is then the set (a(l), a'(2), a(n)} /usually, 

written {a 1 , a^, a n ) . "Th? elements of the. range are ■ called 

the terms of the. sequence. V \^ J N. " 

. An infinite sequence is a function '-.a whose domain is the 
set {l,. r 2, 3, . . .,n, ... . ) of all positive integers. The range of a 
is then & set ; {a(:l), a(2), a(3), . . ., a(n )/. y. .} , usually 
^#? ten fa l' a 2> a 3' .•••> a n > ■•••} • The element a of the 
is called the n term of ■ the sequence... • - 
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The terms of a finite or infinite sequence may be arbitrary 
objects of any kind, but in this -course ttiey will be real or - 
complex 'numbers . . ' * 

' ■ .;" •• . • . ■ ',; y ■■: V .•• 

• Example. 13-la : 

(a) 1, 2, 3, ...,17 • 
." (b) • 17, -23,. i 5, 5280 

(c) 17, 12, 7, 2, -3, -8 
■ (d) 3,. 6, 9, 12, . . ... 

e ) ■ 7T, 7T , 7T , . . 



(f ) sin 7T, sin £ , sin J , sin J, 



the first three sequences are finite; the last three are 
^infinite.' In all but (b) a definite lav; governing the . formation 

of successive terms is easily discernible*. ' ' > . 

■ * 

Suppose now that in the ^equenceS abpve we replace the commas, 
between successive terms with plus signs .■; The resulting expressions 
are - called series . (The . noun "series " is both singular and^.plural . ) 



Definition 13-lb ; Let {a^, a 2 , ". V. , a n ) be a given 
finite sequence of real or complex numbers; then the indicated sum 

a l + a 2 + * * * 4 a n ' 

is called a finite series.' The numbers .a^, -5^, a n are 

called the terms -of the .series. - * C ' . ' r 

Let ( a 2' a 2' a n >- • ••) be a given infinite sequence of 
real or complex numbers. Then the indicated sum* 

a* 4 a 0 + ... + a ■'.+ ■■.■• •.' 
12 v n- 

is called an infinite series.. The h^inber . a n is -..called the n^ h 
term of the infinite series. • \ V ''-:V ' 
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. According to -the definition,/ the expression . 
. 1 + 4 .+ 7 + 10 + 13 + .16 . 

'is an example of a series. It is a finite series having six ferms 
Note; that the operation- of addition suggested by the plus' signs is 
not actually involved in the definition. Of course, we shall 
eventually want to perform the addition in order to .find the sum - 
of a series, but it is wrong *to confuse a series t.itn its sum . 

' . , Example , 13-lb :' .- • , 

■ . ■ 9 ^ v . . , . 

This is an infinite series. Note the plus sign 
before the dots.; The 10 th term of the series is -A- = i(T 9 y» 

The- student is yarned, against-ref erring 0 to -the "last ■ term" of an ' 
infinite series; ^there i3 none. 1 * 

-■-•... •»# • ■ 

BCamEle 13-ic : Find the 11 th term of the infinite series 
1- 2 + 3... 4 + 3-. 6 + 7 • i + ... ,, 
where tlje dot between the two integers of each term indicates 
multiplication. * , 

Solution; The second factor of. each term *s evidently twice 
the number of the term. Thus, 

1 th '•«."' 

the 11 .. term p 21 ^ 22 •= k-62 . - 

It is frequently desirable to use letters for the" terms, of a 
sequence or a series, and .often a. subscript is attached to 
Indicate jhe, number of the term counting from the beginning, or * 
.from, some fixed point . Thus., the most general infinite sequence 
may be written -in the 'form ' '' ■ 

13-la. v /•* . a ^ " ' : % 

■ a i L > a 2> cl 3» • • • >■ / ■ 

and the most general infinite series -as - ' ft ■ * , 



.. The use of dots-may ttiTn put. to be ambiguous, because the 
cpmposition o£ the sequence (or series), If complicated., may not 
/be. evident from a few Initial terms.' To avoid this difficulty, 
mathematicians frequently write just the general 1 term. This is 
the ir - t^r^^st^rting from any fixed point. Of course, any 
letter may be used'" Instead df k . ; the letter used Is - calied the 
dummy variable . Thus- In place of Sequence' (13-la a ), we use set ' 
notation and write < /. ° ' ' 

/13-ic) • v {a k }°° . > ' * 

This symbol means that "if we replace . k In turn by 1, 2, 3, 

w^ will have the Sequence (13-la) .. The upper and lower symbols 

appearing outside the braces are called upper and lower Indexes. 

If a sequence Is finite, say with n terms,- then the upper index. 

Is n rather than « , and the lastoterm Is a % . In the case of 

an Infinite sequence such as (13-la), there. Is no last term such a 
•it- — - 

because » .Is-not a number. We use » as the upper Index 

in this case simply to Indicate that . the 'sequence Is Infinite. 

. • ■ ' * • .-»•/••. 

A^slmilar shorthand notation ia used to represenj; a series. 
Since a -series Is an indicated sum we use" what is called 
"summation notation" and represent Series- (13-lb) by theNsymbol 



t 




a k - 



Tfie ; symbol. 2 Is Je Greek letter "sigma." which/ corresponds in 
• English .taifehe. first letter of 'the word "sum"; The Indexes mean 
the same.tfflLng'h.er^ that they do in. 'the sequence ho't&fciori ; . feus 
if a gerieft Is % finite, say w^Ith n terms, we w : rite Instead, 
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Example 13-ld ; Write out'the. f lhJ t>» . spri 

9 8 \ ' ' . ' '. 

' . • • , k=5 ' . . . . : v: 

k x Solution ; To obtain the pterins of 'the series we have only to 
substitute the sequence of values' 5, 6; ?, ,8 for' k in the> 
-• general 'term 2^ . r We get • - ' ' 

■ ■ i / 2 5 + 2 6 + \2 7 + ; -or" . ; 

. v \ >" 32 + .64 + 128 + 256^ V v 

Example 13-le; .The fiollowjrng symbcjl/ ±s" mferely, another 
notation for the., infinite ser^ 



" • .-.;ool 0 

.-. . # . , g (2k-^ix(2k) . . . f. ; . .. 

• ' r ■' k=l ■> < . . • : - : 

' ' • . / ■ • \ ■ . • . 

You have only to write out the f Irst ^four ; terms to assure 
.yourself of tjiis; Try it.. ' ^ ".' . . -' 

' V/e conclude this section" by defining, the sum of. a 'finite 
series. . \ ;■ : ". 

r ■ • , >■•• • . •»> j- , . ;•• • . '•• 

Definition 13-lc-: The sum S^o of a finite series is the 
sum obtained by adding all o°f its terms. 

The subscript ', n * in the symbol S n for the sum of a finite 
series indicates that n .terms are added. ' By definition 
3 n = a l + a 2+* " ' + a n <- The 'symbol-- - : " n 



n 



4 



■kal 



• r 
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is also used, to denote the sura of . an • inf itiite serines/ It shoyld be 
emphasized ;that each of the symbols -* ;- A . ■ > \ . 



v l 1 * j *2 + v • + a n 



k=l 



has two meanings .as follows*?- i each symbol denotes not only the " 
f4^4te series > but *al^>. its sum.- It will always b^/clear v frora the 
• vv ^context ^hich meaning is intended. \ . . " ■ " 

It should be observed/ that > Definition l3-lc^4oiSs no*^ def ihe * ° 
,: . ../the siim ^f &n ixif inite series. We mu^t'; jpostponej^a statement of 
\ J _ such' a d^f'Init^Lon until the* concept of. the lim^ of # a; sequ.epce 
'oiHas^been introduced in Section "13-4. ' . * \, " . 



v 



' . V 



-Example *,13-lf . < Wh&fc is the -suna of the "following, series *if X 



n is odd? If n is. event- 



(-D 1 



d=l 



. ' Solution- ; We. obtain the first. teAn of this s-eri'^by . - * . . 
substituting k=l for the dummy .variable k/ iri< the 1 ' general r te ; rAi 
(-1);/. ."■ Wer obtain the second t,erm -by substituting k=2, etc.. ~ : 
the 3ej*ies is*. . » ..." . . V ■■• "'• 



-1 + 1 1 + r-; ... +• (_!)'• 



';lfi-.ri' £| odd, the sum. Is -1 ; .if n . .Is' -even the* sum Is : 0 .. 



* I ■ ."I 

Exercises 1 3-1 



1.- Completie each of the foilowln^. f sequences^ through 7' terms 

. -(a^>.j> -h -x : -io, •*. .-V , : ; . -. • - ., ] ' : > \ 

• • ",(*>) -§A : 6/f, Vio, .A?/i3; ..; *, : V' ; ^' " '< r\.» ?. 

(a) 2 .x 'p, 4 x.'ao,:s'x, '20i -i6 x'.W,. . • :■'■■[ '■ 
$ "... (e)- a, 3 A'^fe ..v V - ■ -\; ; • v- ' 
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2. In the previous problem find the -k th term of "each sequence, 

3. Repeat Problem 1 -using the abbreviated notation for a~ 
sequence. Thus Part (a) is 

{-3k + 2} 7 

- . k=i - / :• ~» , • . 

.Complete each of the following series jthrough 7 terms: • 

(a) 7-2+7-2+... . 

(b) .7 + o - 7 + 0 + . . . 

(c) a + 2a + 3a +. 4a + . t ... 
: (d)^l - 2 + 3 - 4 + ... ... 

jjLnd the sum, of the first 7- terms of each series in 
&(&blem 4. 

Write each of the following series using the 2 notation: 
(a) -1 + 1 + 3 + 5 + . . • + 17 
.(b) 2-4 + 8 - 16 + - 256' 
' (xj) . 1 • 3 + 2 • 4 + 3" 5 + .... . ^ 

(d) (1 + i) + 1 + (1 _ 1) + (iv. 21) + ... . 
7. Write all terms for each of the following: ( 

(kik*i! } 4 V 

* k= -2 



5. 
6. 




(-k 3 ) 3 



k= -1 



(c) 



(d) 



((-2) k V 



k(k + 1) 
2 



k= -2 



/ 



/ 



[sec. 13-1] 



738 • • ' 



bhe\ i 



.3.. Show by wrltlng^out all of ' the ternjs that the\ following 
symbols all represent the same serjdf s : «-■— ^* ^ 

(a " 



;;k= -3 



it: -J- 3 ' ( 

• j =~ 20 . ; ^ 

19 

(c) 

■ t . m=l4 V ' " 

9. .Write the ri term of the series' 



k 


k + 










17 




21 


m / 


17 



00 



\ : 



£ (k 2 - i4k) ; 

,k=2 

10. Admitting that the ^sequence 

' 1 k=l 

* «. * 

has Its first two terms odd numbers, its next two even, etc., 
find the general ^term of 'the series "\ * . " 

* 1 + 5 - .9 - 13 + 17 + 21 - 25 - 29 + ... , 

11. Show that - ; 
n - v n 



(a) 

k=l " . ' k=l 



E c • a k = c . I a k » 



(b) £ cVnc ^ 



k=l 



> 



l 
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. (c) £ (a^ + b k ) - J; ^ +. £ 

•. k=i - • • ■ k=: 



rv* f 
b, 



/ (d) If 1 < 

. ..Jf=i 

12. Is it true that 

w 

n f % 



n 



•k-1 a k 
If nfA> 1 



n 



<<=> I v- 

v k=m 




1 , 



13-2 . Arithmetic SequQjices arid Series , 

- ■ Certain sequences and series are k>£ such frequent occurrence 
that they have beeri given' special names. ' 



Definition J.3-2a : . An arithmetic ' sequence is a sequence in 
which the difference olitained^y subtracting any term f^om its 
successor is Ways the same. r ?ftis difference is* failed the 
cqjnmon dif f£ren^-oi^^ sequence and is" designated by 

the letter d . . / /\ — ' - v ^ 




ERLC 



% J^n .arithmetic sequence is alsb" 
and we ' say that the terms of r the sequ'e^ 

progression. " i The eommon -difference '^6f ^fiSSftrithmetic sequence is 
obtained . by,J^tjrac ting 'any- term from l^g^s^cces§.or. ^hus i£ a 1( , 

a 2V a 3'- '*V ' a kJ;]V. are the t'eri^" of- an ; a^ithmet^c 

sequence, then 1 ; 

a 2 



. = „d 



Pollov/Ing ai^e examples of arithmetic sequences: ..» ■ • ' v 

. (a) 1,. 2, 3,' v ... .,' 17; d = 1 . •. < 

v • tb) 17, 12, 7, 2, -3, -8; d = .5' . , « ■ \ ' • . 

"(c) 3, 6, 9, ^la, ...'; d = 3^, , ' 

V The sequence ,1, -1,1, _i, ... is not arithmetic because 
the differences between successive terms are alternately - -2,2; 
' 6hls^ sequence has. ho common, .difference . ""^ " „. ■ ' y «=->, 

^ From Definition " 13-2a it -follows thaV if is.' the first 

term of^.^n arithmetic . sequence, 'then '* ■ ' , 

3g ss- a^" -fc (J ,' 

. / . .0. „ . «i • '. * » 

13-2a- V v. 

The last 
the n ; „ term' o 
and the : common 




fs^vith -an easy formula for finding 
arithmetic sequence wherfeve;r the fi>rst term 
difference ^areknotfn. We illustrate aruapplication 
of Formula - l3-2a by jneans of an example, ^ . r ^ . / 



Example l3--2a :i If the 2 nd term of an arithmetic 

XTTT^ _ . 5_^_ ^th ■ . • . 



sequence ig ,p and the 9 term is 14 , wha^, 
100 th terms?" - - . • ' >c<* 



are the 



and 



Solution :- Usin^ Formula 13-2a wit^j m a 2 =< 0 snd a = lh , 
we see that • 

■ ■ . : • .... • • c • . •.- - 
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0 = a / l)d 



. • 

and . « ■ . * ' , 

# .. ' "• 1 v. . 

'/hence ' . ' d = 2 , 'a* = - -2 ,' and" -a l0 = 196 .. 



: .From the definition of a series given in Section 13-1 
(Definition 13-lb) i£ .follows-' tha^idL^^p^hmetlo. series is the 
indicate^ sum of the^terms.df ah arithmetic sequence. Th,e Lost 
important Arithmetic 1 series Is. the one whose terms are the 
positive "integers'. The common difference of thl? series is 1 , 
and-: th? sum S of the first n ..terms is. given -tfy -the equation 

> : - «; • ^ : • -• •.' , . ■ • 

13-2b S n = 1 + 2 + . + (n - 1) + n . ' 

"• . ; .'V • ' ■ • ' . \ < 

.Since the sum S n is/not affected by .the "order <of addition, we . 
can reverse the order of ' the terms' on the- right side and a*lso ~» 
write, ■ . . ^ # _ 

■ . • . V 
13-26.*. S n = h .+ (n - 1) .+ ..'.' + 2 + 1 . * 

Adding Equations 3,3 -2b and^ 13-2c , we. obtain 
• ' \ - -' v * ' '{' 

♦ ^ .. .£V = j n + 1) ■ + (n.+ JL) + ... + 1) + (n' + l) v , 

and dividing both members -2 , we- have r ' ' ^ *■ 



s; ,, "("•+ n 

n . ^ 2 i. 



Making use of the ^2 notatic^^Pfftroduoed in Section 13-1, the 
last equation can also be written a£ 

The Result We have; obtained' can be stated as* a thedrem. 
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Theorem 13-2a: 



+ ^3+..'... +*n. ^ k = n + n , 



l3-2d 1 

; ;•■ : .. k=l 
w^ere n Is a positive integer. 

One could almost have guessed this result. Since the differ- 
ence between successive terms is the same, it . is reasonable to 
suppose that- the average term of .this series is half the sum of 
the first and last terms, or half the sum of the second and next- 
to-last, etc. The sum of n terms, each of which Jias the average, 
value ( n \ , is. n \ - as stated in Equation 13-2d We " 

' shall soon see that this is a general rule for all finite arith- 
metic series^that is: 

, Sunf = (number of terms) x (average of first and last terms). 



1 



Theorem 13-.2a ma y^ be used to find the /sum of any arithmetic 
series. The following, examples 'are illustrative.- \ 

■ • > ' • . v 

Example 13-2a- Find J the sum of the series 

' + Jjr" 11 + 15 +19 + 23 . * . V 

Solution ; . Subtracting the first term from each of the six 
terms of the series arid compensating by adding an equal quantity, 
the sujrp is eq\aal to * 

^(3) +..[(3"- 3) + (7 -.3) + Ul - 3) + (15 - 3) ' 

. * (19 - 3) +,(23 - 3)] ( 

= 6(3) + (0 + h +.8 + 12 +-16 + 20) ■' r- , 

- 6(3) + 4(1 + 2 + 3 + A.+ 5) .. . • 

Applying Theorem l3-2a to the expression within parenthesis, we 
find that the sum "Is r ( ' 

6(3) +v4(5f+5 ) . 78 . 
\ \ [sec . 13-2] - v . 
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■ ■ . ■ " "/ . x - 

^Example 13-2b : Find the sum of 500 terras of the arith- 
metic series 

(- f) + (-1 i) + (-1 |) + ... . * / ; 

i . * ■ ♦ 

Solution ; To find the suitf of this series we. need to know, 
the last term. Using^ Formula . l3-2a with a 1 = - ^ 
d = - ^ , we siee that " 

, a 500 = |) ■+ *99(- \) . 
Thus the series can be written in the form 

* / [-'£] + [- | + K- \)] 



and • 



1- '[- f + 2(- |)] + ... + [- | +-499U ^)] 



Whence v;e see that the sum is ' . 

W- |) + (- + 2 + 3 + ... 499) 

Example l3-2c ; If the sum of the first n positive 
integers is 130 / what is, n ? 

Solution : ' n ^ n = 190* s • 

(n - 19)(n + 20) = 0 

n * 19 . 

The solution n = -20 has no meaning in the present context 
because^ n is a positive integer. 

Although . it ;is .possible to find the sum of any arithmetic 
* v 

series by employing the ^cheme used in the preceding examples, it 
will 'be helpful to have formulas that can be applied'jiirectly . 
We can obtain two usfeful formulas by applying the method of 
Examples 13-2A and 13-2b ifc the general case. Thus, consider 

r v 
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• f ' . , 

the arithmetic series of n terms, having. first term a 1 / ^ 
common difference d , and n th term [a 1 + (n - l)d] : 

&i + (a x + d) + (a 1 + 2d) + . , r \+^[a 1 -+ Cn - I)d] . 
If we let S n represent the sum, then; 
V " S n = V na i +":[!■+ 2 + 3 + '...+ (n - l)]d . 

Applying Theorem l3-2a to the quantity within brackets, we have 

13-2e S n = nai + ^ d 

. . •. ■ / V . . "/ 

Combining terms in the right member of 13-2c* we set ^ 

2na 1 + n(n -. l)d , 

n ; 



na 



f 7 



na 1 .+ n(n> - l)d' 
"5 ^7" — " 



na 1 + n[a n + (h - l)d]V . 
■ 1 = — i • 

But by Formula 13-2a , v a R = a x + (n - l)dj, so 
13-2f S n =§(a 1 t a n )^. ' , 

Equations 13-2c and /13-2d give us useful formulas for finding 
the sum of any arithmetic series. • Which one We use in a given ', 
case depends on what facts we are given. Using these formulas^ 
will greatly sirhplify the work in Examples 13-2a 'and 13-2b . y 

Example 13-2d: Find the sum of -the series " 

. i6 ' :■' 



k=2 



.(**- 15) 
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Solution: Noting that the lower and upper indexes are 
respectively 2 and -16 , we see that the series -has 15 terms, 
Substituting k = 2 and k = 16, we find -that a., =^13 

A 1 

< S n = + l) ? -90 



. a 1 ; Using formula. ^13-2d we get 



Note . Occasionally the last line is written as 

r : < k -'15) - -*> . ■ - 

When mathematicians use the 2 notation in this way, they hkve 
in mind-- the sum of\ the .series rather than the selves itself. 
Although introduced the 2; notation as a symbol for a series, 
the dual usage, of this notation should cause no difficulty, 
because 1 it will usually be clear from context which usage is 
intended. 1 . ' - ' 

Example 13-2e : A body falling frfcm rest in a- vacuum falls 
approximately 16 ft.' the first second anci : 32 ft. farther in 
each succeeding second. How far. will it fall. in 11 .seconds? 
in t seconds? / . v . 

- *> 

Solution : The series is 

.' . , 16 + 48 + 80 + * ' / 

Using Formula l3-2e with , d - 32 , and- n = 11 .(or t 

we see ?ftiat for 11 terms 

' . S n , 11 • 16 +■ 11 * f ' 32 , = 1936 ; ' 

anc^ for t terms 

S n = 16 t t fc (t • 32 = l6 fc 2 

' ;: • ■ 1 
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Exercises 13-2 

Determine frhich of the following series are 'arithmetic 
d and the next three terms for those that are. . . 



Find 



4 + 10 + 16 + 22 + , . . 
'5 + 9 •+' 12 + 18 + ... 
2.0 + 2.5 +.3.0 + .3 ".5 + 



2+3 • 2 + 



-10 



2+2 + 



(a) 
(b) 
(c) 
(d) 
(e-) 

Find the sum of the, series 
16 • 

k=l 

Find the sum of the aeries 



2 + 7 ' 2 + 



4. 

5. 
6. 

7. 
8. 



£ (2k,. 4) 



k=0 



Write the first 5 terms of an arithmetic series in which 



the second term is 



m 



and the third term is p 



Write the first. five terms of an arithmetic series in which 
the second, term is m and thfe fourth/ term is p 

the third termsof an arithmetic sequence is -1 and the 



11 



what is the first term? 



loth is 

/ . ) 

If 2 - n is the nth term of an arithmetic series, write 
the first term. k 

Find the indicated term in ^ach of the following series: 

(a) l^th term in 3 + 5 + 

(b) 11th term in -2 + 1 + 



and 350 which are 



(c) 9th term in f + ^ + 

How many integers are there betwee 
divisible by 23 ? * * . 
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7 n 7 



' 10. 



11 



13, 



14, 



Find 



The arithmetic mean between a and . b Is a * b 
Its value If . 
(a) a =5 , b = 65 . 

a = -6 , b = 2 . r 
a = 3* -yj , b = 7 + s^S . 

a « (c + d) 2 , b = c 2 - d 2 . 
Take every 5th : term from an arithmetic sequence and form a 
new sequence. Is the new sequence^arithmetic? 



"(b) 
(c) 



12. If 3 



15. 



-5 and 8 -5 are the .firs* and eighth terms of an 

arithmetic sequence, find the six^ terms that should appear 
between^these two so that all eight terms will be in arith- 
metic progression./ (The six terms you are asked to find are 
c^led the six arithmetic means between 3 ^ arid 8 ^. ) 
Find the sum of the following series by using Theorem 13-2a. : 
(a) # 1 + 2 + 3 + .,. . + 10 
'.(b) 1 +; 2 + 3 + . . . + 999 
(c) -3 - >6 - 9 ^ 12 > 15 

On a ship, time is marked by striking one bell at 12:30, two . 
bells at 1:00, three bells at 1:30, etc. up to* a maximum of 
8 bells. -*rhe sequence of bells th'en begins anew, and it is 
repeated in e^ch Successive interval of four hours throughout 
the day. How mariyM^ells are. struck during a day (24 hours)? 
How many are struck at 10;30 p.m.? ■ . ^ 
Find the Sum of thte series ' ^ 



: Yi ( ak + b) . 

k=l *' ■ 

■ **< 

16. Find n if 

1 + 2 + 3 + . . . + ;n = 153 . 
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17. Find; -a and b if " ' * . • . '..V 

' n « .. -4 ' " * " 

^ (ak + b) = 10 ; £ (ak + b) ='14 . " v 

k=0 kv=l - ' ■ . " * Y 

18. Find tftp sum of- the series ' • * 

. m ' ^ . " . » . 

) k , , m > 0 , n > .0 . / , 

k= -n 

Show that the sum is the number of terms multiplied by the 
average of the' first and last terms. . (Here , k *runs through 
-all integers from -13 to m " inclusive.) & ' 

19. ^ 'The digits of a positive jLnteger having three digits are in'. 

arithmetic progression and theirs sum is 21 . "If the digits 

are reversed, -the new number is 396 more than, the original 

number. Find " the original number. ' 

.20. Find formulas f or ' a, and S n when d, n and a are 
0 J- n n 

given. i ^ 

21. Find x i f ( 3-r x) / -x , </$ - 2x are ii% arithmetic 

'* progression. ' * : '.' ." % . 

22. The sum of three numbers which are in arithmetic progression 
is _3 and their product is 8 . Find the numbers . . ■ ' .:. 

23. Find the sum of all positive integer^ less than 300 which 

(a) are multiples of* 7 , ' " v 9> : \ 

(b) end in'; 7 . * " * j 



13-3 . Geometric Sequences and Series . ' " ^ • 

Another very important special sequence is the' geometric 
sequence. - ' >''..'•. 



^ Definition 13-3a ; A geometric .sequence . is\ a sequence, in* 
which 'trie ratio of any term to its predecessor is the same, for « 
all terms. . 
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. > Thtis if the first term of a geometric* sequence is a.^ ' and 
the common ratio is , then 

. * . . a, = a r ,' . . • 



l 2 ~ "1 
a 3 - a l r 



l3-3a . a a .r , where n is a positive 

* n 1^ . • « ■ ■• • 

■ \ . ) integer. 1 

• The last line gives us a -formula for the n , term. Geometric 
sequences are also referred to as . geometric progressions , and the 
terms of the sequence are said to .be "in geometric progression". 

Ftbm" the definition of a series' given in Section 13-1 > 
(Definition 1.3-lb) it follows that a geometric series, is the 
indicated sum of the terms of a geoihetric sequence. For the 
sequence introduced above we have the geometric series 

' ■/ : n-1 n-1 

l3-3b a ; , + a^-i- a^ 2 +'... + a^" 1 = a =L r k = a_ L ■ r k 

' * ^ ■ ■ k=0 k=0 



which is finite and has n terms, or the infinite series 

- • 00 CO 

2 V" k „ \~! _k 

- L a i r = a i h 



00 „ 

l3-3c a • + a n r + a "r^ + . . i ■= ) a n r^ = a n ) r 



l. • ~r ~r 

■ ; k=0 % k=0 

As with all infinite series, (l3-3c) has no last term. 
Following are examples of geometric series: 

(a) 1 + 2 + h + 8 + 16 + . . . j r = 2 . 

(b) i - i + 1 + i - . . . ; r = i . . - 

(c) + 3^/5 + 3^ + ... ; r =>/5 

(d) -3^+ 1 + .3 + .09 + .027 ; r = .3 . " 5 

2 3 4 5 

(e) 7T - TT + TT - - TT + ...;r = - 7T. 

(f) 3(10) +-3(10)° + 3(10) -1 + 3(10)" 2 .+ '3(lO)"\ 3 ; r = ^ 
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The last series is finite so we know that it has a sum. '* 
, Interestingly enough its sum is 33.333' . This illustrates that 
any number all of whose digits are identical is really the 'sum of 
a geometric series with common ratio « . . 

The series * ' 

" 1 + 1 - 1 - 1 +1 +1 - 1 _ l + ... * ' ■ 

is not geometric because it has no common ratio. The ratios are 
alternately 1 and -1 . 



To Obtain a formula 'for the sum of the finite geometric 
Series li_ 3b recall the following formulas from Chapter 1 for 
factoring polynomials : « 

1 - r 2 = (1 +r)(l - r) , 
" . 1 - r 3 f (1 + r + - r) '. 

An extension of ^these formulas, to the form 1 - r n ' suggests that- 

13-3d ; . • 1 - r n = (1 + r + r 2 + . . 0+ r"" 1 ) (l - r) V 
The 'equality in the last line can be checked by multiplication: 

1 + r + r 2 + . ■ . . + r"" 1 



1 -/ r 

- r - r 5 - r J - r n *- ^ 

1 + r + r 2 + r 3 +... + r"" 1 
1+0+0 + 0 +.. . + C 



r n 



1 



If r / 1 we may divide both sides of Equation 13-3d by (1. - r) 
to get 

1 + r + r 2 + . . ; + r 11 " 1 = j - r " . . 

i - r 

Multiplying both members -of the last equation by a r we obtain 
the sum of Series 13-3b . We have proved the following theorem; 
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Theorem 13-/3a: 



V 



2 , _n-l . . - _k 



13-3e • • a^^ + a^r + a 1 r + ..." + a^ • = • y 'a^r' 



a x (l -r n .) 



k=0 



V = 1.. p - « r + 1 r . ' . 

= na 1 if r = $», , 

where n = 1, 2, ... . \ > 

Note that If r = 1 , the series has n terms all equal to 
a^ , so that the sum is na^ ' . Equation 13^3e can* be useck as a 

formula for application problems in which , r . 4= 1 . In this. 

connection, however, we usually represent .the left member of 

Equation 13-3e * b$" s n and employ the shorter form -j 

t ■ 



a^r".- 1) 



i3-3f ; s n = x r . l 



Another useful formula for the sum of a finite geometric 
series is : m 

ra - a 1 

l3-3g , * s n = r ,! • 

Thi? formula can be easily obtained. by making use of Formula 13-3a. 
Since • 

ra^ = a.r n . 

n 1 • j 

Rewriting 13-3f in the form 

3 n r - 1 ' 



and substituting ra n «^a 1 r we have 13-3g . 
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w r n th * • «' ^ V 

Example l3-3a ; If the k term of a geometric -series is 

^6 fend the 9 th term is 1458 , find* the 1 st term, the lo^ 

term, and the sum -of the first ten terms. 1' '' 

Solution ; Use Formula 13- 3a .twice: first with n = 4* , 
a 4 tfaen with n -m 9 , a g . 1^0 . We get . two equations^ 

14 5 8 = a^r 8 . " v 

^Solving, we obtain r = 3. , a^^ = -| / 'from whl^ a^ a $37?. Using. 
Formula 13-3f with n = 10, we get 

' s - 2 f 3 10 - l x -8 1 ,,,.8 • 



Example l3-3b: if a finite geometric series has the last 
term 1296 , ratio '6 , and a sum of 1555 , find the 1 st term. 

Solution : Using Pormulk 13-3g with \a .= 1296 , r ■ = 6 
and s n = 1555 , we have 



6(1296) - a.-. 

1555 b -i 1 ' ; x 

f - * Henpe a, » l . \ 

. : - - .. 3 . 

Exercises 13-3 

1 . Write the next three terms in each of the following geometric 
sequences : 

P~ (a) -2, -10, ... , 

(c) 7, 1, - . 

2. if a + b + r c is. a geometric series, express b in terms r 
of a and-' c . s ^ 
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, 3. 'IPincl the sum of the following series: *— v . V 
(a). 1 V 2 +.2 2 + .,..,+ 2^, *.,>/•' *> " '' 

- ^1 -"i + 1 1 + '.., ,+ 1 - 1 (0.00 terms.) n 

.4. - Pljnd the sum of the series „ 

"V 99 



v.; ^ 



5. Find 



n it* Y ^ = 63 . 

v 4 k=0 ■ 



6. Find n if 3 + 3 2 +3 3 + . , + 3 n 1"20 . 

7. " Can two different geometric series have. the same^suiti, J:lfie 

same first term, and the sam£ number of terms'?- £3frV* ^ 

1 + r- + = 7 

8. Find the sura of the series . ' 

& ■ 

n+r . • - \^ 

^ r k , both when r = 1 and when ji 1 . 
k*n, 1 

9. Find the sura of the series 



n 

E- 

k=0 



5 2k+l 



c" 



10. Find -the numbers .x to make the following series, geometric 

(a) - -| + x - -J^ + • . . . , . ^ 

(b) ^2 - x' + y2? - x + yio - 9x + .... " 

11 . How many 'terms are there in the geometric series 



32 + 16 + 8 + V. . + 



"255- ■ 
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,12^ Find/ if pos3ib&i the ' 1 st arid 2 nd terms >of a geometric^ - - 
* ' series with -3 rd term =,-4, 5 th £erm = -1 / 8 th term = - J . 
13 t '^Find all/sets of 3 integers in. geometric progression tfhose 
product is j^-2l6 ' and'tiie sujn of who'4- squares is 189 
i» *V If { ' M ls P$ e ftfit of a^perpendicular/drawn from a pdint P 

of a semicircle to the diameter AB , show that- lengths AM / 
MP MB ^re- in georti^trJ^^rogresaibn . * . 7~ 

15. . • We terms of a finite geometric^ series between the first and^ 
. ■ yxhg last are ^called geometric means between We first and 
v last; If the series has only three terms, the middle term, 
is called the geometric^ mean between the "other two . * insert " 
'- ( a ) 3 geometric means betweei^ , jL and 256 ■ „ ■ ' 
(b) a geometric means between -""and 5 ; • . . 

• (c) the geometric jTieai^etyeen^a® and i6b^ , . ' 
(d)V- the geometric mean between aj and b . 

13-4 . £imit of a. Sequence . 

Recall again the' definition of a sequence of numbers Stated/*^ 
'in Section ^-1" (Def inition^l3-la) . We w^ll find it convenient 
(to 01ot the numbers a 9 a 2 a 3 , ... a n , ... on a number line. 
To avoid confusion we will label the paints associated with the 
nujnbers of the sequence by the^symbols which represent them in the 
sequence. . 

V ^ a l a 2 

■ ? 1 : — s tr — ' L — ^ — — — 

In this Way we can establish a correspondence between the terms of 
a sequence of numbers and a set of points on the number line. 

To study the behavior of a sequence of numbers and the^points 
corresponding to them let us ^>ok briefly at* several" examples . - 



,Poi 
clbs 
a 



nfcfif corresponding^ to stifcces'slve 'terms of; t'be\ sequence get 
sdfr^and ^loser "to the point 0 'asVn becomes' large; tha 



approaches zero as n . becomes .large, 
. • (h \ 1 V 2 3 ' H 5 i ' 

(b) -3 ,|- - , - 3 , £y £ , 



that ;Ls, 

t 

? 



r 7 5 *3 



3 ° 5 

< f- 



r , 4 6 



If^n Is odd,- the points corresponding to a n get closer and 
closer* to l__as \n become^ lapge; if 



is even, ^he points 
corresponding to ^ a n \ approach -1 « . Hen'ce " a \ alternately 



approaches 1 
(c>- 1 



and 

1 
"5 



■1- . 
1 1 

7 ' - X 



5 ' 



a 4° 6 

—I — I 



_j |_ 

4 6 



1. 



H 1 



Points corresponding to a n are alternately to the right and-^left 



of 1 0 ; however,, .as 
and closer to 0 



n becomes large* success 
Hence, a^. approaches zero 



points get closer 

becomes * large 



U) i ; -l , i 



, -i ,i , -1., 




In this case a 



is alternately equal to 1 and -1 , 



(e) i , y? ; y3 . , 2 , ys , V? , — - 

In this ease it is easy to see that, as n becomes large so does 



■n 
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. -The foregoing examples 5 §hbw -clearly that there *atje two kinds 
*of Sequences v/hich^iffer according to" the way - in which a n 
behaves as n ^becomfes large. In 'b^th ^) *and (c^v/e see , that as; 
n becomes^arge r approaches spme fixed number v A *, "and4/e 
say that a n .approaches a limil A as n becomes large. / Such 
sequences are said to be' convergent . On the "other 'hand, in (b^, 
fd), and (e)/ .there ^is no fixed number that . a n approaches. . 
Sequences of this kind are said to be divergent . 

The nofedon of limiV^ay 1 be familiar to yoir: * In geometry, far 
example, m learned that tj?ie area of I regular polygon, inscribed 
in a qircle^approache.s the area of the> circle as the^' number of 
"STdes mcrea\es. In Section 6-6 of this text.it was* shown that 



the distance between a point on a, branch 6f a hyperbola and an 
asymptote approaches zero as the point moves out indefinitely far- 
on the'curv.e. 

To make , the^ notion of the limit of a sequence precise, we 
state the following definition. * / 

t 

Definition I3-4a : The sequence a^ , a' 2 , a 3 , ... has' 
a limit A v *if a n becpme^s and rema?.n& arbitrarily close to A 
*s n- ge.ts^larger and larger. A sequence thai;' has a limit is 
said to be convergent.^ J. 

Under the . conditions of the def initiorTTr^ also say that "the 
limit of a n as n becomes infinite is A , " and we write the 
statement which appears^ in quotation marks with the symbol I 



lim 
n^>oo 



The following examples illustrate ' the definition. The limit 
In each case is given. Write enough additional terms In each * 
example to satisfy yourself that the gl%nsegua^ce has the 
Indicated limit. '• 
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Example 13-4b ; 



1 

. n 



; a 1 o . 



^Althctagh it may s-eem obvious that the limit of the given sequence 
should be zero, this example is not trivial and_will be useful 



latter. Symbolically we ordinarily write 



/lim 
n — >oo 



\ 

Example 13-4c : 
1 



1 
"5 



1 3 , " 7 



A =,1 



Here a n = l when n is odd, and 



a n . 1- - 2 



n 



when n is even, 
may be equal to its 



It is not ruled out by the definition that 

limit for/some values of n , or even for infinitely many values 

of * n . / * ' N 

/ ■ ' : .. 

. Example 13-4d : : y 

(2 •+ \) > (2 - \y ,.(2 + |) , (2 . \) , ( 2 + i)V; 

^ (2 - -J.) , ... j A 1 2 . . 

is altern^ely larger and smaller 'than A 



Note that a 



n 



Sequence (c) in Example 13-4 a behaves similarly. 

Note: A fact wh/ch deserves . mention at this point is "that a 
sequence cannot have two different limits, because it is not ' 
possible for" a h to be arbitrarily close "to each of two different 
numbers for all n sufficiently large. What is meant here is - 
illustrated by sequence (b) in Example 13-4a ..' This sequence, as 
already stated, is not ' convergent ; ^3. t is divergent." ' 



\ 

1 ? 



In the preceding: examples thelifoit for each sequence was 
giyen and lx\ was relatively easy to see that the indicated limit 
was indeed the/limit of the. given sequence. Oh the other hand,, 
.determining whether a given sequence has a limit and finding its < 
value when therex is, one^ calls for some specialized knowledge of 
the properties of limits. In advanced. courses in mathematics 
.these properties' a^e usually staged as theorems. Before stating 
such theorems. we first . observe that the .sequences 

• " . , \ , a ? , a 3 , ... ,a n , .... , \^ . 

. b l ' b 2 > b 3 ' •••. b nV"."-- ' V ■ ■ 

' can be used to form many new sequences; for. example', 

a x + b 1 ,a 2 + b 2 ,a 3 + b 3 a n + b n *, ... , 

. a l b l ' a 2 b 2 >. a 3 b ^' ••• ' a n b n •••• > \ 

a i a 2 a 3 ' a ' ' . • ■ 

*2 ' *3 ' * *■* ' K ' "' (lf ^ b " + 0) ' 

l a ll > Ia 2 l i l a 3 l > ••• >*l a J > ••• > 

etc. ; 

We conclude this section by stating without proof the 
following theorems involving limits. Th*> student will find th^se 
useful in finding the limit of a sequence, 



Theorem 13-^a : The constant, sequence c , c , c .,, 
[ has c as its limit; .that, is 



Unv c = c 
n — >oo 
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' ... . '" ' . ' \ >, 

Theorem 13- 4b : If lira a ■ = A ; and 11m b" = B . , then 

' n — > oo . - n — >oo ^ 

(1) lim (^ a n ) = c lim cA; 
n — >oo .■ t n — ->co 

(2) lim (a ri t b n ) = lim a n ± lim' b n = A ± B ; : " :• 
n — " % * n->co n — >oo . 

(3) lim, (a b ) = (11m a ) ( lim b ) = AB ■<,' \, * 
n^->eo n— >oo n->oo \ 

<»> • "» W-f. » n + 0,3 + 0. .--A ' 

,n — >oo n — > oo ^ ■ 

i * ' ' ■ . . . \ 



Example l3-4e : * Find the limit of the sequence for which 
Solution: Since 



th 



the given sequence is v the product^of 1 two sequences having n 
terms i and i . Thus, by Theorem 13-4b(3) and Example 13-4b., 



lim -4, = (lim ^)(lim — ) =' 0 0 = 0 

_ a. * . n ' * ^ n 



_ ^ n n — >oo n — >co 
n — >oo 



Example 13- 4f : Find the limit of the sequence for which 



a = n 



n ~ n + 1 : - 
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■ • i 

* • . " • . • • 

Solution ;- Dividing the numerator and denominator by n 

see that » . 

• " 1 • 

^ • n~+T = T~T 

^ n 

Thus, the given sequence is" the quotient of two sequences' who 

th T_ 

n terms are 1 and 1 + respectively. . «• 

By Theorem 13-4b(d) we see that 

* • ' . iim " 

t lim - = iim —1 = 1. 

n-»co n->co l + ± 11111 (i + i) ' 

n — >°° n n^r»ca v + n' 

But lim (1 = lim 1 + lim 1=1 + 0=1 
' n — >» n — > co n »<» 

by Theorem 13- 4b (b), . 13-4a, and Example 13-4b. 
Therefore, . . lim n " j = 1 . 

1 n— »• oo 

Example 13-4g fo Find lim 1' + 2n + <?n 

Solution; Dividing the numerator and denominator by n 3 
we note that 

■ ' .. . 1 . 2 . 
1 + 2n + 5n° n J n - 

7n J = ~ 7 ' • 

Hence, lim 1 + ■ 2n + fo 3 = 0 + g ± 5 a .5 

n__^ 7n J 7 7 

n — > oo 1 

■ 

Example 13-4h; Find the limit of the sequence 

5 i 7 6 9 8 11 

* ' 1 ' T ' T ' -5 ' 5 ' T < • • • • 
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Solution If n is an odd integer, say 2k + 1 , then 



2k +, 



n-» oo 



n 



a n - a 2k + 1 = k +^3 • 'Also ■ k-»*.as n-*» 
2k + 1 



11m a„ = 11m a^, . ., = llm =S T < = 11m 



2k + 
"TT+" 



= 2 



If. n is an even integer^ say 2k / then 



V= a 2k 



2k + 2 
' k + 2 



Again k-*~ as ' n-»<*>. 



lim a n = lim 
n— »°° ,. 



► oo 



= 2 



The novel, feature of this example is that as n increases a 

- ■ n 

alternately gets closer to and farther from its limit. But the 

a n does, none the less, "become a/nd remain arbitrarily, close " to 

2 , An appreciation of v/hat happens when n becomes infinite 

may be visualized , by plotting successive values of a n ' on a 

number line. v ■ • • * 



Exercis.es 13-4 ■ . ' 

7* ' 



1.. Evaluate the limit for each sequence that is convergent, 

oo v 

I 

k=l 



t*\ ' k W . / ~ \ 1 2/3 

(a) [ 2k + V 



(c) ± £ ± 
5 ' 7 ' 9 ' 



»(d)\ 3 / 2 , | , ^ \ 
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Make use of Definition. 13-4a v to decide which of the 
•following sequences converge.- Make a guess as to the 
for those that converge. . ' - 1 

0,10,2,0,3,0,4,... 



(a 
(b 

(c 
(d 

l e 
(f 

(g 
(h 
(1 

(J 
(k 



(b 
(c 

(d 

(e 



i.l l l : 
1 —5 > t > - H ' 

, v l l i 

-1*, 2 , -3 ,'4 ,|-5 

1-/2 3 4 
2" * "3 * Tf »" 5 ' 



(i + |) , > + J + J) , + | + in §),,-.. 
l i l 1 V 1 t 1 ' 

• *• * " * u * » ir* * . ~ * tj * 

' 0.6 , 0.66 , 0.666 , o.*6666 , ... 

o 5 8 11 

* "5 * "3" ' * T " * * * • '• 



I 2 2 2 3 2 -4 2 



Find the following limits: 

(a] 



n™ 3n - 1 -' 

2n + 4 V • 
n — >oo 

lin n ^- Lgn + 1 , ' f 

n — >oo n + n - 1 

11m .I"? - n / " 

n— >oo 5n + if' 

lim* g 3n , <■ 

n — >» n '+ 1 / >4 

lim 8 { {n - l)r.(2n - 1) } • 
n— . n 
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Show that 

(a) lim -I? -0 
n — ■>» n 



n — >« „n .. , 

' Prove that - ' •'" 

n-->co 4n + 1 

does not exist. 



6.. Prove that 



y n — >» x 



does ngt e#ist% 

Trove that ' ° 

2 

nm an + bn + c a Mjat , * 

lim — m = - , if dV 0 . 

n— >«> dn + en + f d 
Compare with results in 3(a) 3(b) and 3(c) > 
8. If d = 0 in Exercise 6, can the limit still exist for 
• certain values of the' constants? Compare with results in 
Exercises 5 k and 6. > ' 

*9. Prove that for any positive Jjitefter ^ 

r r-1 XX 

a n + a n + . . . + • a n 

n— btfi r + ^n 37 - 1 + + b p b 0 ' ' | 

1 if t^ K O . , 

■10. Admitting that lim r n = 0 (|r| £ 1) , find 
. n— * 
1 - r r 



n — >» 

_n 

lim 



n — >» 
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11 . Find 



lim (" 2 - 3n ± 5 )(3n 3 - 1) 
n— n(n - 17n + 11) 

Do not expand the product?. 
12. Find the following limits if convergent. 

(a ) lim 1 

n — > po ~ 

(b) lira 0 
" n — >oo 

(c) lim 7 
n — >oo * ' 



13-5 . Sum of an Infinite Series . 

In. this section we will make use of the concept of the limit' 
of a sequence developed in the last section to formulate a 
definition for the sum of an inf inite. series . ' 

Recall that the definition given in Section 13-1 for the sum 
of a series ..applies only to' finite series. Even so you may have 
an intuitive idea of what is wanted in the' inf inite case. For 
example, if . you meet the number ."3" ; you may feel quite sure 
that the number ^ is intended. The infinite decimal,, is, of 
course, equivalent to the series. 

13-5a ^ +;-^.+ + 

. 10* 10 d . , 

and ^presumably the sum of an infinite series should be defined in 
such a waty thkt this series will have the sum ^j- . We emphasize , 
that we have the right to make definitions as we like, if only we 
agree to stick to the. terminology we adopt.,. However, we also want 
to keep things reasonable and consistent. For example, if we have 
a finite series 
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13-5b' ?n - a l + a 2 + + a rt •> 

then the sum has already been defined. But s n in 13- 5b can 
also be regarded as an infinite series all of whose terms are 
zebo after a certain point. A definition of the sum of an 
infinite series must certainly not conflict with our previous 
definition in this special case. ^ 

Suppose that we are confronted with a special infinite series 

say 

13- 5 c , T-f-j, + + T^T + ••• + n (n + 1) + • • • 



00 



* Z + if * - 

- ' : . k=l 
and are asked to guess what its sum is.. V/e might proceed as 

follows. Denoting the sum of the first h terms by s we 

" — n * 



observe that 



s i - * > 



S 2 " S ' 



1 

.2 
1 

3 



| ' s 3>¥> 



s 4 - 5 > 



n 



3 = t- . 

n • n + 1 * 



The numbers s n listed above are called partial sums ; tftey 
are partial sums of Series 13- 5c . If you look carefully at them 
you may have the Seeling that as n increases s n approaches 
some number A which ought to be called the sum of infinite- 
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Series 13-5c Thus we are faced with the-task of determining" 
such a number A if it exists. Recall that, in Section 13-4 you 
learned how to find the limit of a sequence. Let us make use of 
this fact. Clearly tl^e successive partial sums of Series 13-5c 
form a sequence; it is called the sequence of its partial sums , 
and we write it down as follows: 

4 n 



13-5d -£ , -| , X 9 5 9 9 n + 1 



5 " " " ' n + J. 9 

Bx Definition 13-4a this sequence has a limit and by Example 

13-4f we know that its limit is 1 . We propose that this 
limiting value be the sum of Series 13-5c 

Consider the following infinite series: 

00 

13-5'e 1-1 + 1-1 + 



m ^ 

m 



z ( - 1)k • 

. k=0 



Its sequence of partial sums is 

1/0,1,0,.... 

Clearly this sequence has no limit, and it does not seem reasonable 
to call any number the sum of the infinite series. 

The last two examples show us that there are two kinds of 
series which differ according to the way in which their partial 
sums behave. The first type is said to be convergent , the second 
divergent . 

We are now in a position to define, the sum of an infinite 

series. •'• 

• - ' . • - • t : - 

' * . . ■. '<* 

Definition 13-5a : The sum of an infinite series is the 
limit of the sequence of its partial sums if this limit 1 exists. ^ 
A series which has a sum is -called convergent. If no limit exists > 
the sum of the infinite series is not defined, and the series is 
said to be divergent. 
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Let us review the argument used In the Introductory examples 
which precede the definition. 

(1) In each case we sought a number which we might call the 
sum of an Infinite series such as 

00 

13- 5f " a x + a 2 -+-a 3 + .J.. ■ a k • , 

■' L- •* • % k«l 

(2) We used Definition - 13-lc for the sum of a finite ' 
series to generate a sequence of partial sums of the 
given infinite series. That is, we used 

n 

13-5B s n = a x + a 2 + a 3 + . . . + a n = £ a k 

■ ' • k=l; ■ 

to obtain, the sequence of partial sums 

13-5H s x , s 2 , a 3 , ... = (s n ) 

n=l 

(3) Finally, we examined the sequence of partial sums foi^l 
convergence. By the definition which we have just stated \ 
(Definition 13-5a) we know that If "the sequence of partial sums jr\ 
of a given Infinite series has a limit, this limit Is the sum oT 
the. Infinite series. If the sequence of partial sums has no 
limit then the series does not have a sum. s . * 

At first thought one might conclude/ tha^^re are now- equipped 
with a general method for Investigating. any Ir^inI1?e series and 
obtaining Its sum, If It has one. This Is true, but the method 
outilried above Is not generally useful because of technical 
difficulties. Except for some easy special cases the method is 
hard to apply. The difficulty lies' in determining an expression 
for s n whose limit can be calculated. . . 

Thus, mathematicians rely 6n far more powerful techniques. 
Unfortunately, the background on which these depend has not been 
developed In this text so we shall not Introduce them. Thus, in 
this text, the work of finding sums of Infinite series Is limited 
to series that can be handled with the methods presented. 
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Example 13-5a : Find the'oartial sums of the series 

/ - 

. 1 + 2 + 3 + ... - J\ k . 

k=l 

Solution : Using Definition 13-lc we obtain the sequence 



1 , 3 , 6 , 10 , ... = { k £ k } 



In the 



if . 

Example 13-5b : Find the sum (if there Is one) of the series 

i + (i . i) + + = i + £ (-^ _ i) , 

\ . k=l 
Solution: * ± -1 , * 2 * 3 .- * n - ± . 

By Example 13-4b the desired limit is 0 . Hence the 
series converges and has the sum 0 . 



Example 13-5c : *Find the sun* (if t>ti£j?e is one) of the- series 



1 

tiisre is 



2 + J + (1 + f r |) + .... = 2+ £ (1+^11) . 

k=l 

Solution ; The general term of this series is a unit more 
than- the general term of the previous series. 

Hence s '= n + ^ . 
n n 

But lim- (n + i); 
n - — > co 

does not exist; that is^ the series ^diverges^and \ 
has no sum. 
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Example 13-5d : The harmonic series 1 + ^ + ^ + ^ + 
can be proved to be divergent. , . 

Solution : The partial sums are 



s l 


-,1 - 2(|) >' 








S 2 


= 1 +\ = 3(|)i 








s 4 






> m|) 




s 8 


#« i i 

= (l + -s + ^ +• 


i> + 


( 5 + • • 


• + > 5(|) , 


S I6 


= (l + "5 + • • • 


*t) 


V (| + 


+ 3^) > 6(|) 



Starting at some point , where ri is some power of /2 , 
(n = 2^) , examine the next/block of 2 111 terms, v, 

2™ + 1 2° + 2 2™ + 2* 



Each. of these is certainly greater, than or equal to 
Hence, this block of terms 

2 m 1 



2™ + 2" 1 



Since we cari find an infinite number of such blocks, the sum has 
no limit; that is, the series is divergent. 

Example 13-5e : On the other hand the alternating ^series 
1 - \ "+ ^ + . . . is convergent, and comparison with Problem ] 

in the exercises will indicate that this is the series/fat 
log e 2 . • 
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We conclude this section by considering a problem which 
arises as an interesting sidelight- to the concepts that have been 
developed. Suppose that we are given any sequfence of numbers . Can 
we construct a senies such €hat the given sequence is a sequence 
of partial sums for the series? The answer is yes, and we shall . 
make the matter clear with an example. 

Example - 13-5** : Construct a series whose partial sums ' 
correspond to the sequence given in Example 13-4h: 

5 k 7 6 Q 8 11 

3 ' * "J * 4 » ¥ » 5 » "p » "o~ ' * ' * 

Solution : Let. s 1 = | , S g « Sj .. J , . . , . 
Since s. = a* , 



'1 — "1 



Sg = a 1 + a 2 = s 1 + a. 



s n ',- a l + a 2 + ... + + a n = + a n , 



we see that 



a i - s i > 

a 2 = s 2 - s 1 



' = s n " s n-l • . * 

Thus the required^ series can be obtained from .' . 

s l + ( s 2 " s i) + ....'+ ( s n " s n -l^ + " 
Making the proper substitutions for s 1 ,. s 2 , etc., we have the 
series 

"i - \ + A - ts + 4ts ■ - i + & - • • • If » 

The last line s.uggests how to continue the series. 
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Infinite series are one of the most important tools of 
advanced mathematics. For. example, it can be shown that 
a x , . x 2 x n 

e - 1 + x + .... + -y + nl » 1 • 2 • 3-'.... n , 

. . • 3 5 
sin x ;- x - ^ + It - ... , x .in radians , 

1 

2 -4 ~ 
« cos x B 1 "JT + fT - » x in radians^ . 

Furthermore, these series converge for every. value of x , and the 
sum of each series for any x is the value of the function on the 
left for that .value of x . .Infinite series are also imporSaitt--ln 
the calculation of "tables of logarithms and tables of trigonometric 
functions. - 

* * 

Example 13-5% : Find the value of e correct to four 
decimal places. 

Solution : As indicated above, 

1 1 * l y 

e = l + l + + 37 + + E7 + 

The partial sum s n is a good approximation to the sum of an 
infini^d-series if n is large. We find ^ ' . 

• A ' , 1 = 1.000000 

1 = 1.000000 . 
V 1/2 J = .500000 

1/3 J = . .166667 
• 1 l/4.« = .041667 

1/5! = .008333 
, * 1/6.' = .0^1389 • 

1/7! = - . 000198 

1/8; = ".000025 . . . 

8 Q Z t. 710279 ■ 

If Sg is rounded off , to four decimal places, we obtain 2.7183 , 
which is the value of e correct to four decimal, places . 
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Exercises 13-5 ' " ' 

. 1. Find the partial sum for the first n terms of the series 
2 + 7 + 12 + 17 + . . . 

2. Find the^ partial sum, for the first h terms of the series 

• 7' 7 7 ' 

155 + 1000 + 1Q,000 + ••• • ■ \ 

3. ' Find the partial sum for the first 'n terms of the series 

15 + 12 + 9 + 6, + . . . . ' » \ 

4. Find €he partial sum for the first n terms of the series 

^ + 3 + -| + + . , . . . \ 

5. Find a series whose partial sums are 2, 6, 12, 20, 30, . 

6. Find a series whose partial sums* are 2, -6, 14, 30, 62, /. 

7. Find a series whose partial sums are 2, -2, 6, -10, 22, 
■ 8. Find a series whbse>4>artial -sums are 3, 8, 15, 24, ... 

^9. Find a series whose partial sums are 2, 8,. 20, 40, 70, .. 

10. Find the sum of the series ; 

• . ■ . . ■ * V-'. 

00 : 3 ' 

£\ T3n + 2)(3n - 1) * . 
n=l 

11. Find a series whose partial sums are given by the formula 

q k 
- . ■ Tc ~ 2(3k + 2) . x 

12. Find the sum of the series. 

- 00 2 2 

.13. Show that the series V (- — - |_^) diverges. 

14. Determine whether the series 1-2+ 3 -4+5-6+... 
diverges or converges . 
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15. The area under y = x from x 
to x m 1 , approximated by n 
rectangles is the sum 



n v n * n + ■ • • * + n ' 



n-1 

n ■ 

n-1 



1 
n 



n-1 

E k 

k=0 



Find the lim — ^ 
n — >to n 



k=0 



•1.6. The area under y = x from 
x a 0 to x = 1 , approxi- 
mated by n rectangles is 
the sum • " 




l r 0 

















n-1 


1 









(n-1)' 
- 1 — n ' 



n 



k=0 




■ ■ n n^J- 
If k 2 = n(n+l)(2n+l) , find the iim A k 

k=0 . . k=0 

if. Find the limit Of the sum (if there is one) of *' • 

2 2- 2 



5.' 7 



Hint: 



2 , , 1 1 

.lac + i)(ac + 3) = 2k + i - ac + 3 



18. With the, series given. .for e x , find the approximation f or ^/g" 

19. An approximation for the natural logarithm is given by the 
following series for -1 < x < 1 . 

log e (1 + x) = x - |x 2 + ^x 3 - 

Use this series to estimate log e .1 • 1 to 4-place decimals. 
Compare this result with the appropriate area under the curve 

y = 7 in Chapter 9. 
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13-6 , The InfJLnite Geometric Series , 



No infinitK^rithmetic- series converges unless all of its 
terms are zero; hence, the. convergence of infinite arithmetic 
series will not be considered further/ On the other hand, we have 
already seen that certain infinite geometric series may converge. 
For example, the infinite decanal ,"3 mentioned at the beginning 
of Section 13-5 has the va]/ie i . and this is equivalent to 



saying- th^t a certain geome^ic series oconverges and has the sum ^ 



By Theorem 13-3a the 
geometric series 



partial sum s m of the infinite 



13- 6a 



a l + * a l T + a l r 



. k=0 



a l r 



Is 



can 



3 n = a l-(CT> 



if r + 1 



. this partial sum. have a limit as n 

depends on r n , If r = 2 ^ ttyen r 2 

r n increases rapidly as n increases, 

2 



becomes infinite? 
3 



It 



nor for s 



n 



If r = -2 , then 



a 4 , r = 8 , etc , , and 

No limit exists for r 
3 



n 



again no limit exists, 
r 2 = 1/k , r 3 ^ ±1/8 , etc, and 
■will have the limit ^1 



-8 , etc , , and 



On the other hand, if 
n 



r = ±. 1/2 , then 
r M approaches zero, r That is, 
n . .^.^ A n»iu 1 - r " The res ult is evidently going 

to depend on the absolute value. of r . The above argument shows 
that if -| r | > 1 then Series 13-6a diverges: if |r| < 1 then 
Series 13-6a converges and has the sum j — . Finally, if 
r =s t 1 the series reduces to 



or 



a l + a l + a l + 
a l - a i + a i - 



Theke certainly .diverge unless a; = 0 

J. 

by stating a theorem, j 



We summarize our results 
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Theorem 13-6a: The infinite geometric Series 13_*6a • • 
converges and has the sum j~~t lf M < 1 • It diverges if ~" 
lr| > 1 (unless a 1 = o , when*it converges). 

' Example 13-6a ; Find the sum of the series 

V -V s ;• £ <-"*)> : . , : 

Solution: a 1 J@' f r = - ^ , |r| < 1 . - The series converges 
and has the sum — i-^r- = 4 • 

* + ▼ 5 

Example 13-6b : Find the value of the. repeating decimal 
.142857 

Solution : This is equivalent to the geometric series 

+ 1?* + '"' ' b = 142857 . 

I. a 1 = b(lO" 6 ) , r =. 1CT 6 < 1 . ' 
The series converges and has the sum 

btlO~ 6 ) b 142857 1 

1, - 10" b ^ io b - 1 999999 r 7 ' 

Example 13-6c ; A train is approaching a point P 30 miles 
away, at 30 miles. per hour. A fly with twice the speed leaves 
F , touches the train, returns to P and repeats the process 
until the train reaches P . How far does the fly travel?* 



\ 
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Solutlqn ; To simplify matters- let "V' represent ^fche velocity 
,of*the train, even though we know that v = 30 . and let 2v 
represent the 'velocity of the fly. Suppose the first meeting is 
t 1 hours after the start. .Thus* after t-, hours- the 4 fly 'will be 



'1 
2vt 



miles from 
K — — - — 



and the train v/ill be 
— 2 vt — — 



30-vt, 



v t 



miles- from 
— * 



Hence ,30-vt-j^ = 2vt 1 



vt, = 10 



20 

and since 



v = 30 



— i 
30 



So the fly has traveled * 20 miles and the.train 10 miles when 
they meet for the first time. Therefore, tfife fly f s : first round , 

tfrip is -2(2v)(^-> = ^ miles* The trail* is now- 10 miles from 

P V an <* we repeat the computation. Let--, "tg be the time required 
for the fly to go from to. the train the sfecohd time. 



10-vt 2 = 2vt 2 ^ 



10 
T 



vt^ = ; and since v. = 30 



frly's second rouqei trip is - 2(2v) (-i) = 4v> 
' 3*' 



t 1 



Thus 
The 



series form, is 



where •= "^'j 



3 d 



etc. The answer, .in 



. 4v 4y. 4v 



.7 



r = 



= < 1 . By Theorem 13-6a /t£e sum is 



1 ) = 2v ='60 : 



1 -I 

3 .. . • . 

The fly travels 60 miles v This result can be checked directly 
without using series. We have only to note that th'e train needs- 
one hour to get to . P , and if the fly -wastes no time it can do 
60 miles in that time. , We have deliberately done this example 
the. hard way to illustrate Theorem , 13-6a' for a case in which we 
know the -answer 'in advance. . 8 
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. , • Exercises 13-6 
Find the sum of the series 
(a) l + ^ + ^ + .. . f 



(b) 9 - 3 + l r ... .. 
Find the sum of the series _ 

(a) r + r 2 + r 3 + ... , < (| r | < i) , 

(b) (1 - a)" 1 + (i . a) 0 + (i . a) r + (i . a) 2 + ... . \ 

For what values of a is, the series convergent? 

Write each of the folldwing repeating decimals as an equiva. 
lent common fraction. 

(a) o.5 ' 

(b) 0.0^2 . • , 
■(c)' 3/297 V 

(d) 2.69 . % • 

What distance will a golf ball trkvel if it is dropped from 
height of^.72 fnches, and if, afV^each fall; it rebounds 
9/10 of the stance it fell, 

Solve the following equation- .for x 
2 2 

-j = l + x + x + . . . ; ( , 

Solve the following equation for x 

H^- x + x 3 + ... >■ 

Solve for a 1 and r if 
a 1 + + .a ir 2 + ... = | , and 

a l - a l r + V 2 r • • • - | . . 
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r 8. An equilateral v triangle has^ a perimeter of 12 inches. By 
joining the midpoints of its sides with line segments a 
second' triangle is formed. Suppose this operation is 
continued for each new triangle that is formed/ Find the 
sum of the perimeters of alj triangles including the 
original one . , 
9. A hare and a tortoise have a race, the tortoise having a 
5000 yard handicap. The hare's speed i3 V = 1000 yards 
per minute; the tortoise *s speed is v = 1 yard per minute 
It is sometimes said that the hare can. never catch the 
tortoise because he must first cover half the distance 
between them. Detect the fallacy. 

10. A*regular hexagon has a perimeter of 36 inches. By 

joining the consecutive midpoints. of its sides with line 
segments, a second hexagon is formed. Suppose this is 
continued for each new hexagon. Find the sum of the \ ^ 
perimeters of all hexagons including the original one. 

*11. A square has a perimeter of JL2 

inches. Along each side, a point 
is located >©»e-third the distance 
to< the rigp^t ©X each vertex. By 
joining conse&utive points, a new 
square is formed. Suppose this 
process is continued for each new 
square . 

(a) Find. the sum of the perimeters 
of all such squares. 
. (b) Find the sum of the areas .of 
_ all sCich squares. * ; , " 

V . - ; 



i 
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. Miscellaneous Exercises . 

Find the' sum of the series 

3 - ; . '. 

£ [(-2) k - 2k] . 

k=0 ■ 

The following- series are, either arithmetic or geometric 
continue each through 6. terms: 

(a) 8 + k + 2-+ .... , ' ' , ; 

(b) 3 + 6 + 9 + ... .', '.'.*•* 

111 

(c) ¥ + TS + m + » 
(a) | - i + 3 + ... , ; 

(e) a 2 + a*+ a 6 + ... , •: > ".. 

(f) i - 1 - i + ... , i -'y^r . 

Find the sum of the series * 

k=l : •■ , . ... 

Use the identity 

k' = -j[k(k +. 1) - k(k - 1)] to give a new proof of 

.Theorem 13- 2a. 
By use of the identity 

2k + 1 = (k + l) 2 - k 2 , prove that 
• .1+3+5+... +(2n-l)=n 2 . 
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>> 6. By ^ Se <a f ' the equation 

E - kTT =• ktk 1 * 1) ' show that 

1, 1 , 1 , 1 n 

S + T-TS + -3~TT + + n(n + 1) = TTTT ' 

7. Show that.tjie geometric mean between two positive integers 
' is not greater than the arithmetic mean between them. 

8. The harmonic mean, between two numbers and b is a 
number h whose reciprbcal is the arithmetic mean between 
the reciprocals of a 0 and b : 

1 1/1' 1<« ' . 2ab 
, E = "2 ( a + ' h - F+T ' 

Show that in the series 

i + | + ^ 

each term .after #he firkt is the harmonic mean between its 
two neighbors . ; 

9. Show that the number of vertices of a cube is the harmonic 
Inean between the number of its faces and the number of its 
edges 

10. Show that geometric mean between two numbers is also the 
geometric mean between their arithmetic and their harmonic 
means. ; First try the result for 2 and 8 . 

11. Find the sum of the following series correct to 2- place 
decimals . 

5 < . 
2 V?V — rr — / where 2 ~ 3.464 . 



<r 0 (.3) K (ac + i) 
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• Twenty-five stones are placed on the ground at intervals of 
5. y&rds apart. A runner has to start from a basket 5 yards 
from the first stone, pick up the ^stones and bring them back** 
tp the basket one at a time. How many yards has he to run 
altogether? 

13. F^nd the "sum of n terms t>f the series whose r th t^rm is . 
f (3r + 1) 

lb. Two hikers start ' together on the same road. •' One of them 
travels uniformly 10 miles a 'day. The otheV travels 8 
miles, the first day and increases his pace by\alf a mile each 
succeeding day. Afte^ how many days will the latter" overtake 
the former? * . > ' ' f 

15. How many terms of the sum 1 e + 3 + 5 + ... are deeded to 
give 12321 ? . 

16. Find s 2Q . if a 3 .= '5 , and a 37 = 82 . 

17. (a) Find the sum of all even integers' from 10 to 58 

inclusive. „ 
(b) Find the sum of all add integers from 9 to ^.57 in- 
clusive. \ ^ ® 
.18. A person saved thirty cents more each month than in the 
preceding month and in twelve years all of his savings 
amounted ..to ^9,^24.80 . How much did he save the first 
month? The last month? . 
19- If four quantities form an arithmetic sequence, show that • 
(a) The sum of the squares' 4 of the extremes is greater 

than the sum of the squares of the means. 
.(b) The product" of the extremes is less than the product 
of the means. - r 
20. (a) A constant c is added to each term of an arithmetic 
. progression. Is the new series also an arithmetic 
. progression; if so, what is the new difference and how 
is the new sum related to the original sum? 
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(b) If each term of an arithmetic progression Is multiplied 
by a constant . c Is the new series an arithmetic 
progression; if so, what is the new difference and how 

r is the new sum /related to the original? 

(c) A new series Is obtained by adding a constant c to 
each term of . a "geometric progression. Is the new 
series a geometric progression; if so, what is the new 

■ ratio and how is the new sum related to the old? i 

(d) A new series is obtained by taking the reciprocal of 
each term of an arithmetic progression . Is the new 
series an arithmetic progression? What Is the new 
difference? 

(e) A new series is obtained by taking the reciprocal of - 
each term .of a geometric progression. Is the new series 
a geometric progression^ What is the new ratio? 

(f) Do f the negatives of eacffN^erm of a geometric progression 
form, a geometric progression? If so, what is the' new 
ratio? 

2n+l 

I ind the value of ^ + ^ ^ k 

Prove that if ^L- , , ar e in arithmetic 

2.2 2 
progression, then a , b , and c are in arithmetic 

progression. (The converse is also true.) , 

Find the sum of ; 1 + .+ 1 — + ... to n terms 

Hint: rationalize the denominators 

If the stun of an arithmetic progression is the same for m 

terms as for n terms, m ^ n , show that the sum of 

m + n termk is zero. ^ 

The sum of m terms of an arithmetic progression is n , 

and the sum of n terms is m . Find the sum of m + n 

terms . (m ^ n) . " 
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■ , Chapter Ik 

PERMUTATIONS, COMBINATIONS, AND THE BINOMIAL THEOREM . 

. Introduction . Counting Problems^ 

The process of counting involves three fundamental ideas 

• • ..... ■ . 

(1 1 ) The first is that of a pairing , or one-to-one corre- 
spondence. Thus we count our fingers, pr our guests at dinner, 
by associating with each one of the things being counted -one of 
the natural numbers beginning with 1 and taking them "in order". 
We stop thi3 process ^hen we run out of f ingers, guests, or what- 
ever it Is we are counting. - 

(1 2 ) The second idea- is that underlying addition . Given two 
finite sets sharing no elements,, the number of elements in their 

jfcinion is the sum of the number of elements in each. Thus the 
number of people at a swimming^party is the sum of the number in 
the pool and the number not in the pool . 

(1 3 ) The third idea is^trf^t underlying multiplication . 

Given n sets (v.here n is" a 'natural number) no pair of which - . 
share any elements and each or^o£ which may be paired with the 
set [1,2, . . . , m] of '.alL^&tural numbers; not exceeding the 
natural number m , ^he ^uml3er of elements in the union of the n > 
given sets- is n x-nvi.'. .'Thus '<^mf^ , ^ ount the students (or the 
seats) in a classr^^^ the number of rows by the 

^number in each rcw.^ip^ has as many as any other row) 

Tq Illustrate;^^ a method (involving all 

three of them) f or V^pVl^g^ /^i^K^r' 
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Let us consider a collection of clo : ts arranged in n rows, 

each containing n + 1 dots (Figure a4-la ) . We pair the n 

rows to the natural numbers 1 , 2 n and the n + 1 

columns to the natural numbers 1, 2 , ... , n , n + 1 ; and 

write the number .associated with each i*ow at its left, that associ 

ated with each column above. This is a use of the first idea, 1^. 

Now we draw' a line across the array of dots as shown, dividing it 

into two parts. & 

12 3 4 5 n n+i 

I • v. • • • • • • 



Pig. 14-la 



In. that part below the line, we find that 



the 
the 
' the 


^st 
^nd 

3 rd 


row 
row 
row 


has 
has 
has 


the 




row* 


has 











1 dot , 

2 do£s , 



^V^^#"v-' .. the 3 row has 3 - dots 

1$j8R5s^" n " 14 row has n dots 

V^Thus, since no two rows share any dots, "our second fundamental 
idea, 1^ , asserts that there; are 

9 i 

1+2'+ ... + n 
dots below the line. Call this number s . Then 

s = 1 + 2 + . . . + n . 

.v [sec. 14-1] 



Now, above the line, we find' that * 



the 


grid- 


' column 


has 


1 


dot , 




the 


3 rd 


'column 


has 


2 


dots , 




the 


4 th 


column 


.has 


3 


dotfs , 




the 


(n + 


T) St column - 


has 


n * 


dots . 





Hence there are also s dots' above the diagonal. 

Now, applying our second idea to these two parts of our array 
we find that s + s is the total number of dots in it. • 

However, our third idea, l 3 "tells us that the total number 
of dots is n(n + 1) , the number of rows times the number of 
columns. Combining the results of "our two counting methods, we 
have f 

2s = n(n +1) 
or s - n ( n % . * 

Thus - 1 + 2 + . . . + n = n ( n \ 1 ) . 

In this chapter we study a number of counting problems i.e./ 

problems, whose solution may be made to depend pn the, three funda- 
mental ideas &f counting. Such problems occur frequently in * 
mathematics, science, social studies and many other- fields . One 
of the richest sources of these problems is the theory of games 
of chance. \ How many ways may one draw Ojjbraight flush or a full 
house from a fair deck, or roll a seven ^Jith a pair of dice? A 
water molecule' (H 2 0) has three atoms, and therefore it Is planar. 
But a sugar molecule (C 12 H 22 0 1:L ) has 45 How many ways may 
these 45 * atoms be arranged in space, and, how many of these 
arrangements are chemically feasible? We won f t answer all of 
these questions — certainly not the* last one — but we shall study 
ways to handle a great many of this sort. * * 
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Relatively, few of the examples we shall give and the 
exercises we shall set can be ^considered earth-shaking. The 
interest will always, be in the, theory, in the methods, and ©In* 
the ideas they illustrate, and- only very rarely, in' th*e "practical 

value' 1 of their answers. ..... 

*' * 

One of our object^ in developing this theory is to obtain 
results ^hich are "general " in the sense that the numbers involved 

• are arbitrary. Of course, when one uses' any of our results .for 

example, to answer questions about batting orders, snake-eyes, 
molecular structure, royal flushes, or how to line up a firing 
squad — he is dealing with a problem which comes with definite 
numbers of the things involved. The yalue of our general thepry 
is that it can cope with any numbe,r pf such problems, no matter 
what numbers may be involved in each of them. 

■ Given enough time (in some cases, millions of years) and a 
large, fast, computer "(some of which cosct millions of dollars, 
plus upkeep) one could solve many of these specific counting 
problems by listing all the possibilities and^ tallying them. Our 
/"object is just*the opposite. We set for ourselves, the task of 
working such problems without actually listing all th£ possi- 
bilities. For example, in Section lk-k s we. determine t^he number- 
of Senatorial "committees " that are theoretically possible. This 
number, is so monstrous it would be entirely out of the . question 
even to contemplate making a list of the committees. Very likely, 
there, isn »t ''.enough paper in the world. But the .answer to the' 
question 0 of the Senatorial committees — which depends on "the - 
number of Senators (100)— is little or nothing compared to the 
numbers in some of the counting problems whieh arise in "connection 
with, say, a mole of gas, for there are 6.02f) x 10 23 molecules 
in a mole, indeed the number of possible committees which can be 
formed among kny group of people in the world is a triviality 
compared to the number of possibilities for the^ chemical reactions 
whi'ch jniglft occur ; 'in a .toy. balloon . s . 
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Many counting problems are actually Infinitely many problems 
expressed as one. Examples are how many ways -may a natural number 
n be written as a sum of four squares, or as a product of natural 
numbers. The answers depend on n , which may be any natural 
number. Thus specific cases like n = '3 ' or- ' n^'io : ,' etc may. • 
'be handled by enumeration. But . getting a. formula good for- 
arbitrary n is another matter entirely. Many such problems are 
beyond all methods known at present. In this chapter we discuss 
a few of tht known ones. 



Exercise s 
Consider the following array 



L 0 

•3 LOG 
% ■ ■ L 0 G A 

L 0 G A R 
L 0 G A R I 
L O'G A R I T 
LOGARITH 
LOGARITHM 
LOGARITHMS 



Determine the number of ways' one may spell LOGARITHMS start- 
ing with any one of the L«s and moving either down or to 
the right to' an 0, then either down or to the right to a G, 
»et.c. f ending with the S. (Hint: begin with the top two .or 
three lines, and determine the number of ways to spell LO 
and LOG , then work with the first four lines, first five, 
etc., until you recognize a pattern in your answers.) 
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2. (a) Write an addition table for .the numbers from 1 to 6 . 
(b) Using this table answer the following questions about 
honest dice games: 

.(i) What number is one "most likely" to roll? 
" :> '" ; ' (li) Is one "more likely" to roll, a power of 2 or a 
multiple of 3 ? 
(iii) Is one ! W>re likely" to roll a prime or a non-prime? 



Iju2. Ordered m - tuples . 

Suppose, we wish to count the number of routes from A to C 
via B in Figyre 14- 2a . There are three paths from A to B 
(denoted by a,b,c) and four paths from B to C (denoted by w,x,y,z) 




. Pig. 14- 2a- . / 

Nov; a route is completely described by natning a pair of these 
letters, provided we choose one from -the -set {a,b,c) and the 
other from the set {w,x,y,z} Thus (a,x) , (b,w) , (c,z) 
describe such routes. We tabulate all the . possibilities in 
Table 14- 2a. " 





w 


X 


y 


. z 


a 


(a,w) 


(a,x) 


(a,y) 


(a,z) 




. (b,w) 


(b,x) 


(b,y) 


(b,z) 


c 


(c,w) 


(c,x) 


(c,y) 


(c,z) 






Table 


14- 2a 
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Each entry in the body of the table describes one of the 
possible routes. We see there are twelve of them. 

Although we have enumerated- all the cases in. arriving at our 
answer, we may nov; .see that thiSyis quite unnecessary. * 

Our problem can be described as determining the number of 

ordered pairs which can be formed\using an element of the set< 

(a,b,c) as. first member and an elWent of (w,x,y/z) as second 

member. (The body of Table 14- 2a exhibits all of these pairs .) 

Since we are interested only in the \number of pairs here we are ° 

interested merely in^the product of ^he number of members in each 

of our sets— the number of rows in the table times the number of 

columns . \ . 

' * \ ' 

We may state the fundamental idea involved in a general way 

as follows . • • \ ^ 

. ; ■ \ 

Given a pair of finite sets A^ x and A 2 with, 

respectively, n.^ and n 2 . members", each, there are 

n.^ x n 2 ordered p.aii*s , or couples , . which rmay be formed- 

with a member, of A n as first member and a, member of A^ ■ 

\ 2 - 

a? second member. For our "route" problem^ A^ = [a, b, c) , 

./ A 2 = (w,x,y,z). , and n 1 = 3, n 2 = 4. \ 

We illustrate this general principle by turning to £ number 
of examples in which it may be used. 

Example 14- 2a : A quarter and a dime are tossed. % Hpw many / 
head-tail pairs are possible? \ • 

Solution : There are two possibilities for the quarterX (H,T) 
and ttfo for the dime (h, t) . 





h 


:t- 0 


H 


(H,h) 


lH,t; 


T 


(T,h) 


(T,t) 


is 


4 , the 


product 2 x 




• -fsec 





,790 • - > 

Example 14-2b: : A library. contains . 7 . geometry books and 
13 • algebra books. How- many ways may a student select two,, "books., 
one of A them a geometry and the other an algebra?* ' 

Solution : Here we are interested in the number of couples - 
(geometry, algebra). According to our principle the number of 
such couples is' T x .13 , or ■ 91 

Example 14- 2c ; How many fractions may' be formed whose ■ 
numerator is a natural nufhber not exceeding 10 and whose, . 
denominator is a natural number not exceeding 15 ? (ignore* th$. 
fact that some of these fractions represent the same rational 
number. ) 1 ' ■ 

' Solution : 10 x 15 = 150 

Example l4-2d : Given a hundred men and a hundred women, it 
is possible to fozpn » 10,000 - different couples— although not > 
simultaneously.' 

Let us now extend ,our "route" problem by supposing there are 
five paths, joining C to a fourth point D .V 




v 



. Fig.sl4-2b rl . 

Let (m,n,o,p,q) be the set of.paths joining C and D . * Now 

how many routes 'are' available for a trip from - A to D via B 
and Q, , using only the paths, pictured? 

* ' [sec. 14-2] — 
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'. *We have 'already found there are twelve routes from A to C 

via B ■: ■' ■ - . 



(a,k) , (a,x) / 



y ■ (b,W.) , 



, (c,z) . 



2 



Taking advantage of this knowledge, we may describe any froute 
from A ; to D via B- and C by couples such as - 

- " .: ' - .((a,v/),m) , ((a,x),n) , etc. • 

" As> before, we make a tabl^. . - • t . 

m > t n f -*o ■ p q 



[ (a,xv 

; ( a >y 

(a, 2 
(b,w 
(b,x 

(b,? 
(c,w 
(c,x 

(c>y 

(c>z 



C(a,w),m) 



((a,y),p) 



, ((b,y),n) 



((c,z),q) . 



Table l4-2a 



We have indicated only a few of the entries in the body of the 
table.' Using our principle we see at once that,, there are 12 x 5 
or .60 ^possibilities. „• ■ * " 

. Since' each of our -new "couples" describes a. route made up of 
three paths^We may drop the extra parentheses, wrifting simply^ 
(a,w,m) for ((a,w) ; ,m)*, etc., and ref e£ to fa;w,n), as an 
ordered , triple . Thus each' route from, A. to D via B and . C 
JLn Flgu$ej;l4-2b' may be described by an ordered tripl£. * Some more 
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o# these routes are ^(a,x,n) , (c,y,p) , (b,z,p) . Our principle 
tel^Ls us there .«are 60 ordered triples whose first component is 
a*i element of {a,^,d*} , whose second component is an element of 
(WjX,y,z) ,^an<i whose third component is an element of (m,n, o,p,q} 

■ We may mak«5>further extensions to ordered quadruples , 
fuintupi-es/ etc . y« 



* , ? 2 , «a 3 , a 4 ) = ((a 1 , a g , a g ) , a^) 

a 2 * a 3 >#if * , a 5 ') = (C a ! a 2 * a 3 > a 2|) > a 5 ) 



apd generally to ordered m r tuples ; * 

. ' . (. a l * a 2 '* • ' a m^ 

with m components. Here •!&' is any natural number. 

■. As we saw in the case of ordered triples we may extend our 
general principle to covered" qrdered m- tuples : ( ' ' 

* If A^ ,' A^ , . . , A^ are finite sets having,. 

Y * respectively, , h 2 * ' . . . , n m elements, there . 

; ... v are n,^x n Q x . . . x n w ordered m-tuples of the form 
L ? d ■ , m ^ 

(a 1 ', a 2 , ... , a m ) where a 1 is a member of? ; A^ * 
' ; a-p a.,. member of ... ^ a m a member of A . 

Example l4-2e In a certain club no member may run for more., 
than one Wice at .the same time, -If , in one election there are 8* 
candidates for president, J f or'Vice-president, A f.or< secreta-py, 
and ^ 1 for. treasurer, how many ways may these offices be filled? - 

Solution ; We want the 1 ' number of ordered, quadruples 
(a-**, a Q a^) where A^ has 8 elements, A^ has 7 , 

A~ has^ 4*, and f A., 'has 1 . Our principle telis^us the answer 

is 8 x 7 x 4 k 1 , or,, 224 . ' ^ 
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Example 14- 2f ;■ Consider a club having 4 members, ^3 
offices, and a rule permitting any member to hold any- number of 
these offices at the same time. How many ways may the offices be 
filled? 

Solution: The number of ways of filling the offices Is thfe:* 
number of ordered triples, each of whose components Is any one of 



3 



and 



the members of the club. Here m = 3 , A ± = A 2 = A 

n 1 = n 2 = n 3 = 4 . Our principles tells us the answer Is 

4x4x4', or 64 . . g . ; 

Extending the result In Example l4-2f to cover the possibili- 
ties for m- tuples each of whose components are members of a set 
having n elements, we find there are n m such m-tuples . For, / 
in. this case, we have ' 

• ■ - ' A l - A 2 - - V 

- 4nd < n l = n 2 = • * - = n m = n Bt u ' " 

Thus ' * ' 

n, x n Q x . .-. x n w = n m 

gives the number of all possible m-tuples which can be formed, 
each of whose' components belongs to a given set having ,n elements 



Exercises 14-2 



1. ° A furniture company has twelve designs for fchairs and five 

designs for tables; How many different pairs of table and 
chair designs can the company provide? 

2. How many pitcher-catcher pairs may be formed from a set of 
four pitchers and two catchers?.. 

3. How many pitcher-mtig pairsyfaay be formed from a set of eight 
pitbhers and eleven mugs? 



'i^ ... 
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4. /How many different committees consisting of one Democrat and 

one ftepublican may be formed from twelve Democrats and eight 
Republicans? - 

5. How many ways may a consonant-vowel pair be made using the 
letters of the word STANFORD ? 

6. How many consonant- vowel pairs may be formed from the letters 
of the word COURAGE ? p 

7. How many numerals having two digits may be formed, using the 
.digits 1 , 2 , 3' , . . : , 8 , 9 ? " 

8; Ten art students submitted ppsterd in a contest which was to 
promote safety. How many ways could two prizes.be awarded 
JLf one prize was to be given on the basis' 'of the art work . and 
the^ other on the basis of the safety slogan chosen? 
\9. Inhere are four, bridges from Cincinnati to Kentucky. How many 
• ' ways may a round trip from Cincinnati to Kentucky be made if 
/ the return is not necessarily made . on a different bridge? 

10. How many ways may a two-letter 'Word 11 be formed from a twenty- 
; six letter alphabet? (A "word" need not have meaning.) 

11. How many different triples of Ace-King-Queen can be 
selected from a deck of 52 cards? 

12. How many three digit numerals representing numbers less than 
600 may be formed from the digits ^ 1,2, b , ... , 8_, 9 ? 

13. Using the digits 1/2 , " 3 , 1 4 , 6 ", 8 , how many 'three 
digit numerals may )5e formed iv the" numbers they represent 
are even?. ■ . 

14. At a club election ttfere are four candidates for president, 
four for vice-president, six; for secretary, and six for 
treasurer. How many, ways may the election result? 

15. /A freshman, student must have a course schedule co/sisting of 

a . foreign language, a natural. science, a. social science, and 
"an English course. If there are four choices for the foreign 
language, six for. *the natural science, three for the social 

T • 

science, and two for English, how many different schedules 
are available for freshmen? < 

• ■ - ' '4 : ,\ 
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16. The Super-Super Eight offers twelve body styles, three 
different engines, and one hundred twenty color schemes. 
How many cars will a de r aler need In order to show all 
possible cars? 

17. How many quadruples Ace-King-Queen-Jack may be formed 
from a bridge deck? 

18. From twelve masculine, nine feminine, and ten neuter words, 
how many ways are there to select an example consisting of 
one of each type? 

19. In the decimal 'system of notation,, how many numerals are 
there which have five digits? 

20. A psychologist has rats running a maze having ten points at 
which the rat may turn left or right. Hew many ways could a 
rat run the maze If he followed a different route each time? 

♦21. Using the digits 3 , 5,6 , 7 , 9- how many three digit 
numerals representing numbers greater than 500 can be 
formed if. (a) repetition of digits is allowed; (b) no 
repetition of digits Is allowed? 
♦22. How many committees consisting of a Democrat and a Republican 
may be formed from five Democrats and eight Republicans if a 
. certain Democrat refuses to work with either of two 
' Republicans? 

♦23. There are five boys and eight girls at a dance. If Hepslbah 
and Prunella refuse to dance with either Hezy or Zeke, and 
. Obedlah will not dance with either Hepslbah or Cillisue, how 
many ways may dancing couples be paired? 



. 1^-3 . Permutations . 

Let be the set [a,b,c] . We examine the'ordered' couples 
which may be formed using elements of A . . We see there are two- 
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kinds: (i) those in which duplications occur, (ii) those without 
duplications. Thus (a, a) , (b,b)' , (c,c) are of the first kind; 





a 


b 


c 


a 


(a, a) 


(a,b) 


(a,c) 


b 


' (b,a) 


(b,b) 


(b,c) 


c. 


(c,a) 


(c,b) 


(c,c) 



Table 14- 3a 

the others ^/ the second. There are 3 of the former one for 

each element', o£ - A —and 6 , or . 3 2 - 3 , of the latter. 

.■'.■;.*;. In general, given a set haying n elements we may form n . 
.ordered couples 'whose components are members of the given set. Of 
these -irv. ; couples, -there are n (one for each element) which 
have duplications;. Hence there, are n 2 - n - without, duplication. . 

Those ordered m-tuples ; ; of - elements of a set having n 

elements which have no duplications, are called permutations of the 

n. elements* taken m at a time or, for brevity, m - permutations 

of the set. or course, m < n . Thus the nujnber of 2-permutations 

— p 

of a set having elements is n - n . 

The n-permutations of an n-element set are called 'simply ■ v 
permutations of the set. 



There are many problems in mathematics, science, and other 
f ields--dncluding gambling— which may be solved with a knowledge 
of the number of m-permUtations of an n-element set. We have 
determined, this number for m = 2 .We proceed to larger values 
of ; m . * 

As a preliminary, let us look again at the couples. We con- 
sidered a table with h rows and n columns. To avoid dupli- 
cations we omitted one couple from each row. Since we want only 
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the number, of 2-permutations, and ; hot , :. ; gt - /ffis^Jpif . thfem, it makes no 
difference in' our counting p^o'1^X$flB.( jii^ rfirip r-)^^Pp»y . remove a whole 
column from the complete table one couple here- 
and- there in each row. Delet^itig^ gives us a 

"reduced" table with n rows;; 'rivi ■iy/gQlMitihs,. and hence n(n - 1) 
entries. This number checkjs/;^ n - n 

and can be made to appear ' s :\"p)t^uM.di^l^V- i^yr©;. 1;lri±nk of the . formation 
of ordered couples without' ^ pair, of "choices". We 

are free to choose any of r'tjjfe v;^ i ':/;6i^ehts as first component and 
any of the remaining n Since 
our "reduced" table has* «;.;nr(^ say 'that this 

pair of choices may be- mad£^i^ \ 

Moving on tb t 3-perautati^ having- ri eijLeffleAts «> 

(i.e., ordered triple;?.;^ w&'fcan imagine^ .tatjle, 

listing the * 2lpermuta.W^ • a?(s;V (tf of 

r rf« r elemfejits ^ 

,e 1 4-3b^';WI^?^ : *V Ti : '^ : 3[^:: ^ ' / V* ' ; : W' V ' '■! S% " v " 



them) a'nci the 
example, * T^ble 





■■ a"> ! : . i ; b 


C 


V.. } .,':;:(3,b) 




(a,b,c) 


-V'V "(a,c) 








■ (b,c,.a) <\ _ 








,(b,a,c) 


. / , :. :' (<?>) ; 


. - ( * (c,a,b) 






;(c>b,a) :/* 





: ;" ; ;hTii?ie';i^-3b 



■ r .. ..•.To we must omit 2, tripi.ea 

from each '.of . theyVL'^ (ri 2 ' - n)n spaces -JLio._ : 
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the table (number of rows times number of columns) and 2 blanks 
in each row, there are 5 ' 

(n 2 -- n)n - 2(n 2 - n) , 

2 

or (n - n)(n - 2) , or n(n - l)(n - 2) entries in. the table. 

•As with the couples, we are only interested in the number of 
triples. The same result may be obtained by simply deleting, <2 
columns, leaving n(n - l) rows and n - 2 columns^. Henc£ we 
;haye another way of seeing that n(n - l)(n - 2) "is the number of 
3-permutations of a set having *h elements. 

Carrying ,pn the same reasoning we may move to; quadruples, * 
m quintuples;' ^;v.,,V' m- tuples, and we get 

rif(n-l)(n - 2)(n - 3) ' ^ \ 

n(n - l)(n - 2)(n - 3) (J* h) 



{ 



/ : Mn -. l)(n - 2)(n - 3)...(V- (m - l)) , 

respectively,; for ;the, number of each having no duplication/. 

A great variety of symbols is used to denote the number of 
m-permutations of a set having n elements. Some of the more 
popular ones ardk ' . 

■ n (m) , n P m > *S ' p ( n * m ) • ' . ."V ,/ . 

We shall use the last of th^se in this book. 

> Writing P(n,m) for' the number of m-permutations of an n 
element. set, our result may be expressed by the formula 

P(n,m) = n(n - l)(n - 2). . .(n *. m + l) . 
When m = n , we have $ 

- P(n,n) = n(n - l)(n - 2)....(n - n + y l) 'V 

> n(n - l)(n - 2). .'.2 • 1 .j>. 
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The last product occurs so frequently in these and other; '' 
problems, a special notation has been -introduced for it: •.;*•;/':. 

n ! = n(n - l) . . .3 • 2 • 1 . . : 

* • . ' . - • 

The expression " n' "is read , "n factorial" . 

As examples of "factorials " we have 

. 3 .' = 3x2x1 = 6 

' 4.' = 4x3 x 2 x 1 = 24 • ■ ■ ' 

a ■' 5! = 5 x 4 x 3 x 2 x 1 = 120 

io.» = 3,628,800 <T v;5;'' K «; 

* ■■f^? , " f V. 

Observe the following property of factorials v\ . 

nj = n(n - l) ! or ffi + l). f = (n + i)|n:>) ! . 

With this formula we may calculate til for each, natural number n. 
bjr a step-by-step process. However, since ;£he nymbers grow so 
fast these ^calculal^ons soon get too involved. Recourse to tables , 
is recommended, .(-fit the end of Section 14-4 we give^"a.:■ ; i^bl.e yo'f' 
the common logarithms of nj for n up to 100 . Thi^'^biei will 
be useful for many of the computations arising in tjie next section. 
But it may also be used, in conjunction, with the logarithm, table . 
^following it, to get approximations to /n/" for ; n up to 100 .) 

• The equation .* . > ■ 

' ■ ; (n + 1)} = (n + l)nj 

suggests the possibility of extending the definition of nj to 
include n = 0: 

"\. 11, = l(O.t) , , 

i.e. 0} = 1 , 

We shal.1 find that doing this will enable us' to simplify many of 

the problems we consider in this chapter. 
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Using factorial notation, our -formula for P(n,m) may be 
expressed quite .compactly: 

.P(n,m) = n(n - l)(n - 2)...( n - m + 1) 

. = n(n - l)(n ?).'.. ( n - m + 1) (n-mWn-m-1 h . . 3 . 2.1 

. ^n r mj(n-m-l). ...3 . 2 . 1 

• ,~ (n - m)! ' 

Interpreting 01 to be 1 , this expression holds even when m=n 
for then ' .; .'. 

- . • P(n v n) ■ , = £J n , . ; . '. V 'V '"'v 

' (n - n).» 7TT ■ • ' 

• Wnlcn agrees with our. previous expression for . PCn\n.) 

Example l4-3a ; In a contest with twelve- entries, how many 
ways can a first and a second prize be awarded if noNentry is 
-entitled to more than one prize? 

Solution: Our problem calls for the number of couples of the 
form (one 'entry, another entry) Vithout duplication,, where the 
first entry wins first prize and the other wins* second prize. The 
number of such couples is P(i2, 2). ; s6 the answer is 12 x11 
or 132 . % % 

' ' * ':' ' 

Example l4 - 3b = A map* of four countries is to be colored with 
a different color for each country. If six colors are available,' 
how many different ways 'may the map becolored? 

Solution : We want the number of 4-permutations of a set ' ''|f§ 
having six elements. Each quadruple has the form' (color of first ' ^* 
country, color of second, color of third, color of fourth). The' 
answer is p(6, 4 ) - , which is 6 x 5 x 4x3 or 360 ways ! 
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Example l4-3c : Suppose a class Qf twenty students decides to 
leave the room In a different order each 0iy:: How many days would 
be required for the class to leave ^he ro^rn all possible orders? 

Answer ; 20.' days. If they work at. It J365 days a y6ar, It 
will take approximately 6.7 quadrillion yfea^s.^ (20/ X 2.4329 x lO 1 ^ 
Even if they v/ent through/the door In' a ' dlff^r^nt order every second/ 
it would .take over . 70 billion years* ' a . 

Example 14-'3d : H^w many ways may the numbers be arranged on 
a rouiette wheel? (There are 38 "numbers"; 00, 0 ^-and thef 

rfatural numbers 1 , • 2 , r 3 , . . . 36 . ) 

• _ . . « • ./ , % ■ ■ ■ 

; First Solution : -Jlfj^t Is an honest wheel we cannot distinguish 
any one place from any other. Thus no matter where 00. may be 
placed, . there <ar;e. 37J ways of arranging the numbers 
0 , 1 , 2 , ... ., 36 ■£ (If It Is not an honest wheel, so that the 
places are distinguishable, the number Is 38.'-.) , < 

:, - Second Solutioa ; Let us consider the set of all. 38-permuta- 
tlons of {00, 0 , 1, 2 , 3 , . , 36} . Their number Is r 
P(38,33) = 38/ Corresponding "to each such 38-permutation, 

( a j ri a 2 9 * * * ' a 38^ ' '• ' 

there are 37 other permutations * m . , 

(a^ ,. a^ , a^ , ;. . , a^g ,• > 

(a ^ , a^ , ... » a 2& * a i 9 ^2) ' 

__U 

_ . '• ^ a 38 » a l ». ' a 35' a 36 * a 37^ V 

which cannot be distinguished from It on the (honest) wheel. 



9. 
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Thus if N is ■ the .number of "distinguishable" permutations' of 
(00, 0 , 1 , ... , 36} , we have:. 



, ' •■ 38N =' P(38,38) . 38.' , 

so N = 37. 1 1 " 

In the general case, there are (n - 1)« circular permuta - 
tions of a set having n elements. 



2 



Exercises 14-3 

1. How many five letter ■ "i/drfos " may be formed from the letters 
A, B, C, D, E, F, and G? How many if no letter is repeated? 
How many ways may a president, -vice-president, and secretary 
. be elected from a club of twenty-five members if , any member^ . 
may hold any one of the three offices, but no member may hold 
more than one office simultaneously? ± . ;^ ' , 

3. Hov; many thrp digit numerals may. be formed, using . the digits 
1*2,. 3, 4; 5 ; 6 If no digit Is repeated In a numeral? 
How many If repetitions are allowed? ' _J> ■ - 

4. How many four digit numerals may be formed ufcing the digits 
1 , .2 , 3 , 4 , 5 9 ?6 If no digit Is repeateV^n 7a numeral? 
How many if repetitions ' are allowed? -^V 

5. How many^ four digit numerals may be formed using the digits 
.2 , 4,6, 8 if.no digit is repeated in a numeral? How 
many if repetitions are allowed? 

6. How many seven letter "words" may be formed- using the letters 
of the -.'word STANFORD ? How many if no letter is repeated? 

7. How many different, arrangements may be made .for seven books 
orf a. shelf if the books' are each of a different size? 

8. Pour persons are to ride. in an airport limousine having six, 
.empty seats. How many different ways could , they be seated? 



Three traveling salesmen arrived at a "town having foufr hotels 
How many ways could they each dhoose a different hotel? 
How many different combinations^may. be set on a lock having 
twenty numerals if the combination is -a 3-permutation? . 
; How. many different batting orders may a baseball, team manager 
'form if does not consider changing any but the las* three 
places in the order? . . / 

.riow many different ways may the letters a, b) c, d, e, f 
•be arranged >ith net repetitions so as to begin with ab in 
ea^clr case?\ 

How many three digit,, numerals having no repeated digits may 
^be ^ digits 1,2 ,3,4,, 5. so that the ' 

middle digit i& 3 ? [ '. . 

H6w many 5-pemutations including the letter C may be 

fjorraed from the letters A, B, C, D, E/ P, G ? 

How many w^ys may a photographer arrange four women and five - . 
:PPP .'two rows if women must stand in the first row and men 

in the: second? 

How • many license plates may be made using two letters of a 
.twenty^ followed by a four digit, numeral? 

(Zero may be, used at any place in the numeral ^ 
How. ^ny ,ways are there for eight children to ^orm a ring G: 
around a May Pole? : . 

If the number of ways to lay a set of tire weights in-line 
is six times the number of ways they may be, placed on the . 
tire rim, how many weights are there? ' • V, "" * 

How many ways could King Arthur and eight of his knights sit 
at the Round Table if, one of the seats was a throne* chair for 
King Arthur only and 'there are eight other seats? 
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20. Find the exact numerical value of each of the following: 



.(b) 



w 

8 J 



e 

• 

7.« . 



21. Solve for the ..natural number n : - ' '■ 

C a ) • ( n n :g) , = 2 < n. (c)^P(n>+ 2,.4), - 72; P(h,*2) » 0, 

<b). P(n>5)':- 20 • P(n,3) . &) *#{rv +^1,3) - 10 ••P(n - 1,2) - 

22. Simplify '(n ahoV m are. natural,, numbers ^ : >> . 




(d) 



(n - 2) jj 



n. 



:- ; (e) (n - m - 2.) «(n - m - l)(n - m) /,'.' m < n v 
( • (?> n[n.« + (n .- , , l < n . \ \- ' .; • -v; ^ 

- M y (n + .2}.' + (h :-. iVj (n £ l) ' 1.V . ' ' 

23. Prove- each of the following for natural •numb^s ;;m ahd n : 
: (a) ..P(n,3) + 3 • P(n,2) + P(ri,l)^ n 3 . • • ■ 

. ; (b). (n +: l)[n • nj + (2n ->)(n - l)f + (n.V l)(n - 2) .••] ' 
' . = (n + 2)'i , 1 < n ' -.; *'•• '. . 

(c) Pfn + l,m) = 1) • P(n,m - i):> • A m*<V+'i . - 

. * ' (d.) P(n,m) = m • p(n - 1, m - --l) + p( n - l,m)--, hi < n' : 
;•• («)'" «P(n>m), s p(n > 2,m.) + 2m- . P(n - .". '2*m' - l j +« m(m- 1 > . 
; •'• y ' p ( n - 2,m - 2) , < m < n - 2. . " v ' \ > . ■ 

♦• • ■.' : .. ' ' — ' — : 

.• ' ' A '.' . [see, 14-3;] ^ r. - ^ > ' ' 
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^-4 . Combinations ^ "' ( -.p . •• 

' , •' ■„'■ . • ■■ 

In this section w6 consider the following- "counting problems: 

- (i) * Given, a finite set. having n elements.,.; how many subsets 
does i£ have? ' . ^ < ■. r - . #■ •• w?V : ''* 

(ii) Given a finite set having n elements, how; : ^ny *' ^ 
.1-element,- 2-element, 3-e'lement, .... m-element subsets does It 
hav.e? . (Here m is avOp natural number not exceeding n . ) 

Problem (i), being the easier, we consider first, .Suppose 

* ■ ^ * *^ *■ 

our set has the elements • .< 

' ' ". • »K-- • .> • , ' ■ - 

a r ,,a 2 , ... , a n ? . ... 

The various subsets cyF- (a^ , & 2 , . .... , a n T m^y be formed by 
going dowa the list of members, .and for each m^rftfeer either taking 
it or not taking it, The process of forming a subset-.^ 
(a^ , at 2 , ... , a^}' . can therefore b^deiscribed by giving &p , 



Ordered n-tuple^each of whose components is either T. (meaning 
: "take") or D (meaning "tiorii't take"). ^ ' v 

For example, with n = k opr s£t i*s {a^ , a"g , £3?-; a i|) 

and the quadruple (T , T; , D , D) yields the subset ■fca. ,a 0 ) 

■*i ■•■ • ■ ■ 

(T , T , D., D) *' - 

The "quadruple (D , T , D , T) gives " (a 2 , a^} : ' 

l a 2 > a >2 > a 3 > a 4 J 

(D , ,T •, V,. T)# . ' 



" ■ 
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That each^pub^etvis «fScribflFby such a "l^st of instructions" is 
mustra^ei^by jth^following^achitae. Oi^eh the subset (a 3 , a 4 ) 
we have #. •• * - • . * '* 



•; • ■■ • {TOOK* 

*. • '4* / . .■ , a 3 ' a 4^ ; 

Sincel, each sybset corresponds to exactly one of these ordered- 
: n- tuples, ^the nuiiber of subsets of-' (a^ , a 2 , ... , a n ) is tlfe 

saSne as the^umW n-tuples a 6ne c&n form from the 

. elements of* the set f {T , VY^Mkt the end of Section'*l4-2, we 

fpun£ thra.t the^ number of s^ch ordered- n-tuples is^ 2° ■' . !JhUs we 
-have thjp fallowing theprenv. * r 



^ Theoreftft l4-4a ; There are 2 11 subsets of aHfin^e set which 
has n s eleniWs, , ' % * - ^ -V 

Note, $n particular, two ^subsets n wilich havl been* counted, 
they are the extrfeme case^ln which the tf-'t&ple has ail" T f a 
(the "subset. 1 corresponding to tl^s ft- tuple is the whole set); and 
j£he case irv which #xe Sn-ttf|>le fe*ks all D«£ (thetf :' "empty 11 or "void"* 
sublet, containing none of |§ie members of the given 3 set L 



Example 14- 4a ; Since $iere are r lOQ^Senators, the total 
number of Senate Cbmmi^ees which can be foimed is 2^?° _ I if 
we },nc lu<^th6$c ommit t ee* of the wkole . buf eicltde tha committee 
* with no members . This number is * ■* * . > 

^l,267,650,6po,228,2^V#96/763i^5,375 . '* f 
We now consider problem* (11): Given a ^finite set IWvigg n 
elements, how many ifi- element su^ets does it-have, where m is . 
an jr natural rubber not exceeding n ? Ah m-elemetvfc : subset' of a 
set having n elements is often cajje.d "i ^combination of the n* * 
elements taken m at a time . . *f * . % 

V ^ [sec. 14-4] ^ a ... * 
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. Let us look at somes, examples . Given the set^ (a,b,c) with 
tt^ree members, we have the following non-empty subsets 

: ' . ■ ' !>V. > "tb] , (c) - 

(b,c) , fa, c) .,' (a,b] 
"(a,b/c]. v S 

- This example is rather simple, but it tells us a gdod'-deal 
about the general question. Thus a ,,f Bet having n elements hasjj n 
subsets each with* 1 element- (on^ such subset corresponding to each 
element~.-tfte one in the subseft) . A set having n elements has n 
subsets , each' with n - 1 elements (one such 'subset corresponding- 
to each element-^the one not ijg the subset)/ And, o£> course, ■ 
there is only> one n-element subset of a set' having . n elements; 
it is -the whole set. * 

There are many, different ways in use to denote the number of 
m-element subsets- o-f a, set having r^'*element&. Some are 

: : ./ V . " O « n c m rc ; , :! c ( :m . ■* • - ; ^. 

The Last one of these we adopt in this*- book. 

We h£-ve just se'en that' " ~ 

v C(n,l) ,= n y (T(n*h - n", C(h,n) =1 . „ 

® Now let us consider the, subsets of (a, b,c, &} . Here- n = h , 
We alneady. know c ( j, 1*) , , C (4, 3) , C(|i,^) . We have only ;to 
determine ' C('t, 2) . 'the- following scheme exhibits the 2- element : 
subsets or v ^ (a,b,c,d) : * ■■ 

.. • r ' T- (a , b , c S ;d) * %' 



• »■ fa . . d) 

* • ■ (o-, 0} • 

*' • : (b , d} 

There are six. Thus' C ( ; » 2 ) , >. = 6 \ * 

* .* • , 

••*■' Isec . 14-4] - : 
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We : may detect a connection between our current problem and 
the permutation problems considered in Section 14-3 if we compare 
our last list with Table l4-4a exhibiting the" ordered copies ^ 
which may be formed With elements of {a,b, c,d) . 





. a 


b 


c 


d 


a 


(a,a)' 


U,b) 


(a,c) 


(a,d) 


b 


(b,a) 


(b,b).; 


: .'(b,c) 


(b,d) 


c 


(c,a) . 


(c,b) 


(c,c) 


,(c,d) 


d 


(d,a) 


(d,b) 


(d,c) 


(d,d) 



Table l4-4a 



The subsets 



. . (a,b) , {a,c}^ , {a,d} , 

, ^ (b,c) , {b,.dj , 

' ' ', (c,d) 
are represented in Table l4-4a by the couples 

(a,b) , (a,c)>, (a,d) , 
(b,c) , (b,d) , 

(c,d). - 



appearing in ti 



;r rights 




corner. But they are also 



represented by^the couple^ in the lower .left of Table lh-ha: 

(b,a) , . ^ 

(c.a) , (c,b) v.. 
(d,a) ' i (d,b) , (d,c) 



-4 
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Let us match these couples to the subsets as follows 



(a,b): (a,b) , (b,a). 

[a,c): (a,c) , (c,a) 

tb,c}: (b,c) , (c,b), 

'! . \ (a,d): (a,d). , (d,aj 

- Cb,d}:' (b,d) , (d,b) 

[,c,d}: (c,d) , (d,c) ^ . ? , ' • 

Examing this arrangement, we see that each ordered c<5uple to the 
right of the line is a 2- permutation of the set at the left of its 
row. For each siich 2-element subset/ there are therefore P(2,2) 
2~permutations. Hence P~(2,2) is the number of columns to the - 
right of the 'line. C(4,2) is the number of rows . Since thg 
total number of 2-permutations we can 1 form from . (a,b*c,d) is 



P(4,2) , we have 



6(4,2) x P(2,2) = P(4,2) 



and hence 



C(4,2) = = 



... 6 



C(n,m) denotes 
Let us imagine a 



We now consider a set hajripg n elements 
the (unknown) number of its m-element subsets; 
table in which each of these m-element si^sets ' determines a row. 
In each of the rows we write the Pj^mj^ m-p^muta-tions. of the 
subset which identifies the row. The total" number of entries 
this table is; P(n,m) t , the number o:T all m-element permutations 
or' the -given 'set . Multiplying this number of rc?ws and the" mjriiber. 
of columns we have 

<i v C(h,m) P(m,n) =/P(n,m) 



or 



C( n ,m) = = V-*)r V . "•' 

> * / P(m,m) m.' - m.»(n - m).' 
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Example lU-itb ; Two cards- -.are dealt:. from: V deck of £2 cafrfifs . ' 
How many v/ays may this be' done? ' . . ;/''V v ; ■ "'• * • *.'^v: 

, Solution : V/e want the number of . : 2- element ' subsets . of • a 1 ' 'iv^' v 

52-element set. . ' " ■ J : a-.':''- 7 . '/' ' ' \ - : V. * ■ " - : 



Example - lfr-frc : How ynifty^5-c^ 

ace of spades are possible with ;a • 52-card ^deeK? ; ' " v C- v '..- . v. v "' . • 

>% » ■ , ■ * . I . * , * ■* *^ % • 

Answer: C(51>*) = lx jfixy ,t>)» . '• . Using ;th.e ta^le ^ar.' ',lpg; ri'.'. •* 
(following these examples) we find ' ' ,t ' •' - ' 

log 4 1 = i . 3802 . ■ log. 5i.», - -$&rpja$. -J * 1 ' ; 

log. A?.' = 59- 11 127 , " ^ log h ! (it!- ) W pO.'wS§ ' 

log 4 »(ii7.t) = , 60.7929 \" ; ; ::: I io , g\c{^4>.^' '^iv 

hence 'C (51,1* j £ 2 . 5' x/ : l'tf 5 _ , ; : . ...^ 

" Example 1>-Ud ; Show ■ that .^G (n-;jm) (n, n - m*) : v'.a'r? 
this formula . 'in terms of : the subsets* of: a jgi'ven set>' -' ■ "V* 

. Solution : C (n, n - m) ■> ' " it?\ f f*y f • -J 




C(n,mj is the number of m-ereirient' subsets o£ a >et.'. having' 

• ■ . ; * V •• ■■'.-i. . . ' £ ' TV- • « . v •-•^J^f' ' 

elements. Each of :tb'ese ; .;.subs"et^ may' be 4 vpaired v/l&/ah ■ rii- " 



element, subset of th^.;sa v m^" ;s:et ; ^^^3^... t-he." subset^^ritairflri^n^^ '• 
of the member^..' of . t^ .^rigi^ pairing s^iows ; that^JH/ 



m 



i-r element subsets. Xn^.;the. .( n.-> ; ;m) -element::' s : ubs et s^)f a.^given ' sjgtf 
are equa^^riuraerou^' . and;. : fifta~t' is , 'exactiy- 'ivhat -the- formul? stalfiku^ 



v 
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Example l4-fre : How many f ways may an arbitrary natu : ^^^am^er 
n be represented as a sum of m natural numbers If we ; re^fe V: s'ums 
{dif fering in the order of their terms as different ''repres^^atiohs " 

; ■ / Solution :-', We look first at a 'special case: ■ n -W ^i^^ .,"==' ; -3V ; •'/'' 
..£e,t' us- .consid6r 5 "tallies " in a row ' . .,:* '. V;'" -'H' 



W^l':. ■■ ■>;• , ' I I I I i > 

* Our> problem ^equivalent to Iplittihg this row of ,'ta 
th.ree : pa rt s . . ^Thu s ' • *, 

and 




yie Ids ' X ' 3- *f .1, • 

yieid|; +^3 4 ;spj.it||^ig. the .x»bw Vf tallies into^T|>fe|»a.rts . 

' ^ ; 3 ^ec>tin%" 2 of the four spaces |^Sh ao^aqent 

,%§%^^^f^' n f^ :'fipne. .in C (4, 2) ; or 6 wf^^^y ; •'• 

^' r *|V' ^ fe.ser»e^al case' wer have, n tallies with Sp T- spa 



spaces ': 



'^?^ es ^ t ^ on ? a " s a Wui? of ; t^eri^^'rre s ponds to a ; ' 7 



>f..';.n 



•^aces... 'rvT^ therefore • * ; * ^-r ;: ■;">..." 

::;5:^J^|S^^^^ "ii 1 a|class has -lo stllents and the ciass^ ^/ 
iyoom;- ; fi^^ 3' ^windows, how many c^^erent Ways" ^ay* the - 



person §oei ,t^r^ugh v each -of these exits? , 



leave In case, of a fire If •a 4 b. : aieadfe one' 



21 



Solution ; Since it »s "every man for himself ^ .We treat all 
souls on an equal basis. The natural number 21 may be 



written as a sum of 5 natural numbers (one term for each of. the 
exits) in C(21 - 1 , 5 - 1) ways, regarding^ as distinct such, 
representations differing . in the ordep of their. terms. 

/ ^ C(21 - 1,5 - 1) = C(20,4) = 4,845 . 

(The size of the answer justifies having a plan of egress ahead of 
time, obviating numerous hasty decisions . ) 



Example l4-4g ; v How' many bridge hands of 13 cards contain 
exactly 5 spades? 



^ Solution: 
where A\ is a 
There areVc(l3 
bilities foX B 
couples 




We want ths number of ordered couples (A,B) , 
t of 5^spades and B is a set of 8 non-spades 
. possibilities for A and C(.39,8) possi- 
tence there are- C o (l3, 5) X C(39,8) such . 



C(13,5) x C(39,8) £ 7.9?. x 10 
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COMMON LOGARITHMS OP nf 



n 


lop^n • 


n 


log n. 1 


n 


log n. 1 


n 


log n.' 


. V 


' 0.0000" 


.25. 


: K 25.1907 


. 50 


6^. 4831.. 


.... 75 


' ; 109'.3946 


1 


0.0000 


26 


'• 26.6056 


51 . 


66.1906 


76 


III.2754 


2 

v 


0.3010 * 


- 27 


28.0370 


52 - 


' 67.9067 . 


77 , 


II3.I6I9 


; 3 


.0.7782 


28 


' 29.4841 


^53 


69.6309 


78 


115.0540 


4 


l ^fin? 


Pa 


*3n oil At: 


cii - 


( 1 . JDjJ,, 


. 79 


116. 9516 


5 


2.0792 


30 


32.4237 


55 


' 73'. 1037 ■ 


v 80 


118. 8547* 


6 


^2.8573 


31 


33.9150 


56 


74.8519 ' 


"'• 81 


120.7632 


7 


3.7024 


32 


35.4202 • 


57 ■■- 


76.6077 


82 


. 122.6770 


8 


4.6035 


33 


36.9387 ' 


•58' 


78.3712 


83 


124.5961 


Q 

y 




jt : 


OO . *+ ( Uc 


CO 

59 


Qn i li on 


o4 


lcb. 5204 


10 


6. .5598 


35 


4q.,0142 


60 


81 .9202 


85 


128.4498 


11 


7. 6012 


36 


41.5705. 


. 61 . 


83.7055 


86 


130.3843 


12 


8.6803 


37-: 


43.1387 


62 ' 


.85.4979'. 


8.7 


132.3238 


13 


\ 9-7.9*3 


38 


44.7185 


63 


87 . 2972 * 


88 


134, 2683 






. 3 9 


^■0. 3Q9p 




O9.IO34 


89 


136. 2177 


15 


12. 1^65 


. 40 


47.9II7 ' 


65 


'90.9163 


90 


-.. 138.1719 


M6. 


13.3206 


'. 41 


49.5244 


66 


92.7359 


91 


140.1310 


17* 


^14.. 55II ■ 


42 


^ 51. 1477 


67 


: 9^.^620 


92 . 


142.0948 


is:'. 


is.. 8063 


43. 


. V 52.7812; 


1 68 


96:3945 ' 


93 


* 144.0633 


19 


17.0851 


44 


■<~,k. if 246 


6a 




Oil 




20 


18.3861 


■45 


• 56.0778 


■ 70 . 


100.0734 


95 


148.0141 


21 


19.7083 


46. 


57-7406 7 


> ' ■ . 

71 


101.9297 


•96. 


1^9-9964 


22 


21.0508, 


47 


.59.4127 


72 : 


103.7870 - 


" 97 


151.9831 


23." 


22.4125 


48. 


'61.0939 




105.6563 


98 


153.9744 


24 


23.7927 

« 


49 


62.7841 




107. 5196 ' 


, 99: 


155.970b 



/ 
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POUR- PLACE. TABLE OF COMMON LOGARITHMS ' 

N. • 0 : .l- ... 2» 3 4 ' Y; . 6 1 7 8 . '9 

10 '0000 0043- 0086 0128 0170 .0212- 0253 0294 0334 s 0374 . 

11 041 4 .0453' 0492 0531, 0569 0607 Oo45 0682 0719 0755 

12 • 0792 0828 ■ 0864 0899 O934 O969. 1004 1038- 1072 1106 
13. 1.139 1173 ,1206 1239 .3-271 1303 -1335 1367 1399 - 1430' 

14 1461 1492 "1523. 1553 1584 !6l4 1644 1673 170,3 1732. 

15 1761' 1790 1818 1847 1875 1903 1931 1959 1987- 2014 
16. 2041 2068 '2095 2122 - 2148 .2175 2201^- 2227 •. 2253 2279 

17 2304 2330- 2355' 238 0 2405 ' 24-30 2455^i£480 , 2504 2529' 

18 . 2553 2577- 2601 2625 .2648. 2672 2695 2718/2742 2765 

19 • 2788 2,810- 2833 2856 . 2878 29OO 2.923 ; 2945 2967 2989 

20 3010 3032 3054 3075 3096 3ll8 3139 3l6o 3l8l 3201° 

21 ■ 3222 ' 3243. 3263 n 3284 3304 3324 ■ 3345 . 3365 3385 34o4 

22 3424 3444 3464 3^83 3502 3522 3541 3§60 3579- 3598 

23 3617 3636 3655 3674 3692-37II 3729 3747 37*56 3784. 
24. 3802 3820 .3838- 3856. 3874 3892. 3909 3927 3945 3962 

. 25' 3979 3997 4014 4031 ' 4048 4o65 4082 4099- 4ll6 '4133. 

■ 26 4-150 "4166, 4183 4200 4216 4232 4249 4265 428l 4298. 

27 : 4314 4330 4346- 4362 4378 4393 4409 4425 444q 4456 

28 / 44.72 .4487 -4502 45I8 4533 4548 4564 4579 4594 4609 
.29 4624 .4639 " il 654 4669 4683 4698 4713 4728' ^742 4757 

30 477.1 4786 4800 4814. 4829 4843 4857 4871 4886 4900 

-'31.. 4914 4928 4942 4955 4969 4983 4997 ' 5OII 5024 5038 

32 5051 5065 5079 5092 5105 5119 5132 5145 5159 5172 

33 di85 5198 5211 o224 5237 5250 5263 5276 5289 5302 

34 5315 5328 5340 5353 .5366. 5378 5391 5403 54l6 5428 

35' . 544l- r 5453 5465;. 5478 . 5490 5502 5514- 5527 5539. 5551 

' 36 5^63 5575 5587 ■ 5599 '56ll 5623 5635 ■ 5647 ■ 5658'. 5670 

37 5682 5694 5705 . 5717 57.29 5740 5752. '5763 5775 5786 

38; 5798 - 580 9- 5821 5832 5843 5855 5866 ^877 5888 5899 

; 39 -5911 '5922 .5933 5944 5955 ^5966 5977 5988' 5999 6010 

,4o 6021 6031 6o4.2 6053 6o64 6075 6085 6096 6107-6117 

41 ■ 6JL28 ■ 6138 6149 .6160 6170 -6l80 6191 '6201 6212 6222 

< 42 6232 6243 6253 - 6263'. 6274 .6284 6294 6304 6314 632- 

43 6335 6345 6355 6365 6375 6385 6395' 6405 -6415 6425 

-.44. 6435 6444 64fe4 6464 6474 6484 6493 6503 6513 6522 

. 43 6-32 6542 6551 6561 6571 6580 6590 6599 6609 6618 

46 6628 6637 6646 6656 6665 6675 6684 6693. 6702 6712 

47 6721 6730 .6739 ■ 6749 -6758' 676.7 6776 6785 6794 680'3 

48 6812 6821 6830. 6839 6848 '6857 6866 6875 6884 6893 

49 6902 6911 ^920 6928 6937 . 6946 6955 696.4 6972 ■ 6981 

.50 6990 0998 700J 70i6" 7024 7033 7042 7050 7059 7067 

51 7076 .7084 7093 7101 7110 7118 7126 7135-7143 7152 

52 * 7I0O 7163 7177 7185 7193 7202 7210 -7218 72-26 - 7235 
•53 7243 7251-72-9 - 7267 7275-7284 7292 7300 7303 7 31 6 
.: 54 "7324 7332 7340 ^r$48 7356 7364 ... 7372 7380 ' 7388 ' 7396, 
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N ' , ' ; 0 '. 1 2 • 3 v .. 4 . . 5 .■ 6 ; . 7 : ' ' 8 : 9 

••'•ZiSo"- r f 12 ' 7 *19 7427 7-435 ■ 7443 7451 7439 746/5*" 7K74 

5f 7^2 7490 ; .7.497 7505 7513 7520 . 7528 . 7536 -7543 7551 

422? 7 §? p T 57 a ' 7582 7589 7597 76o4.. 7612 ' 7619 7627 

:,8 . 7634 7042 7b4 9 7657 7664. 7672 .7679 '7686 769? 7701 

,o9. ; . 7709 7716.; 7723 , 7731 7738 7745 7752? 7760 7767 777a 

I? S 8 o 77§9 _ 7796 7803 7810 7818 7825 7832 -7839 7846 

61 ■ 7853 7800 7868. 7875- 7882 7889 7&96 7903 7910 7917 • 

o2 7924 .7931 .7938' .7945 7952 7959 7966' 7973 7980 7987 

63 79^3 8000 8007 -8014 8021 8028 8035'- 8o4l 8048 8055 

64 , -8002 8069 . 80f.5 8082 8089 8096.; 8102 8109- 8116 8122 

H a} 29 S 3 S § 142 ' § l2i9 8156. 8162 8169 -81.7.6 8182 8189 

66 ' 8195 .o202 820.9 8215 ' 8222 8228 8235 8241 8248 -8254 

■ 67 '■ ■8261. 8267 8271+ 8280 8287 8293 8299 -8306 8312^ 8319 

68 8^5 8331 8338 8341! 8351 8357 8363 v 8370' 8376 8382 

09 8388; 8395 . 8401 8407 8^14 8420 8426 8432 8439 844 5 

.70 ■;; 8*51 ; 845f,' : 8463 8470 8476 8482 8488 \ 8W- 8500 8506' 

71 , 8513. ■ . 3519 . 8525 . 8531 8537 8543 ■ 854 9 ' .8555 ^ 8561 8567 ' 

I? .3573 8579 8585 8391 8597 8603 8609 ' 8615 : "862i 8627 

-2^3 . 8639 80*5. 8651 8657. 8663 . 8669 8675 ,8681. 8686 

:/4 06.92 8698 8 7 0'4 8710* 8716 8722 • 8727 8733 8739: 3745. 

lh oPl 8756 .'8762 8768 , 8774 8779 • 8785 • 8791 8797 8802 

76 , 8808 8814 3820 ' 8825 8831 • 8837 8342. 3848 8854 8859 

77 . .8865 8871 8870 8882 8887 8893 8899 8904 8910' 8915 

78 8921 8927 8932 8938-89^3 8949 • 8954 8960 8?6£ 8971 

79 3.976 8982 8587 8993 8998 9004 9009 9015 9020 -9025 ■ 

9031 9036 9042 90^7. 9053 9058 9063 9069 9074, 9079 - 

9085 -,9090 9096 9101 9106 9112 9117 * 9122 9128 9133 

9138, .9143 ..9149 . 9154 9159. 9165 9170 ■ 9175 , 9180 '9186'. 

9191 9196. 9201 9206 9212- 9217 9222 9227 '9232 9238 

9243 9248 9253. 9258 9263. "9269, 9274 9279 >; 9 284 9289 

85 ■ 9294 ' 9299 ; 9304 9309 9315 9320 9325 93'30 ' 9335 '•" 934o 

86 9345 9350 9355 9360, 9365 9370 9375 9380' 9385 9390. 
37 9395 9400 9405 9410 . 9415 9420 9425, 9430 9435 ' Q44o 
88.- 9445-, 9450. 9455 946b . 9-465 9469. 9474. 9.479 g'484 ' g489 

89 9494 9499 9504" 9509 ; 9513 9518 , 9523 9528 9533 9538. 

90 9542 -9547. 9552 9557 9*62 9566- 9571 9576 9581. 9586 . 
-91 . ' 9590 9595 9600 9b05 9609 96l4 . 96I9 9624 ' 9628 9633' 

92 • ... 96.38 -9643 9647 9652 9657 9661 9666 9671 9675' 9686 

93; 9085 j.. 9089 969 a 9699 9703 . 9708- 9713 - -9717. 9.722 ' 9727 ■" 

94 . 9731^9736 , 97" 1 ' 97j ! 5 9750 9754 9759 " 9763 . 9768 V 9773 



v 95 9775^7.82 . 978o 9791 .9795 9800 9805 980$ 98l4 - 9818 ' 

C 96 ■ 98 ^^il! 7 9832 9 836vJ64l 9845 9850 '9854 9859 9863- 

9 l 9o > 6 |5^72 9877 9381. ,9886 9890 -9894 9899 9903 9908 

•98 991^79^1: 9921 9926. 9930 9934 '9939 9-943 99^8 9952 

'99 9956 : 99% 9965 996'9 9974 9978 .9983 9987 9991 9996 

- - ..-•- •'/••• 

•-»».•'■ •• ....<• 

- : . . , . [sec. 14-4] - . •* 
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. Exercises - ■ v 

'Using the set- (a, b, c, d) : \ *. 
(a) Findthe number of sybsets. V.' '■ 

. (b) List the 3-element • subsets . 

(c) List the 3-permutations for each of the 3-element 
subsets . _ % !■ V' * 

(d) Find the value of C(4V,3) V 
Evaluate each of the following:/ 

(a) : C(10>2) ; (d) 0(25,24) . : (g) c <|i f 5? .■ J 

(b) c(8,3) ; ; (e) c(i2,io) > ■* " V 

(c) v C;(12,5) (f) 0(100,98) (h) ^(1^5) • 
Calculate the value of log loaj to four decimal plafces. 

A. student is instructed to answer any eight of ten questions 
on an examination. How 'many different ways are there for him 
to choose the questions he answers ?v ' * 

There- are ten entries in a round-robin tennis tournament .' ' 
How many matches must'bfe scheduled? .- , ». * .. 

How many distinct "Mines are- determined by f if teert points op " 
a plane if no three of the points ^ire collinear? * '* - ; V 
How many triangles are .determined by eight points *on 'air pl^ne 
if no three of the points are collinear? \ ' 

A seed company.: tests^its tulip, bulbs in sets «6f sixteeh. C va ■ 
Four bulbs are selec^d ;/ for planting ; f rom each set. If '.all* 
four grow, the remaining twelve are. sold with a guarantee * 
•that at least eight of them will .grow. How many ways can 
-the four -bulbs be selected for test planting from a set of 
sixteen? " ' • "... ; * .. * 

How many committees of fouivmembej»s may be formed fronuaset' 
of*nine possible members ? % 

How many, committees consisting of two Democrats; and' two 
Republicans may^be formed from a set of seven Democrats and 
six Republicans? ^ 



• •• •• .. ' ■ •' ~ ' ... *' . -817 ■ 

11; How many parallelograms are dietermihed, by a s.et of ; eight* ^ 
parallel, lines intersecting another set qf five parallel 
J • . lines? , . . . ^\ 

IS. A.bagketball squad consists.^of four centers, five forwards-, v 
and six guards. How *nany different teams may the coach form 
\ if players can be used only at their one position? 
13. Prom a set of twenty consonants and the five vowels, how 
many "words "^maiy be formed consisting ,of three^if f erent ' 
vowels and two different consonants if v one of^the vowels 
'must be a ? * '-\'V\ ".. 

14* How many five letter "v/ords^ containing; two vowels' and three'' 
consonants may be formed from the letters of the word* 
• LOGARITHM ? "' . f . 

15.. Referring to the array given in Exercise 14-1, 1, determine ' 
the number of ways one can spell LOGARITHMS starting fr»om a 
£iven one of the L*s, going right or. down f orVthe next letter 
each time, and ending at S . s f$ti$j&$e the given L . lies -in 
the m row from the bott;^^|^rf^t is necessary to - move 
down m - 1 times • between'- |ti«^J^^^e.' itett'ers ; }• CfteckJ'your 
result by using the formula V^StSin" to solve. Exercise 
\ >i4-l, v ft l , ; "again. " ' \> / '■•;'. ^ . V\ • 

Using the table, for log-n"! find approximate axfsiterp for 
-Exercises 16, 17, ... , 22. " ' ' ; . . 

16* A sample of five items is to be selected from a set of one 

hundred. How many different samplers may be formed?- 
1T:\ How many different poker hands of five cards each can be 
forced, frojn a deck, of fifty-two cards? : 

How many samples of \ten ^nits may be formed from a ;set of 
- one hundred light* bulbs? . ■['[.. ' -,■ . V' 

19. How many subsets of five cards containing exactly three aces 

.may^be formed from a' deck of fifty^fcw^cards?- , 
.20. How- many bridge hands •can have/ two sjbc-card^ suits? 0 - ; 
21 t ; - How many . bridge hands have one seven-card s\iit and three 

two-card suits? \ . - J • 

22^_ Row .many bridge hands have a "5-4-3-1" distribution? '-■ 



18. 
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23. if . 0^.12.) -' C|n,8) : ^find. 'the valu.e -.ofV QXn,17) V 

24. If ,0.(18,4} -;C(l8,m +^2)'=. 0V f^nd /the' value of ' C(m,5) .. 

25. Prove Pascal 's Theoreniu C(n,m) 5 = C(n> -.1; m -• i)_ ^- * 
. . + : 0r(n - l,m) , 1 < m' < n - 1 ' . /•/'»/ ; /£..•>•. , 

■■'26.;. Show- that Pa seal. «s ^e6rem;rnaty,v..be illustrated by. the follow 
•., v. ing. table ' (called. 'Pascal" »&-. ^piaVigle ), where entries in the 
;■»: ..: table are of the' form ;;C(r>^3^;for i'^.m < n , and extend 
the table through the llne^oiv/ n - 10 '.' '. ' > 



1 

2 



i ■ '2.1 •'/ 
i' 3 3 ' 1 



• > ■ 



27.. • Prove that C(n,n. - 2)..= C(h - l,n - 2) +, C(n - 2,n - 3)' 

• + . . C('2,i:) + C(l,0); ,.rlf . 3 < n \\ ' / , 



l*u 5 ■ ; The Binominal Theorem..:' 

We are ali; -familiar v/ith the formula, 



. .+ y)^ - V ' + 2xy. + y 2 ; 



■ran 



Higher powers of the "binomial ix " - may* be. expressed as poly- 
nomials In, x and y by multiplying each Result'* in turn by : 
x ;-. + y .- Thus V , ■ ' .* 

(x + y) . = .('x;+ y) (x. + .y.) v 
' " , ■*■> '-(x^ + 2xy. +. ^)(x + -y) - ■ ■ \ ;. 




= x + 2x y • + xy ,;+ x y + '2xy ■ + y" 3 - 
> J 3 + 3x 2 y + 3xy ? •+ - ' . * 
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(* + yT = (x +/ #\) 3 (x + y) jf ....-- 

(x 3 '.+ 3x 2 y + 3xy 2 + y 3 ,)^ + gfc 

.a x n + 3x°y ■+ 3x y +.,xy J + xV 

* ' - . , . 2 2 n ?>3 ^ if' 

■ + 3x y + 3xy + y - . 

4 3 P P T ^i 

, x + 4x°y + 6x y + 4xy ■'.•■+ y 



Proceeding this way, we may derive the expansion of each higher / 
frower, (x +. y), n , in a step- by., step fashion. - ^ 

r However, it is possible to apply our theory ©f ^combinations 
.to obtain t£ie expansion of. (x +. y) n where n , is an arbitrary 
natural number. Thus we may avoid the step-by-step process^hd 
write out the entire expansion for any given n without first m 
determining the. expansion for each smaller value of n . The* 
saving,, therefore, *ln calculation 'is ver^r /great. Suppose, «f or * 
example, that you need to. know the first 6 coefficients in the 
expansion of (x + .y) 100 .. (For reasons we cannot explain here, 
such questions often' arise in scientific and sociological? problems . ) 
Using the formula we shall derive, you would not have to \ find first 
all the coefficients*^; all the expansions up to. (x + y) 100 ; ethe 
6 coefficients; you wanted could be written down without any 



preliminary calculations. / ' ■ 'a 

, , ■ ".t ■ * . • . ■ * 

. Before we attack the general problem, we recast it in. a 

simpler form. Note that , t /■&'!■ \ 



* 



,\. :. > + y) n »; [x(i +£n n = x n (i + .|) n 

If 'we set z = & , pur. problem amount's to 1 determining the expansion 

of ; x n (l + z) n . . This can Undone if we cfetermine. the coefficients 
in : the expansion, of (\ + z) n '. . For. all we need dp^with thif, ex-, 
pansiorf is. multiply each, term toy x n > . Finally replacing, z ||by ' ' 
we /can. obtain the t expansion 6t (x + y)**' 
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e 



» . "We ^ turn now to the expansion Of (1 + z) n . In order to 
obtain the . coefficients in this expansion, we shif t < our attentipn 
to the pro'duct j 

: (i + •z 1 )u + z 2 )>.!d + z n ) 



•Note that wher* z 1 ■ ^ = ... = z n = / the product reduces to 
(1* +" z) n -since/it has n factors., 

#e lopk first at some examples. For n = 2 , we have • 

(1 + Z 1 )(l + Z 2 ) m 1 + (Z 1 + Z 2 ) +-Z 1 Z 2 ■ 

,. Por \. n = 3 : 

„(l + z a )(l + z 2 )( 1 + z 3) = 1 + ( z i + z 2 + "3) + ( Z 2 Z 3 + z l z 3 

V ,/ ' '. !; < . ' + z i z 2> + z i z 2 z 3 • , * / 

F^or n = K : . . , * . : * 

(1 +'Zf)(l + z 2 )( 1 + z 3 )( 1 + z 2*) =;! + t z i + z 2 +» z 3 + Z I*) 
? ; - ' ' ( z l z 2 + : z l z 3 > Z 1 Z 4 ^ z 2^3 :+ Z 2^ t Z 3 Z ^ V 

V V + < Z 2 Z 3 Z * + Z 1 Z 3 Z 4 + Z a Z 2 z 4 + ^ Z 1 Z 2 Z 3) ' > 
\ • ' + 2 1 Z 2 Z 3 Z 4 "■• v - 

Studying these examples gives the clue to^the general pattern. * 

For n = 2 , consider the set f£,z3 . Its non-empty subsets are 

. . ' 1 d . • * ■ - 

, i^h , (z^) , and (.z 1 z 2 } ; . 

each of which corresponds to,£ term in the expansion: 

f 2 ! 1 } * (Vgl > J; z i z 2^> 



a. 



?1 ' ' Z 2 . ' Z 1 Z *2 
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Similarly for n = 3 .'We list the non-empty -subsets of 

(z 1 , Zg,, Zg} and the terms'^appearing in*'the expansion which 

correspond - to them: ■ * . . 

■l' z i? > C z 2 3 . , {z 3 } , i z 2^ z 3^ > % C z ii. z 3? t z i' z 2* ^ z l' z 2' z 3^ > 
/ - s • 

z l Z 2 »' z 3 » z 2 z 3 '.' z l Z 3 '„ z l z 2 »" z l z 2 z 3 • 

The. ^expansions themselves (at least for n = 2 , n == 3) are the ' 
.suri^w^^e terms, listed, plus the extra term '"i" . The same 
pattern holds in the case n = 4 . ' » . . 

* t .fthat happens in these casesj wherf' £\'> z 2 ' z 3 ' e ^?-j are 
all replaced by z\* 

The terms contributing, the" first power of s z to- the sum are 
those "corresponding to 1 -.element subsets; those contributing the 
second power of "Z to the sum are those corresponding to 2-element 
subsets; etc. Thus the number of^ z f s . (and .hence^the coefficient 

•pf^* z in the* expansion) is c(n/l)j the 'coefficient 'cff- z 2 is 
C(n,2) ; and. for n > 2 , the coef f iciest of z 3 is/, Q(n, 3) . 
These Observations are *v^lid at least wl ^LJl^^^ ;n = 3 ■ , - n = ^ • 
The binomial theorem asserts that 'this is, ihe , case nPoiC^n an 

. arbitrary natural number'. 1 ' 

In the general >ca^e, expandir^ the product" .. . ' ' '[ 
. (1 + ^ 1 )*(1 + : z 2 )...(I + z^) 

yields,.: ^^st-^f the following forms: j ;.. 

•V. ' . - i ..." • . .. • I _ V 

Z 2 ' ' • • Z n » \ . ' - Ci** 1 ) 

> z l z 3 ' ' z n-l z n ' .* • . ■ C ^,2) 

* z n-2 z n-l z n ' C ^V 3 \ 

: *V ' ' f C( v n,n) 




ft 
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At the right of each line we give the number of terms in the line. 



Replacing , Y- 
1 

Z , Z, ... , Z • 

' v -2 2 2 
■ z ,z. , ... , z 

V z 3 ;* 3 , z 3 



n 



n each by- ^ z . yields the terms 



C(n,l) 

C(n,2)* 

C(n,3) 

„ C(h,n) 



Adding these terms we have 'our expansion-: . 0 ^ 
\n _ , > . , -v 2 



(1 + z) n = 1 + C<n > l)z'+ C(n,2)2- 2 +v G'(n;3)z 3 . + . a ..+ G(n,rf)z 



n 



or, more compactly, 



{1 ■+ z) n = V C{n%)z m j 
* . m==0 



if we agree to wr&te cfn,0)* = 1,^ " \£ 



it 



Returning to, $ur original question regarding the Expansion 

of (x + y) n , we have, putting ■£ in place/of z : 

: i> x ^ . _ . # 

.V + 'y) n = xfti + f) n i - 



» +^C(ni»L)f -^C(n;*2)4 + < . . . + C (n, n 



. X 



or 



/ « x n + C(ii^)x n ^ v + (?( n , 2)x n - 2 y 2 ' +, . . . + C(n,n)y n , 

" iff- . ■ ' $ 0 ; 



:,;txi* y) n J x n (l + J)*/ 



Pa m 

- * n I «»•■) ^ , 

m=0 « x *- 

= 2 ... C(n,m)x n - m y m . 



r ■ 



mis' i^Nthe binomial theorem/ 
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Theorem -l4-5a ; Jf n is any natural number, and x- ;.aji(J 
y are any real (or complex) numbers, then 



n 



+ yf = ^C(n,mjx n -V 

m=0 > . 7 . 



= x n + C(ri-,l)x n -?:y + 



Example 14-^a : 



(x«h- y)5 a x 5 + C(5,l)x\ + C 



fy 2 + CC5,.3)x 2 y 3 ^ 



+ c (5^»^ + c(5,5)y b .^aSSa 



S - 4 3 2 

r - vP + 5x y + POx°y .+ 



gxample ,: l4-5b : 
,(x 2 -.3%" - -».» 



, x S - 12xfyjT * ->x ,; :/ -• < l6b/. 2 yVy".* -3'-.v 2 . ■, 
Note that If we take x = y ,= 1 in Theorem' *I,^-.4a, wW obtain ; ':', ! 





w+ 5xy - + y^ 



'I - - . -v. • 



m=0 



Thust the sum of the nurabervti^" > 



0- element^gtoset's,^^ ^ \./ ^ (ft'; 0 ) ) 

1- eiemem^^bsetL^| ; '; v ; - r \v ^(c (n, 1 ) ) 
2^el«mBS^Sgj^bsets: ||>' t . (C (a, 2) ) 

h - e 1 ementr s u b s 



&C(n,n#) ' 



is?.. 



iub^etja 

of a set having n elements' J.^ '2T Note tH|t we Jjfaye ^alread^^ 
seen ttyat ^ is the total number of\ subsets (including the eiiftrftf 
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?Bt and the whole set) of a set with h. 'elements." 'lih^s' tke V ; ; • • 
. btno'm'lal theorem ties together, our solutions -of the^tWo proDlems''- v ; • 
Xe ; c.ons±de^.ed In. Section 14-4. (Cf ; ; The. -solutions' of "Exe*rcls'6s ; • ' ' 

:;p3.ri>i:;iand 14-4,15 ,) ■■: •'• .. '■■ I \ ' V v ? .. -\ .,,iV..: 

V- .^.'v, ■ ■'. ■ .v' y - . ■ -i . ' * • \ 

* •,'••• .:. •'' ■ : ','■■/■■■■■ ■ •••:".•••..-.' • - 

fe*.'- . ■: .. '• < , ■ -Exercises 14-5 ; / ." . -x , ' ' * ./ \ 

" :?iod the"' expansion . for:-;tech; of ■thb^jp.ollbwing: . , 10 * * 

.•-;>-;.w -'■ ; ' ,' (gv & ; o« : . ,". 4 -.*;' •:. 



;'.>V •'(*').^.fc < - .y) 5 :.:: : :^::.,; • (h) . (x •- 4)9 ;. : , [ : ' 

. - ... ■ '.- ^ 'J - \j t. 

^' . ' i!*'. v. ■•' .','■■ - ^ o . . • .v. . . • :* 



j/w He)' (a -^b) 5 _ ' (i) (x 2 + X ) 8 v,*rV. '\ V.^ 

M #) ^(ai; b) 7 : ; , (J) % 2 - 2cd)9 v; > 4> 



(k). : I*'* + 2y"f)° -5-- ^ .. ; 



2 * ( a -) s^^t is the sum of. the a/b ' exponents in the k thy v*«rm^ 
' ^ > n,k -irWN ajid^-lf*< n ? % 

" ' t> > V. H pw ma ri y > t eVmi3 , ^ i»e -theris in %h e ^)an sjpp 6f . (il sh- ,b^ 3 , ? 

V; : Tri> : (^-;h- ;^ )^ ^ / ; ^ / ^-..7 . : .'. t y- ; '* • , ^' • /| 

(o); ; .-.Which tertii :'in, 'the. .expansion of (a + b) 32 is . the * 
•. middle term?' ■ . 



4 



^dOp'v^r .wliiph-^ya^u^s of n ^Will the e^anstopVdf -'"Xa '^^)".<i is? 

; ;-v n i n • N , have no : middle term? W ; " ■ ? ' V . ' ^ @ 

(e.) .Qive the: C(n,m) form of the coefficient ok- the : ^wehty- ' 
fi^st. term In the expansion/of fa" ° 



- v .^.f > ';;>^ich : terms : in the, expansion, of (a +^b)^ 2 have thef^ . ^ .■ 
- /. ic^j?f ^f icierits equal to the coefficient of the " thirty-^ '. 's jt 
. V.C ..first fcfcrm? " • : ; . ■'^ ^.'. } ^ | 

^ ^If" the coefficients of the sixth and sixteenth terms in" 
^|^h^*" expansion of (a + b) n , n , in N a're /equal, ; ./ : > " 



what, is. the value of n 
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tiie , : cbe'ff'l-cla^s the - fourth ■ari^sixiW^nth terms in 
t^^^^r^ion. of ', (a + b;j^ , n: in V : N;, : : ' are equal, find 
^r^^Jy.:^' Jniddle term in the' expansion.;" .'; T- , ' 
V V^ll^ ; ' tKe seventh .term' in the. ;expansiori of (a + t> ) 1 5 . 

th ® ^rth term in / the expansion \of 1 (x - 5) 13 . . . 

: r ^^^ '".hPind the twelfth^ term in the. expansion, of ( 2x - l) 13 . 

^rf^v'S^.^?^ the .middfo term, in t|^Jtpansion of. (1 + £) 10 . 

r *j» ^ *"' *' •^•Ww" f ' • 3 « " .0 

" : ^in<i* *blne middle term, in thfe expansion of (i - x 2 ) 1 * 2 . 

" '"''0^'. Pihd ' the ei 8hth term- in the expansion of (1 - ^-)"\ . 

#^b)' • Find ,th£ term having b 7 as a factor In the expansion 

• of. .(aVb) 10 . " : ■ v 

(h) Find the t^rm having y^ as a "factor in the expansion 

: . of (x 2 ^ y) 9 ■ '/ ' . . .. 

(i) Pind^ the term having * xT^ , as a factor in the expansion 

?/ . ; ,.. . or (i'-» 2 ) 10 '. .*■• , ■%*-■•' ' " '.. ' : v : '■ 

W (j) PJtnd the term having' y 3 as^a factor in the expansion 



■ J*-' A 

■ .?>»■£.■>:> 

: W 




(k) Pind the ierm NOT having a factor of x dn v the 

expansion of (x 2 - — )^ 2 ( . * „ 

' .... .. X* ' ■ » 



^. Find the .numerical, value for each of the' following to' four 
. decimal pla^e^;" • * . • - 

' .. ; (a) I.92T (Hint* • 1.02 = 1 +.0.02) (e) l!,98 10 • _ ■ f 

(b) 1.02 12 ; ;. ' (f) (i 1'i) 8 ^. •' 

..(c) 0.?8 12 • *. - V . (g) (2 _ i)5 V; - 

, . (d) 2.bl 10 . ■ " . ' "(h) {\ +^f-i.) 7 
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1 21 -6 . Arrangements and Partitions . 

We have considered the permutatioi^ and combinations of , 
elements 1 of a given' finite set . In this sect^n we consider 
another type of counting problem, orYe whose solution can be based 
on "our previous results. . , '. '* 1 ■ ' ■ 

, Sxampl e lju6a ; "• • How many distinguishable arrangements are 
there of the' letters in the word "loon ,;c ? . 

■„ Solution ; If the. word were "loan" instead of '"loon", tHe ■ 
methods; discussed in Section l4 r 3 would apply directly and give 
the answer P(k,k) , I.e., 24 .' However, we may expect that the 
•answer to. the present problem is much smaller, gince we have' ' 
duplications. Thus the permutations 'Jloan " and "lapn" correspond 
to the Indistinguishable -arrangements' "lfcon" and "loon" in our 
current problem. Suppose., ipdeed, that we consider a compldte 
list, of the 4-permutat'ions of the set {l,o,a,n} . These permuta- 
tions-may, be paired with one another as follows: ' \ , 



loan 
nloa 
anlo 
oanl" 



la on;, 
plaoj 
onla; 
aopl; 



olan 
nola 
anol 
lan'o 



alo 
nalo;. 
onal; 
lona; 




oaln* 
noal 
.In oaf 
alno 



aolrr; 
naol; 
lnao 
olna . 



In* each of these pairs the letter . "l " occupies* the same place, * the 
lettey "n tr occupies the same "place, £ut t#e betters n o " , "a" are 
interchanged. Replacing each "a " Jpere by^jtfi "c^ 1 we see that each 
of these pairs yields^a pair of ' indirftingiiilrfablfi arrangements . of 
the letters of "loon ". Thus the? number rof Arrangements of the 
letters of ,|f loon " j^f . Just half the cor^espc 
Our answer is therefore 12 



ling number for "loan" 



This^example provides the key. to^he solution of the ^general 
problem-of determining the number of^aVrangements % of a list. con- 
taining repetitions . • ' : 
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Corresponding to each ^arrangement of the letters of "Icfen^ :; f • 
we have P( 2, 2)\ permutations of (l,b,a,n) arising f rom - per^t^'it 
tions of £o,a} . . *■ ; - , J . ; ' 

Consider $Ve problem of counting the number of arrangements 
of^he 12"letters : of ^divisibility". Here the letter "i," occurs 
5/tlmes.; but each of the other 7- letters occurs just once. Now / 

'*(12,1'2) -Ig.the number/of arrangements "of the elements of * a set 
having. 12 elements such as , |d } , a/v, e, s, i, b, o,-l, u, t , y] . Let >us • . 

*w?ite A. for, the (unknowrf)vnumb£r of different arrangements of the 
letters, of "divisibility 11 . Corresponding to each of -these arrange^ 
ments are P(5/5) permutations of the letters d, a_, v,£, s;i, b,£, 1, 
u,t,y ' ' ; >- ' " " ' - 

Hence . X^,. '; A ** P(5,5) = P(12,12) 

\Suppose, in ^general, we have a list ' of n y items*, m-. of 

which. are the same 'but no two .-of .the remaining n - m are the 

same. For example - • 

ii ' * • - ' • * 

" x , x f y , 'z , x , u, , x , v . (rt = 8 , m = 4) 

Corresponding to the gijtfn list,, let.us consider a second list in ■ 
v/hich ^he duplicated it^rns are distinguished (say, by subscripts). 
In our l^vca^ple, ' \ 





The number of arrangements ■ of :th<S second, list is P"(n,n) ... Each 
arrangement of €he first' list corresponds to T(/n,m) .. arrangements 
of the g^ppd. ,If A . is .the number of distinguishable arrange-' 
ments of^the. original list, ' / * <- 



Consider the corresponding problem for a list of« "n. items, 
m 1 .of one kind, m^ of a second m 3 of a third kind, etc ., witl« 

g a- m 1 + m 2 + \ .;.+." .: \ 
: If A .is the number of distinguishable arrangements, then 

• n l * n 2 * • * * n ^ • ^ == n / , 
SO A = i— — S-= r , 

✓ . mpmp^rrnm^T 

This number is written as , 

jb ( n \ n. 1 

hi l.>- r "2 . »' ••• »■ "'k, m i • m 2 ' • • • I \' •" 

We; note* -two special cases. If m^ = m and m 2 = ... = rti^ a 1 
as in the previous examples, we have Y ' .* " ■. * 

* A ■ n - f ' ° t 

' „ m. f l .» ... 1 m7 \ 

so that our earlier formulas are special 5 cases ctf . the ^general ' 
formula. If k = 2 and m-^ = m , then m 2 = n - m and 



iu 1b , ^ , 



. . . .. ,: = m»(n\- m)l - C(nim) « (^) 



■ - ; Example ' l4^'6b : P|ow many distinguishable arrangements are 
there of the letters in MISSISSIPPI ? 

- Solution ; There are 11 letters, if. of one kind . (I) , k 
of another; fS) , 2 of a third^j (P) ,„^nd 1 other (M) .' Our 
formula gives 



" Exercises l4-6a 

1. . How many different six digit numerals may be written "using 

the digit' S once,, a three times, and a 3 twice?-- - . 

2. How many five symbol code "words f ^ may be formed using tfiree 
• dots 'and two dashes? 

3.. 'How many distinct "words" may be formed as arrangements of ; 

' .the letters of .PARALLELEPIPED ? . 
4* Suppose that on "crfre dark day in a certain hospital, four 

• , sets of identical, male twins', two sets of identical female 
- • -rtwins, nine males *( singly births), and eleven females 

(single .births) are'- born, V and chea'p ink is used on' their 
name-tags. The next day (even darker) the ink fades away. 
How many ways is it possible to mix "the children up? J (Use 
log nj table of Section 14-5- to approximate th^ answer.) 

5. How many different ways mgy.,the, letters of QU.ARTUS be x 
arranged so that the letter , u , follows phe letter q. ? 

6. Vflow many different arrangements of the letters of » PALLMALL 

may be formed so that all of the 1 f s are not together? 

7. How many different ways may the' letters of QUISQUIS be 
- . arranged so that each q iSv.followed by a u ? 

8. How many three- letter arrangements of the letters of SNOOP 

.' " .\ be formed? (Hint: consider cases as to^ the three, letter 

wprd having 0,1, or - 2 0«S;) .... 

9. Hov/ many different arrangements • of fpur letters may £e made 
from the; letters of .'SPOOL ? " , • 



Partitions of a. Set . ' 4 '. 

\ • ' ' T V r > ■ ' j . 

By a partition of a set A wfe mean a collection of subsets 
! : - 
of A having the properties - ; > ' 

(i). no pair of the subsets, share any membe^, - " *- 

' (ii) the union 'of ill the subsets is "A . 

-Thus V each element of A is in one and only \ne of the- subsets. 
The subsets themselves are called cells of the partition. 



Example l4-6c : * -The two sets: - : 

(1) the set of even, natural numbers,/ 

(2) the set of odd natural numbers, 

form a partition of tfte set of natural numbers 
Wo sets listed. -The three' sets":. 

(1) the set of positive real numbers,- 

(2) the set -of negative real numbers,, 
the set .whose only member is zero. 

form a partition of the set of real numbers 



Its cells are "the 



' Example- 14- 6d; The set (a,b,c) has the following partitions 

(and no others without empty cells): . ' - '' ,' - . 



((a) , (b) , (c}} ; ((a,b) , (c}).j ((a»c) 
Xic b} , (a}}; ((a,b,c)} . 



.(B)); 



..Since a partition is a collection, ..or .set,, whose members are 
themselves sets, we are obliged to be rather 'generous with our 
-brackets when writing partitions. 'In the interests of economy (of 
ink) .and ease" of reading, we introduce an; alternate notation, and 
write, for the partitions' listed in Example- l4"_'6d: 

ta;b;c] , [a,b;c] yfa,c;b] ., [c/bja] , [a,b,'c] , ! 
respectively. If we need sieak only of . the "cells; Without ! 
exhibiting,'' the elements in/ bhem, we shall writ-e--as usual— 



(A, 




iov the partitic^ of A 'v/hose cells -are A , A g 
(Here A a * ; ' **' - ' r - 



, A, '--are certain subsets of 



*1 ' 2 > 

•When we' consider - k-permutatioris of t'he set 



) . 



we deal with ordered k-tuples such* as . 

.<■ ■ • v ' / >, . * : V %l . .- : \ . - ; 

^1*^2* A k^»* ' ' * 

— ' ^1 ' •. * ^ k ) , 1/ 

■ 4 '« "- ■'. v :\ > ' " 

Each of the k-permUtajbions of" a given, partition of a :set into k 

• . - ■ "*■ » ■ ' ' v ■•• ■• 

cellos will 'be called an ordered partition , of the .set . . If in the . 

ordered partition (A^ , > 2 , , A^) there are; h 1 elements 

in A 1 , n 2 elements in A 2 , . p k 'elements iH A^;V we . T 

shall call this partition 'an (n-^; n. 2 ; . .\ , ; n k ). partition , : 

The problem we, now put is this: Given .a finite" set A , 
having n elements, how many (n^; . ri£; 1 :V.Vy ; n k ) partitions , : " 
(♦A^'y A 2 ' , ..1 A k ) .of A are th : ere?° Since A-j^ has n-j^ 

elements, A 2 has ■; n 2 , , . , *A k ' Has ri k . He .have, in" view \ 

of the defining properties, (i) , (ii) of a partition 

*■ ' n i f n 2 + " • ; ' + n k = " * * - 

We shall see tha£ v/e have really solved ^his . problem already . 
All. we must do to see this i§ to rephrase it . appropriately .. First 

however, we look at an. example. ' ■ * ■"" , ;V v"..V— *. 

'\ 0 ' . .■' ■' ' * > > , \v .- . 

t. J Example lju6e ;. Some of the . (3?3s2) partitions" of . 
\a ; b,c,.d,e.,f,g} are , . ,- -V 

[a,b,c;d,e;f,gj ,/ [a,b,d;.;c,e; f ,g] -,' [a,b,d,\c-,f;e,g] . . • 
There are, of course,, many more. -Notice, however, 'that- ' 
, [a;o„b^d,e;f,g-] , ' [a,b, d; e, c;g, f > , [d/a^b ; c, f ;g,e] 

are; respectively, simply other . ways of writing, the same three 
■partitions as before., Cpnsider,.. f or ^xample, the first in each of 
.'these lists. Using the more elaborate notation* these are 

' C(a,b,.c^ /, f (d,eh , (f,g'}}. and' ('{a,cyb) , (d,e) (f,g)} . " . ' ' 
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;"But:-th-e^ equal for*they .have,. the ' 

same . elements.;. Similarly for the -other sets In' eacri of these - 
partitions 7 . ■ ' * ' * / ' ; 

This; example giv x es away; the secret.; The various cells are ' 
unchanged;- If their eJLemerfts are rearrariged--sb < far as their 
r^ation'l^p^to the pa'rtitio^ Itself Is concerned/ elemdn^ lh the 
. saifte . cell* ; ar^ f ^£Ik^ H '; : - Thus permuting, the elements. In a givgn 
'cell \hras.no' y effect on the partition Itself . Hence^ each ordered 
par'tltiofv ■ : ""■ ..." ^ 




. [a;^,-c;d,ejf,g.i # . 

i correspond s tci / 3J x2J x 2;' . pertnuta tions of the> whole set . • ■ 
Slr^c^/there ^r,e ^ 7 » ' permutations of the given' set. there are 

»A v V : ' • ■ - V. V»' > * V" ' ■ * ' : 
j . - . ■ ■*■» . . ^ ■ . « ■ * 

£3/2; 2) partitions of ; it . t . V /. - V 

■ ■ /■. .' ' '■ ■ . '.' ■ ' ' . ■• . . 

■ We.may explain this^ result another way. *We want .agrt 'ordered • 
triple of^sub'sets whepe. there Is no duplication of "elements'. We 
can- "choose" .the first cell "■■(which has ■ 3 ^elements) in €(7';^j'' 
ways. Sirice^ no fialr of. cells may 'share;, any ■ -members, >Cfe' havfe ortLx 
c X^/2)_ ^choices n f o:-r the second cell" (which, has 2' # ? elements ) v 
*hVre are;* ; 5g(2, 2) •."choices", for the (third, cell. . 
s^such van ordered partition may be formed«'in : ' " : 

" C(7%,3) * x ' C / 4 > 2 ) X X C(^2)- _ -/ . V*. V : '.-- ! 

or > > / t .'\V>'' ; '7? : ' t :: ^?\ ',' -2? ■ ! ' > ■ f 

. V. : ." ,- a ; . • ..; 7-,' • "i. .'."^ , " \ 4 ;■ v.- > V. ;■ 

or ■ ' »- .... s ■ ' jj. - - .... 1 ■ 

* ../3J2/2J ; 

• . - . ' \ j '• ■„ . . 6 

»vays:.; - : . * * ■ . . ■ v ' ' , . 

" In . the general case, fthe ' number; of ' (h^ fi^ ' . f "^-/nL j : ; : " 
petitions of &a nlele'ment set; (wh : ere h = ' n, ■ -.+ n 0 -+ ...'./+■ n T is 

>•*■"■ * , * •« - n ■ ^ • • *■ •«<•.•• 

X ■ f " I ... I ..." 




V 



ERIC 



1 . <* i ^ 

C u • • ■ • ■ 833 



Example l4-6f : There are ten entries in an elimination' 
tennis tournament. How many ways may the first round orsoa£ches 
; be scheduled? . k 

, Solution: We want the number of (2; 2; 2; 2; 2) partitions 

of a set. with 10 elements (the 1Q entries) . This .number is / 

>1 0 • ' ■ s ^ 

g or, approximately, 1.1 x 1CK . • ' \ 

(so 5 ■ , v, : ^ , - • 

- * '- • 

Sample 14-llfe : Given % a set .having n elements', how *many 
(m;ri> - m) partitions does it have? 

Answer ; -r-y- • i , . This is C(n,m) . That it should be 
■ m. f (n-m)J * ' 9 

# . . j 9 * . r 

. C(n,m). may be seen if we note that the first cell has m elements, 
and all the other elements — if any — are in the second. Thus the 
(m;n~- m) partitions of an n-elemerit set are paired with the, 

. subdetsS^ the given set. - *T * 



Exi&rclses 14- 6b 



1. Ei^ht^men attend a sales convention and , find "they are /to be 

'■ • ' In ^ put double rooms . . How many ways may ti)^y be assigned to 
• " * these rooms'? " ■ ■ • ' : c r . /'■ 

2. * ;Hdw many f 5UbcommitteeS of. two, ' three, and three member^ may 

be f permed' from a^committee of eight members if each, committee 
memfber can, be ori* one and only one kubcommitt^e%? A 
In how marfy ways c£h .10 indistinguishable blue tickets and 
\30 .indlstinguishable^re.d tickets be^vdi^tfibuteci. among 40^ 
*" 1 * people if each person^ is to receive exactly one ticket? (Use 

log n! table of Section 14-4 to approximate, the.answer. ) 
4 . ^ few iMuty tfay s are there to arrange eight coins in a row so 
^ there wilV be three heads arid five, tails .showing? > 



/ • v. *» 
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5. 'How many sets of bridge Tiands cap be dealt to four players 

Worn a fifty- two,, card deck? (yse log n!' table.) ' 

6. ($b) In how. njany" ways can 6- people.be partitioned linto 
three teams - : tf$fih" consisting of two people? 

(b) in how many ways.can 12 people be partitioned into 
four teams eac&\ Consisting oS three people? 

(c) Generalize.,^ 



14-7 . Selections wijtfo\ Repetition/ '* ' * 

— — ./— ri — 77-. - ; ■ - ' r 

Suppose you qre\ %r\ a store /having n kinds of. items and * 
more^of each kind th^ you caiV afford to bUy.. How man/ different 
selections' of ^ m items lean you make? ; 



This problem .differ^ ,in two ways f rom- tli^e arrangement"'* 
questions we have considered. * For one thing,, we no lopger take 
(account of the order £h vihifch the items are "selected". For 
another, we suppose that-Ufrom the jpoinf of view of our .resources 
— the supply of each kin'df is m unlimited. ■! The last supposition is 
for the sake of simplicitss without it the, problem is much more 
difficult-. . , / **\ „ . m 

We begin with m = 1 ... The answer here is just n , for if 
we may select only one -itep our sel^ctiin reduces- to selecting or^e 

of the n kind^T The number of ways is then C(n,l). 

: . ...... J ; . 

1 For m = 2 , the Question is more' interesting, - The two items 

may be alike or. they may be different. But in either case, their 

"order " of selection* is ii/relevant\ . * 

• - ■■: . I. .. . - ". . * ■ . . ■ 

Let us pair each ot the kj.nds (of which there are n ) ;<ith 




fe numbers' 1, 2, 3,' n . Our problem is t^heh to determine 

the number eff unordered couples of the numbers -1, 2, ... , n .\ 
We look at the table of the ordered couples of pairs of elements 
of (1, 2, , n) . . 



[sec. 14 



'•'So. 



. 1 . *' ■ 


|. . . . 


4 

2 


' X 


K \ , . ■ 


2. 


(1,1) ' ' 

. ' (2,iy 


' (1^2) 
(2*2) 


(1,3) * 
(2-,3); 


\(i,M "• 

(2,*lf\ 


... '3- 


(3,1)'* 

» • * • « 


o,2) r 


(3; 3) 

/ .. . 

■ • . 


•7 (3,H) 


y 
n 


• (n,l) 


•fn,2) 


* 

(/n,3) 


(n,M 
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(l,n) 
(2,n) 
Ow>) 



ip* n ) 



The couples on the diagonal "a^pe those represent irig the 
selection of 2 interns *of ttj,e same kind; those not dn the diagonal J 
the selection of /litems of di^ferej>t kinds. But each coup] 
below the diagonal represents the &fme selection $s one abov^the 
dp^onal. Suppose we erase all couples below the diagonal* Tl^n 
we have Just one couple -for each .of tlfe selections we want* to 
count, ^eir number is jgiveft by' 
' L 
1 + 2 +• 3 + ; 



and ia therefore C(n+1, 



\ 



Before we go on to. the case m = 3 ,~ < ^t / 'u 
the number of ordered coup] 

1 < a < b < n 



— - - - ^ , js job^erye that we 
hswe counted the number of ordered coupled ^a f b) of the form 



i.e. 



_ ^ whose first component does -not exceed -It 3 

second component. This is another way of- saying we counp thj£ urf«- 
orc^red couples which may be* formed from a set of n elements 



For m. = 3 



with 1 < ? < b* < c < n 



we war^t the number (of ordered" triples 



As whert ' r m ^ 2 , the chain 



les (a,b,c| 
ri pf ylne/quaii- • 

Les rules out each of the permy/tati'dtas of these triples 7 , but one 

• / . J ^ : 7 • . 



r 



■ i 
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. ' Suppose . we have made, one selection, say a, 
have' still to make two more, with a £ b ^ A 
b,c ,is equivalent to selecting two number^f rohi ^e set> . 




la ri. We 
lectirig 



(a, a + 1 , . . . > n} 



which has ,(n + 1 members, , Thuei for eacfr smffotion of a ,' 

.1 £ a n , there are ( n " | + f) w^ys to^select b„ ^nd c 
.Satisfying £l- < b < c < n. Sinoe no paie*<|f triples with - a 
different first components ^dan be ; the sa!meH(the Xirst colnponent . 
beingythe least contoop^nt), our secoria^ftmdamefitai idea (Section 
l4-l)"fi|ells lis' the,\total tmmber selections "i^g^Lven by 

• S(nT3) C(n+1,2) + C(n,2) + C(n-^2)" +• ... + C(4,2) % 

■t > 



+ C(3 f 2j5-+ C(2,2).. m 
Using Pascal 1 s Theorem (Exercise/l4-4,' 25) 



I 

. r C(3,2) + C(3,3) = C(4,3) 
* . • * 

» 

•^n^the^fact ttiafei' C(2^2) ■» 0(3,3)., we have 



v;: 



Hence S.(n, .•- C{n+1,2)T + C(n^2) + C(n-1,2)- + «..'.+ C(4,2) + C(4,3 X V 

„• : '•••*'.'. ' v. . . ^ 



C(-3^2>) + ,C(2,2)^= C(4,3) . ' 



-'C{«+1,2> + C(n,2) + ... + C(5l,3) . 

m C(n+1,2) +'C(n+l,3) - •«'«,■ 
C(n+2,3) " 



'>/:. 



The pattern emerges: • ,1, • 

>S(n,l) --C(n>0.) 
j'. tS(n>2) = C(n+1,2) . * 

V * • • , S(n,3) - C(ri+2;3)r , y 



■4 
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In general; . * • 7 

- /. ^ . ' S(n,m),;» G(rt^i,m) " . / 

The general f ormula.^nay ,be obtained by carrying on the same line, 
of Reasoning we iiave v *rused. 'inutile , cases m =» 1 , ,jML 2 \ m 3 . - 

, » , ^ Example l^f ja : Supppse.you have 5 apples to give to 3 
teachers-. -How many ways, ckn you do this? 

; Solution^ Here m = a 5 and ,n = f , for you are to select 
> .the teachers receiving the 5 items. The answeri's given by 

* sfo,5) - .0(7,51 * (J?) 23N. ✓ 

# . «- . ; • . . * • 

' N Example 14- 7b : Suppose a millionaire .has , 5$ "heirs and 

legatees-^ \If he cuts none>^f them off without a cent and ha? just* 

one million" dollars to' betquea^j .(after taxes and 'legal >fees), how 

many different wills coU0,d\he Write? * • • " S 

Solution ; . n = 50 7 m : =' 10 (cents ) . v The : number of wills Is 

— y > . . 'V;. ■ ■ ■ 

therefore ( l00 ^?° 0 '°^). , which Is approxima^ . 

This represents quite a few /decisions / 
'\ 1 - . ' * / . • . 

Example l4-7£: How many * ways may the natural r^umlSer n be 
* written as a sum' of , m non - negative* inte^rs, if we distinguish^ 
between sumsNdif f eri*ng in the drder of th^ir .terms . (Compare 
Example l4-4e.) < \ , f ' . ' / ^ 

: ' • ■ . . ' ' c v ^ : • . . . 

^ Soluy.on : m When considered ^the sprob]^hi of representing n 
as a' sum of m 'natural numbers we , selected' (without repetition)* / 
m - 1 spaces ^etween n .tallies arranged in a. rqw. 'E^endlrjg • 
'this idea, selecting these spates with r &p€£± t ion s . w 1 1<L givfe us ^ 
$ums with 0 as a term. Thi^, for> n = 5 ' , m = 4 

"the seiectloft (1,1,3? 'jg'ives 5 + # Q + 2 -h *2 . However to* 
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\ ^3»bw Jfor. th$ first and last Jterms ifelng zero, we should introduce 

* 2 /mope spaces: one before the first tally andyanother after the . 
list: ' V ' *•* * " " ' •' 

• • • . ' . 1 ^ .7 . T ,.• 5 5 • ' V - , 

^Thus, now, (1,1,3) represents _ x . ' ' ' 

". • '.1 ' v r . •■ "5 .= o + o^ + 2 4»3 • > ■ K. V 

and (1,3,6)' represents 

■ ■ ' .5 = 0+2+3 + 0 . . . N 

v Wlth theseextra spacer, we how have' n +- 1 spaces, in the 

^general case* 6f which we 1 are io select .m ^ allowing*, ■« 

. •■ • ■ * ( — » y 

repetitions . : The riumbqr of such selections is gi^en by 

- • jS(n +"1 , m r A') = C[(fc+l) + (m-l) - : 1; m-Hy= C(n+m-l, m-l) . 

. . 1 \i • Exerciser 14^7 . : x 

1. A post off ibe has ten types of stamps. How mantt ways* faay a 
; person buy .twelve stamps? \ * " ' 

, t 2.j flow .'many ways arei' there.; to . seleit fi^'e pack&fijes of cheese . 
% *<-*y from # a Jbin contajbjjiCig /ten ^hdfiTTn * , * 

'3. »*A piggy bank is passed to, Five people who place in it dne 
A' each. * If the coirf% are pennies} nigkels, dimeB> v 

quarters, h#3*f dollars, *or. silver dollars, hov; many set's 'of 
^ "J^jcol-ns might^th^re be In the^bank, assuming i,t f to be empty at 

-v^- the start? * \# i V\ \ V * 

" r ■ * * 

"U. -If . the faces of fcwo dicfe ire numbered. 0,-1 , 3 , 7 , 15 >-31 
* ■ * *■*. ■ ■ L ai '" 

hqw toany r dif ferent- totals can be cast? "I . . ^ 

• « ^ ' , , / ' '* ^ 
% 5, How. many '.dortinaes 'aire there in" a sfrt ranging Crom double' 

V blank to double/twe] ^/e? ^ /~ , » - / > 

' Delete the - last eleven wo^ds of Example .l.^Vf and Vaupwer the 

\ ^ question thys f onned J, / v * • / t V ^ . 



V 
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1^8 * ' Miscellaneous Exercises . 

• . ^^^^^^^^^"™^"^~ '■ 

^ 1.- How -many different arrangements may*be formed from the letter^ 

• % of the word * ffABAM ? 

• 2. How many dommittee^ of seven persons may be formed from a s-et 

of ten persons? — 

• 3. How many distinct lines aje determined )by twelve points on a 

plane if no three of the 1 points are co^linear? 

4, How j many diagonals can be drawn in a convex polygon of 
n-sides? # * , * r 

5. Hov/ many permutations of the^tters of COMPLEX will end. 
• in X ? * ' / 

How/many, of the 5-permutations of the. letters 'A, B, C, D, E, 
P, G will have A tit th^fTS^i^ing or at the end? 

7. How ma^y different ways may exa^Dy three heads show in a 
toss of five coins? \ . \\ \ \ 

8. .yHow many ways* are there to seat>tenNi)ersons around ah table. 

if a certain pair of persons must sic; next to. each other 9 
9* How many ^our digit numerais-mafy b^formed. from the. Set 
./Vt 1 9 2 9 3 ; . . . , 8 , Jf) if no digits may be repealed and '. 
the numbers they represent are odd> 

10. # . How many. 'Jwords xf containing three consonant^ and two vowels 

^ ... j * 

: A may be formed f rom a v set of ten consonants and the five . . ' 

VOW£U.S? J * w 

11. How jnan^ five letter "wopds " may be formed from a twenty-six 
letter "alphabet if the first letter is. riot repeated/ but 

• N - repetitions may -occuii. in tha other four places? 

12. ..How many arrangements of three men and three women may be 

made at a t»oun<J>. table if the men and women must sit . ? ^ 

• % alternately? ^ 

13. If all possible pairs of numbers, repetitions^ of digits not* 
permitted, are selected from. the set " (1 , , 3 V , h, 6) , in 

' how many cases will the sum be even? 
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,15. 
*^l6. 



17. 

• is. 

; \ 

"." 20. 

22. 
23. 

2U. 

- 26 - 
27. 



A \bag contains five red balls, f pur ytfiiAe -balls, and three 
black balls.; How many different "ways may three balls be 
drawn if each ball is to be a different color?- ' 
How ; many different hands containing \three queens' and a pair 
may be\ formed from a deck of fifty-two cards? 
How-man^ different signals may be formed from two red fla£s 
and three blue flags if any four of the flags are hoisted on 
a flagpolet in a vertical line apd the flags' differ only in 
color? v . ( , • • \ *^ 

Hbv{ many way^s may three boys and three 5 iris stand in line if 
'no two boys stand next to each. other and no two girls stahd \ 
next to each other? 

How many way 3 are the^e to arrange a set of fifteen different, 
books by size on a sheir if five Sc them are lar^e, seven are 
medium size,, ano^Ehr^ are small? 

How many three;/algit numerals are there that do npt contain 
t^ie digits: 8' ot^e--*? • [.r ' 

How many , ways tyiay nine hooks^be clipped onto a steeJl ring? 
How many ways are\ there f to seat, .^feven persons in a row if two 
of them will not sit next to each' "other? / 

If a set of six. different books is used, how many ways could 
three or more of them.be arranged on a sftelf? . 
How many ways are rthere tix form a pinner pa rtyvf or seven 
persons from a set pf ten persons if a certain^ pair -of thre * 
ten will not £ttend\the same dinner-party? 
How many .ways may^ f our boys 6f unequal heights stand in a 
line if no boy stands between two taller ones? I 
How many 5-permut'atrions,, of the letters . a, b,c,d^e,f,g do 
not contain b ? 

How many ways "are th»e\re for* a man to 'invite one p-r more of 
his six friends to his home? 4 / 

Find the number of arrangements pf the letters, of BOULDER 
if no two vowels are together. 



v 
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How .many three digit numerals representing even numbers* 
/greater than 234 may be formed using the digits' 1 , Q 
5 , 6 8 , 5 'with no repetitions 8f digits permitted? » v ^ 
How many three digit numerals representing even numbers ' 
greater than 234 may be formed using the digits * 1 ; ^~3. •, 
* > 5 , 6,8 , 9 ? 

Ho-| many three digit numerals* representing even numbers 
greater than' 234 may be formed using the digits, 2 , 3. , h 
5 j 6,8, 9 if repetitions of digits are permitted? If- 
repetitions of 'digits' are not permitted? 
Suppose n tickets, numbered Serially/ ar£ 'printed for a 
raffle. Suppose they are all sold and each purchaser 
counterfeits (m - 1.) copies, of his stub and sneaks them ., 
into a % howl (so that each pf*the n numbers appears on m 
tickets in the bowl). Two prizes are to be.awarded a^d hence 
twc^Stubs must be drawn.. * ' 

(a) x How roanjr ways is it possible to dr^w two 'stubs? f 

(b) . How many of these ways result in both numbers being the 

same?; ' ■■. •"• * ■. \ • 

(c t ) The ratio of the answer Iri (b) to that in (ay^izxiicates 
the 'chances of exposing one of' the counterfeiters^. 
Compute this ratioSfpr 6ach X palr with n,m in 

, tljre ranges 1 < n>< 5 , 1 < m\< ,5 , m,rr in if ..' • 
(d) What, conclusions do you draw concerning the risk of 
being caught if - \ ' • ^ 

(i) n increases, for fixed 



m 



(ii) m increases for fixed * n ? 



f 
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ALGEBRAIC STRUCTURES '."/ 'V" 



lj>-i . Introduction , 

During our course of study of this lo^ f >;We have met several 
'number systems: the systems of. the natura^umbers, the Integers, 
, the rational numbers, the real numbers and . the coriipLex numbers 
In .„ each of these systems, we saw that ouWconcern was with the 
fallowing: ^ \ : > 

(1) Object^ or elements , here numbers; " 
_ (2) -TWo oi^eratlons / addition, andjnultipiicatinn; 

(3) La,ws satisfied by these foeratioVis, such'as the 
. . commutative and associative laws of< ad^tion arid . * 

multiplication and Jbhe distributive Jaw* >' 1 

JLt we, stop and. reflect fg^a^aoment, we bee ; that many of -the 
algebVaic computations .which we carried out were independent of 
the nature of ,; the nunf^er^' with which* we were operating an<^ ■ 
dep^rjded solely on the fact that the operations in \question wefre 
subjected lawfe r63pected in ea^ch System. Thus/ fotf example/ if 
we consider the Identity ^ y 

^ • a 2 - b 2 = (a + b)(a - b) % . . 



^d . think or this assertion as applying to a and b. taken as 

• . * ■ * * 

^* V (l) integers, % v~ 

\ ( &) rational numbers^ * - N J y * 

' ,.:W-^3) real numbers,- \ . 

" complex numbers,. : '» * y 

we se|, that, if we estgtbliSheti the Identity lj>la at *the earliest 

st'agf °for integers/ and observed 
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' r (l) that the verif icatidn\epended only oft the distributive 
law, the associative laws and commutative laws and 
properties of the additive^inverse^ and 
(2) th^ each of the laws and properties invoked were in 

force for thp complex number system, . • 

then it would be unnecej^si^y to repeat the . verif icatiori for the 
case where a and b are complex numbers.* „ 

Without such laws .algebraic computation as we know it would 
cease to exist* The whole source of algebraic computation is to 
be found in these laws^. * ' 

We cat\ K if we like, seek to abstract what is algebraically 
essential and common to several, specific number * systems arid ,/* . 
develop algebraic results which hold 'for each of these systems 
without "hU^lfig^to repeat our work in each special case. This 
/approach is of great importance in many parts of modern mathe- 
matics, especially in modern higher algebra which is sometimes 

also called abstract algebra^. no . , 

. — . — ■ . , . — ■• * 

What is the'nature of the fundamental algebraic bperations 
which we have. met? L^t us take fhe addition of .real* numbers ; We 
are jilven real numbers , say a and b , in order, or, if , we* 
like, the ordered pair (a,b) *. The operation of addition assigns 
to the ordered pair (a,.b) a unique real number which we, ^desig- 
nate a + b The words "assigns" and "unique", give the secret 
away. The operation of additidn (of .real numbers) is a function 
defined for each ordered^palr. of real numbers-'* which assigns to 
each such ordered pair (a,b) * of real numbers a real number, -the 
sum a + b . It should be observed that while most of thie * •. 
functions otfhlch we have met assigned real numbers to r^al numbers, 
the function concept X* an- extremely general one and we may . 4 
certainly consider a function f which assigns to each el'ement 
a of a given class A .a unique element (labelled f(a)) of a 
given class' B*. In the example of addition of reals, the class £ 
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* - *. J ■ * ■ 1 • v > 

is- the set of ordered pairs of real -numbers' ^nd the class B > is 
the set pf real .numbers itself. There is a point concerning r' 
notation that should be made; Instead of writing the real number 
associated with, the ordered pair (a,b) in function notation.,, say 
S[(a,b)] , where S (standing for "sum") is the function just- 
described, we use the usual notati6n and write a + b * ' 



15*2 . Internal Operation . . ■ m 

• Let us try to abstractSAiat is- algebraically essential in the- 

. example of addition of real numbers. Suppose that A is an 

arbitrary non-empty set of element?, tWe nature of which need not* • 
: concerp us . Syppdsetfurther that there is given a fynctiofT^hi^h 
is-deflned for the ordered ,pk±^ (a, b) , where aC A and b£ A\ 
which assighs to each such ordered -pairj, a' member of A . Such a 
function is called an Internal operation in A . * (It Is called 
"internal" because the components a and b of the toput (a,b) 
- are drawn from A ^and the output assigned by the fajictioi^v££— also 
a member of A . Hence, the operation in question does not Involve 
data taken outside of ^A^.) " y v 

There is aiso a notion o£ an external operation .and, indeed, 
an . example i8 t £p'be fourvd in the algebra of" vectors when one • • 
• considers real ( multiples .of a given vector so that input. is an 
v ' ordered pair of the form (real number, Rector ) and outpi^t\is a * 
vector". Here we go outsid^ the domain jRf vectors to specify the 
input — hence "external"; '* ^ . ' ^ - 1 

However, in this chapter we shall ionsider .only Internal , 
, operations and far that reason <shall henceforth s imply da y**W 
"operation" rather than "internal operation". As it is customary, 
we shall usually^Tdenote an. operation by a multiplication ^ign 
and the element assigned to the ordered pair (a,b) by a • b 
when we are concerned with a single .opera tioriv We shall a^so write 
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y t is- the set of ordered pairs of real- numbers' ^nd the class B > Is 
the set pf real .numbers Itself. There Is a point concerning < 
rotation that should be made. Instead of writing the real number 
associated with, the ordered pair (a,b) in function Rotation, say 
S[(a,b)] , where S (standing for "sum") is the function just- 
described, we use the usual notati6n arid write a + b * 



15*2 . Internal Operation . . 

♦ Let us try to abstract ' : vdhat is- algebraically essential in the 
example of addition of real numbers. Suppose that A is an 
arbitrary non-empty set of element?, th^ natur6 of which need not* 

: concerp us. Syppdse«further that there is given a fynctiofT^vhi^h 
is "defined for the ordered .pkt*^ (a, b) , where aC A and b£ A", 
which assighs to each such ordered vpairj, a' member of A . Such a • 
function is called an Internal operation in A .* (It is called 
"internal" because the components a and b of the toput (a,b) 
- are drawn from A --and the output assigned by the fa^ctio>v^-also 
a member of A . Hence, the operation in question does not involve 
data taken outside of ^A^.) * - y 

There is aiso a notion o£ an external operation .and, indeed, 
an . example is^p'be fourvd in the algebra of" vectors when one • • 

* considers real ( multiples .of a given vector so that input. is an 
v ; ordered pair of the form (real number, j/ectbr) and outpi^t'ls a 

vector". Here we go outsici^ the domain jRf vectors to specify the 



input — hence 



go 

"external M i 



r:'" 




^ However, tn this chapter we shall Consider .only interna], 
operations and far that reason w# <shall henceforth simply day 
"operation" rather than "internal operation". As it is customary, 
we shall usually^Tdenote an. operation by a multiplication ^ign 
and the element assigned to the orderejt pair (a,b) by a • b 
when we are concerned with a single. opera tiori v We shall a^fcso writ* 
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'|ab" £pr v'a*; b" 'yhen ''there, is ho doubt' about' the meaning. .We 
ishdttl have, qccjasiorv la^er to dea^with^t^o operations, ancl then we 
Shall* usually use + / and • to denote* titig two 4 .operations . 

we* afr# -concerned with firjit^sets A , w^e /nay specify with' 
the^ai^bfa miAtipi^ication table* how a. given operation acts in 
the same' way that we listed the sum and product of certain inw 
portant pairs of natural numbers with t*e aid of addition and 
•multiplication tables in elementary arithmetic. The procedure is 
to use a square table marking rows by the element? of the set A 
and columns by .the' elements* of the set A . £lhe row markings are 
indicated at the left of the body of the table and the column 
markings are indicated above the body of the table.- Given 
a r ^e A , ir^he space in the body of the table belonging to the 
row marked "a" and the column marked "b" , we record the element 
associated with (a,b) ^by the operation • . , 



^ Here is a simple- .example: Let A = (0,1) . and let • denote 

conventional multiplication iri the real number system 
operation • may be tabulated as follows: 



^ien the 






0 


1 


0 


0 


0 


1 


0 


1 . 



I' 



Suppose that we consider £ set A consisting of, two distinct 
elements a and b and we ask in how raarty ways can we specify an 
operation iri * A '.^JThis amounts -to constructing in all possible 
ways two-by-two square tables in each space of which is recorded 
an element 6f A v. Here are some: ^ 

b' 



a 
a 




a 
b 



a 
b 



a 
b 



b 
a 



There are 16 such operations in A 
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• • * * Exe rcises 15-2 

. .' 71 " ' 

1. "List. the regaining 12 operations in A . 

2. Let A » (1, 1, -1, -i} and let . denote conventional 
multiplication for complex numbers. Show that • is an 
operation in A and construct the table for • 



* It is of— interest to note. that, if 2 A is a finite set con- 
taining n elements, then there are n n distinct operations in 
A . (For q ■ .2 f we have 2^ » 16 distinct qpperations in. A ; 
for n = 3 , we have 3^ .= 19,683 distinct operations in 'A . > 

We shall be interested in studying the composite object 
consisting 1 ' of a non-empty *set A and one or two operation's, -in A. . 
Precisely, the £erm composite object" is to be taken here to mean 
Either an ordered pair of the form (A'flfc* ) ytfiere * is an* , 
operation in A or an ordered triple of tfte form (A, + , . ) 
whe»e + and • are operations fh A .. Such a composite^ object . - 
is called an algebraic structure with one operation . (or two • 
operations respectively). An example, of a structure with one 
^operation is given by taking 4 as -the set of integers* and • ^as 
the customary addition. Ah examplfe of' a structure with two 
operations is given by taking A as the set of real numbers and 
+ a$d • riespectiv^iy as the customary additicm and multiplication 
for the- -reals . Another Example pf a structure with two operations 
is given by taking A as the set' real numbers, • ajs the 
customary multiplication fo^ the reals, and + as. the customary^ 
addition for the reals. 

Now it turns otit that the interesting structures are thos.e 
which are subject to various laws . We saw that the number 
systems which We studied earlier were structures with two opera- . 
tions > which 'respected such- laws as. the commutative. laws, the 
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-associative laws, and the distributive law. If we wished to„take 
nto $ccpunt ^ructures which 'are not subject to any restrictions 
or laws, we would *e facfid with ?marjy different kinds of structures 

"having very few . properties in common. We. cannot hope to find 
interesting results wfoich would be yali<3~Tor.all structures with 
a given set A a f nd with a given' number of operations. „ . 

On occasion, instead of m referring td trie structure "(A, • y , 
or' *"(A'/ + , • )" we shall use' the less formal "A,, together ^with 
the operation • or "A together with the operations + anfl . 
• 11 respectively, as well as .."A 'and the operation • 11 , etc./ 

" : " We shall concentrate on- two' 5 important structures which •> 
permeate elementary algebra — the group and the f jeld . pur 
Interest/ will center principally on the notion cff a field which 
embraces thfcee of the important numb ew systems which we have met 

so far the Bys j feems of the rationals> the reals, and the complex 

numbers ^ . • • . • 

15-3 . Group . * * , 

Supppse* that we consider a structure -with one operation 
(A, v ) . The example which we cited above, where \ is the set 
of integers and • is the customary addition, has the following 
two properties: 

(1) The associative law for addition is satisfied. 

(2) Given integers a,b, there exists a unique integer x 
satisfying, a + x = b and there exists an integer y • 

' v satisfying y + a = % . ' 

(We ignore deliberately the question of the equality of x 
and y for a reason which will become clear presently . ) If we 
ask for structures with one .operation which share these listed 
properties with this .special structure, we ledf to the very ^ 
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Important structures ; with one operation called groups , Threy" 
appear throughout mathematics in m&n^diflf ere'nt guises. The study 
of groups as such is an instance of algebra at its purest . 

. Specifically- • ) is said to be» a- group provided thsft -th 

following ^two conditions are satisfied": ' ~~ " J 

0 1. The operation - is associative. That^is/ f^iven' 
elements a/b, c in A , we -have * / 

(a • b) • c 'm a • (b ,r c) . 

0 2. Given elements a, b in A , each of the equations 

* . 

a . x =3 b 

and " . 

y • a = b " ' 

has a unique solution in A . 

it is to be observed that we have not . required that the 
operation • *be commutative. In fact, we shall meet examples 
where r ' does not satisfy the commutative law which asserts that 
a . b = b • a f or all. a, b £ A . This is why it was^ important^ 
In defining the notion of operation to have as our input an 
ordered pair of elements of A . The order, in which, the component 
are assigned may very well ba essential.* If the operation 
satisfies the commutative law; the group is called commutative or, 
as is more usual, abelian, ij^Thonor of the great Norwegian 
mathematician N. H. Abel (1862-18^9) who did pioneer work in the 
theory of groups'. ' 6 ^ 

Let us consider some examples of groups v drawn from our * 
earlier experience. In fyfese examples the operations are*the * " 
standard ones of the number systems so that the groups in question 
are ^necessarily abelian. » We shall consider ah. example of a nori- 
abelian group later. (Section 13-5). 

.'■..•.'*.'' . * » 
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j set of int^gersjj the operation Is the ♦ 
yentional ^daitibn + f . The secpwT^ * " . 
tulate 'state? # that^the equation ^ qSA. x = b, 



ample J.5-3a> ^A = set of int 
. ' t conyen 

p 03 ^- 7 

where a and b aife« integers, hj!^ 



Integral solution. 



Example 15^3b , A == set of real numbers different ftfom zero; 



. • is the convent^phal multiplication. ^ ' 
^B»ample 15-3c .*A = ■ set ol* vectors in 3-space; - is the* 



addition ® 



s a 'unique 



K 4 



V 




3. 



Exercises 15-3 

Verify that each of the cited examples satisfies the/'group 
^stulates . 0 r,.G 2 ^ Show tjhat the fatiqwlng are also 
examples of groups: ( \ 

Example 15- 3d . A Is the set of ri th roots^pf 1*, where^ n is 
• a positive ^teger, and > , is the conventional; 
* ^multiplication for complex number^. Here it is 

"to be observed that 



Example 15-3e, 



A has Just elements 
A is the set of positive rational nunfber^jv* 
• is the conventional multiplication. 
In what way>does the following fail/ to -yield an example of a 
group: A>:=*set of all complex numWers and • is £heVon- 
ventional multiplication? | * * 

Let A denote the set of real numbers of the form ■ 
a + b >/S where a " and b are integers and let u be the 
conventional addition. Verify that •■ is an operation in 'A 
and that the group postulates ar^ (satisfied. • 
Let A dfenote the set of real numbers different froja^zero of 
the form I + b f2 where a, and 
be the conventional multiplication 



are rational and let 
Verify that • is an 



operatiory in A and that the groi 



p postulates are satisfied. 
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ISyfr . Some" iGeneral Properties of Groups . \ , v "'^ 

j 'We have s«en In our earlier, work with number systems that afr 

important role j/as. played' by the notions "of additive identity, • 
: adfljfilve inverse,- multiplicative identity, multiplicative ^inverse. 
.The counterparts iff J&mQ notions lappfear In general group .theory as 
we shall nbw See. We must not forget that the coriputative Lav/ V ^ 
need not be in effect ;for #n arbitrary .group }* f - m -, . , 

^1— Jdi gntity \j.emerit . Here, we ai*e jj^cern6d with the question "V 

whether^^erte Is an elertent e In A which has the; property that 

. a • e »fe^Na » a for all elements a€ A... In each, of the ■ 

Cited examples of r SectioA. 15-3 there is precisely one element with 

/f^Sfils property. Thus in E^ample^l^ the Integer * 0 is the unique . 

element having the stated property; In Example 2, *It^ 1 ; in * 

■■ Example 3, it Is the zero Ikc'tpv (0,0,0); in Example 4, it is 1; , ' - 

in Example 3r it Is- P. We now turn to : the. situation for an arbitrary 

group anc^ a ' proof of the following theorem: * 

. T heorem 15-^a : Given the x group consisting of the set A ^ 

i — ; * r 

and operation • . ,•- 'there is a unique element 'e of A 

which satisfies the' following condition: 

. S^' '• a • e =/ e - .a = a ' * 

for all a .6 A . ' / / 

(The element e Is called the identity element of the group. 
Note how this is ±n 'ag*eengnt -with ^arlier usage.) ' 
Pfroof : We "fix an-element b £ A,.. That 
• . there is at most one element e having. the stated property „ ; 

follows from the fact that, e is a solution of the equation "' \ : 
:.b v x » b ^Ihich has pVecisely pne : solution. 

Nqw let e denote the solution of " b • x = b and let us • . 

V verify that a • e m a t for all . a in A . Given * a € A , : let c 

satisfy c • "b --.a .' That is, c is tb*e unique solution of \ . 

y v a .. Our reason for introducing c^ is that, isf we> write » 

a -as c *b . we are in a position to delate the product, ae. 

•.*.'•* ' .\1 < * 

•-■ .(which we sh&uld JLike to show-?I# ^equal to a ,) to the product 

: [s4c. 15-43 , . 



\ 



'4 1/2 




e\\ about- which' we have information." .Specif ically, % 



• • .. . . . ■ . / 

; ■>*;■? €f>r (c b) • e ■ <■ > i - • ■ N 

r ..,*)■: > ^ - ^ (b .;e) - - % V ■ o \ 

• + • = v c • b ; , ' * - ' 

• . . .« - a ; . . i 

. The proof 3f the theorem will* )>e complete when we ?how7that 
we alsc have fe '% ; a* =, a" . fbr.:ail a in -'A . Giverf a£*>A 1 let 
d depote 'the uniquei solution of, the equation y . a = a . In 
order to relate d arid e , we introduce f "the unique solution V 
Qf the equation a • x » e (thereby linking the dement© a and 
e) . Prom d • a = >>, and a . f = e , we have * « 

Prom the associative J.aw and' af = e , v^e have . 

■ ... ' V * <d 'la). /f = d • . * 

• . . . t V ' t: • ■ r V= d • e . *■ " . , ■ 

.Taken together jthese >e^ualities yield 

d • e jp e . . ' 'X' 

' Now e satisfies the equation y • e e . (Recall that 
ae a a for all a in A , in particular for r a =» e . Thi*s 
fields e • e = q/.) Sinc'e e % and d poth satisfy the 
equation y • *e = e and since this equation has a unique ^Lution, 
\ d - Hence oh tak^pg account of the relation -d a^= a,,^, we - 

have e • a = a . The, proof of the theorem is now complete. ^ 

.* a The notation "e n will be reserved for the identity element. 

Inverse element . yiyeft ^ a € A , let us corh^idejMJhe "tw|| % 
equations' r % - 

. ' < a .»x • e * and N y. a » e . ■ ' v ; 



.* ■ . " T' : v * * r>h ~ * ■ 

'-■v.; Since v^e do-- At nave the comitfutatiye lav> *at our disposal, it; 
'*4sVno* .obvious that *the $olutlotiX and^ y .of. these f^espect^e j ^ 
equations' ^re Iqual. Let vis se^l^ther, /In spi-te^of the hon r # • 
aVailabllityv^f^^^^ law, x = y .' .Let us multiply 

each side of : a ^ oc ^ e" on the lefrt by' % y ... W<p obtain - . . 

: 7: ' i •'*) ■ » y . e>. >u J . - 

Uj3ing the associative laffr and *#ie basic .-prjperty- of, the id entity , f y S ^ 



'.we obtain 

tfe.rtce - 

Since . 

i 



a) • x"« y . %% ' 



e *?x' = y 



* copelude/^iat x -y . 'Aie common solution of 1 a • x = 
and vy- t a = e' is called simply th% inverse, of a . ;It is 



denoted "a" 1 



Exercise 



1. -Dtettertnln-e the inverse elfepient of jgrr arbitrary element for * 
each of the groups examined in Section 15-3. The answer 
is to be stated in Jberms of the'special interpretation of v a-— ^ 
group (given by the example. TJius in Example 15-3a,£he answer. 
' • is. "the Inverse of 7 a is -a" . \J 
2/\^»Bw -tfiat4 • bl is ttfe solution of a • x = b anfl that 

b • a rl i^ tlhe soiution^of "y • a = b . 
J$\ Which of the -multiplication t£fctes considered -In -Section .15.-2 

^ satisfy the "group requirements? In .case of failure, -state 
V • thi reason in the tfase(s) -where/- a group is specified, 

exhibit the" identity element\and the inverse t5T each element.. 
k Let A de*hote a non-empty sex, land - an operation* in A . 



i 



Shorn that JhAre" is at most one element e_€ A such, that 
a • e '= e . a = a for ail a C A r J 



, -Let £ 'denote a. non-empty set,/^and • opera Am in 



Suppos^ that .,' satisfies th€5 ;i a'ss6^^i^law. Suppose that 
there exists an^lement e C'^such that at- v e =/e • f a^» a 
) , for all' a £ A/ . (The element e i?:unlquei^y Exercise 4. ) 
f Suppose tt^tt. for each a C A' , thtere >aixi3ts x^C V A such that 
. a i x =,e , arid that th&re 'exists y f ,A. such that y ; a = e 
Show that A together with • is a 'group. Htfct: With ^ 
satisfying a - x e and y^satisfying % • a = e , show 
. r that ; a ; z = b is satisfied^by x • , and, by multiplying' 
each side, by * y , that the only possible solution is y • ib . 
Hence conclude that there is precisely one solution. Treat 
k the remaining case similarly. . 4 

""^^ Construct multiplication tables for operations ir* k set A 

of three elements so that the group postulates G 1 *and G 2 
arie satisfied. H^rit: We may assume, that one of the eleijents 
is e , the identity, and we .may cal3r one of the remaining 
element^ a and the other ^b . The corretqpction of "a 
multiplication table can be carried out in only one way when' 
account is taken o£^ the" nature of the identity element and 
the group postulates. , 



15-ft . An Example of a Non->Abelian Group . 

ft is not hard to give an example of a group which is not 
abe:lian by means of a specifically constructed multiplication 
table. However, there is greater interest in constructing an 
examplie which is meaningful in terms of ou^ j ear3Lier,v.^^eri^li'ce arid'-' 

•which' at the same time is important in terms of oui* future study 

.'.»'.■"'"•.* , * ' . 

of mathematics . The elements which we consider are the non- 

constant linear functions ; that is, the functions-/ defined for 

all real numbers by the formulas of the. form 

' 1 * ' . ' -/(x) » OC x , * 

where a and,/^ are real numbers and oc / 0 . . Our set A Is 
taken to be the set whose elements are the functions . ' 

1 • [s"ec : 15-5] ' » r 
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It 8hOui^1)e; dbsel^ a given; linear 'function ig 



defined .by^teciseay 'oiii^forinula of the' form -15- 5a. That, is, if 

• - . * VI* • .. ■ >*.■ ' - * ' 



for all real fc , then cc »^2^ ^ nd cf . .This is 'seert by first 
setting' • x m 0 and inferring that /<? *cf \ and then that a' » 7^ .. 



* Composition , ' Suppose that we are given non-constant linear 
functions and m where -/(x) = cc x +/<^ arid m(x) = ^ x +cT ; 
It is often of interest to construct a function from the given 
functions j and m in the following manner.. Starting' with 
input x our first function -V yields output >/(x) 'I ' 'Suppose 4 
that we now use V (x) as Input with the function m . . The output 
is m{J (x))". We see that for each real x the quantity 
m(V(x)) is unambiguously specified/ Thus we have a function 
determined by the requirement that to each real x there is 
assigned m(y(x)) . " This function is called the composition of 

• m and It is denoted by m • ^f. Let us determine • 
*m(^/(x)) explicitly. We have * ; ' , . 

C i5^5b »(>/■<*)) =r{A*)\ + cr 

v ■ -r (cc x +^) + <r 

^ar x + (V+rf ) .^r 

This computation shows that the function mo y is a.non- 
cdnstarit linear function, for the coefficient of x in the last 
line of Pohnula 15- 5b is not zero. The rule which assigns to the, 
•ordered "p^ir (m 9 -jf) of non-constant linear functions the composi- 

• t%pn function mo/ is an operation in A . By analogy with 
what we did with sum andptoduct, we -denote the operation of 
compopltipn^tiy » . I#et us pause to' consider a numerical .example 

" before we. continute our^ study of the structure we have Just intro- 5 
duced. \ 



[sec. 15-5] 

■*.-•• 

; 406 



Thus, suppose 

, , ?x + 1 ' and^fx) = -2x + 3 • ; 
We have for i^o m ' : : si.-* ' ' ■ * '. \ 

V(m(xj) - 2m(x) + 1 = 2^2x + 3) + 1 = -4x + 7, .. 
We have for mo 

M(/(x)) . -2./(x) + 3 - -2(2x + 1) + 3. « Ux + 1 . 

This example shows that with the specific chqices made for 
and • m , we have — * ■ .* 

<f .■ 

| ^ »ni / m o S 

We recall that v two functions which have the same input s^ets (i.e. 
domain) are different if they Assign different outputs for some 
member of their common input se*t. th our example V 0 m £n4 
m©^r assign different outputs £or each ?real x \ Hence, they are 
distinct functions; * \ 

This example shows us that t^e commutative iaw does not hold 
for the operation of composition of (non-constant) linear 
functions. . . ' <- 

How <lo we show that the structure consisting of the non- 
constant linear functions together with the operation of composi- 
tion is a group? We simply. verify that . 0.1 and G 2* are. - 
fulfilled with the operation of composition.. 

0.1 , Suppose that-*/.; m, and\n are three given (non- 
constant) linear functions. Given x as input, ^/ o (m o n) 
assigns as. output the >/ output for ^input m * n(x) , i.e., the 
output for input m(n(x)) . Given x as input f/in)o n 
assigns as output the y<> m output for input n(x) , that Is,. 

' v'; m(n(x|) . 

' ■[sec. 15-S]"^ . ^ ; ' 
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But//* m(n(x)) . "is the % j output f5r inp^t m(h(xy) >. He*nce/for 
each reaO^x as input, jf * j[m* n). , and (-/om)° n assign the' 
same output. Hence the functions 0 (mo n) and (Vo m) o n are. 
equaiu The associative law G 1 is verified for composition. * . 

• 02,. Given two -members of A and m , we ask: - . - 

Is there a pembbr n satisfying 

15-5c Vo n = m ; . . * ' 

is there just one such member? Let us try to approach the 
question in an exploratory way. Let 

J (x) = a +^ ,. m(x) =f x + of . 

Suppose .th£t ' * ■ ' 

n(x) + : (A j£ 0) 

satisfies^' 15,- 5c . From 15-% 5b we have 

n(x) = cc \x + (/<$', + a/* ) • 

Hence if jf t * n » m , w^ have, using the fact that a linear 
function may be v represented by only one formula of the form 15-5aj 

. 4 . ' V # CC X = Y ■ , /& +<t P> = of . • ; 

Hence , ». ■ * 



• . * . ■ . ; . 

-Wp conclude that there is*at most one such member n . On 
the other hand, if we take ^ and A as given by 15-5d, the 
function n defihecUby' 

n(x) = 71 x + A 

does satisfy 15-5c fience 15-5c has a unique solution. - 

The treatment of the other equation; no m , where 
and m. are given members of A , is similar. Thus we see that 
the set of non-constant linear functions together with the 
operation of composition is a noh-abelian group . , 
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Exercises 15-5 * 

Purhislit the details concerning the equation* n 0 >/* = m , 
fchere J apd m are given members of A , * 
Determine* the identity element of. the group which we ^aVe 
.studied', in this section. */' 

Deteifoiine^ the .inverse of J If J (x) = cc>x , cc V 0 . 
Show °by direct computation that n. =^"^0 m satisfies '< 
Jo n, = m "and that n = m G J^*" 1 satisfies *x\ 0 lf'- m where 
J (xJUtfx + /3 and m(x) = f x" + ^ , cc ^ 0 , r 0 . 
Show that m = m D J f or the functions of Exercise ^ if 
and -only if (oc - 1 )cf = (V - 1 ) ^ . : 

Let A denote the set of ordered pairs of real numbers with 
non - zero first components. Given (a,b) , (c,d) in A , " 
let (a,b) • (c,d) ^be defined as (ac, ad + b) . SJiow that 
(A, . ) is a group. What is the identity element? What is 
the inverse, of ."the. element (a,b) of A ? 1^ there any 
relation between this group and the group of non-constant 
Xlnear functions treated in this section? Hint: Use No, 5 

. of Exercises 15-4. , ^ 

Suppq^e/that A 0 is ^th^ set of ordered pairs of rational 

. n.umber£ with non-zero first components and that \ is * - 
defined as in-' Exercise 6. Show that (A, ) is a group. 
Show-that k a ^corresponding result, holds when A is-the set 
of ordered pairs of complex numbers with non-zero first 
•compQnehts and again • $is defined as in Exercise 6. 1 



. "15-6 . ; Field . 

■ . ' • 

We now turn x to the consideration of an algebraic structure 
; which i's preeent Ln "very many, areas of mathematical stifdy. W 
refer to 'the notion; of b field. Once ythe def initiarLjof a field 
i^ -stated/. It willvibe clWr that eact/ oi 
systems is a fi.e^^ " ^ 

' y. 'd * \* • 



of the following number 



■ * 
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£a) The rationals with the usual addition and .multiplication 
"(b) The reals with the usual >addition\ and multiplication. 
(c) 4 The complex numbers with the urfuaL addition and . 

ftultiplicatior>. * • \ ■. 

i. ' 4 ' ' ' ■ . - . . V ' . • 

% Let A ^denote a set containing . more than , on^ member. Let * + 
and • denote two operations in A . ' Then (A/ +, • J) is ..cabled 
a Yield provided^ that the following postulates are Satisfied: 

PI. The structure ^(A, +) is an abeliari group. «u,. ; 
(The^dentity 'elejnerlt ob this group is called, "zero", 

* ^ ^ ■ *< V it n 

fand is denoted tij^JO in. accordance with, the usage 
; employed for the number systems which we hav£. studied 
earlier j the inverse of the element a is denoted by 
-a , aqd the solution of/ a + x = b. by b - a) \ 
F 2. Let B denote the set obtained from ,A, by the 

removal of- the element 0 . It is required ^\ * 

(1) that • be an operation in B — i.e., if 

b 1 , bgCB , tl^en t> 1 • b g CB ; arid * \ ' ■ 

(2) . that the structure V (B, toe an abeiian group.' 
v (The identity element &£ thW groyp is called , 

w t - ( "one" and is. denoted by p" . When, we speak of 

.. . as an operation in bL we actually refer; 
not to the full operation • in % A , but rather 
to the function obtained* fro/n • by restricting 
attention to inputs of 'the form (b,,b Q ) where 
b^ and r bg are members of "B .) 



v 



P 3. Tm two distributive , laws 

a a • (b. + c)„=a • b +-a • c , 

(b + c) • a = b • a + c • a f •' . ^ 

hold, a, b; and c being arbitrary elements of A 

SOme remark's are , in o^er. . 
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£a) The rationals with the usual addition and .multiplication 

■ ib) The reals with the usual >additlon v and multiplication . 

(c)« The complex numbers with the u£uaL addition and . 

. . ftultiplicatior>. * 0* ; \ ■ ■" ' > ^ ■ 

% Let A ^denote a set containing . more than , on^ member. Let * + 
and • denote two operations in A . " Then (A/ +, • J) is ..cabled 
a Yield provided^ that the following postulates are Satisfied: 

PI. The structure ^(A, +) is an abeliari group. ; 
(The^dentity 'elejnerlt ob this group is called, "zero", 
fand is denoted Bj^J'O in. accordance with, the usage 
; employed for the number systems which we hav^. studied 
earlier | the inverse of the element a is denoted by V. 
-a , aqd the solution of/ a + x = b.. by b - a) \ 
P 2. Let B denote the set obtained from ,A„ by the 

removal of- the element 0 . It is required ~\ ' ' 
(1) that • be an operation in B — i.e., if 

h l > b 2 f B , tlyen • bgfB ; arid * \ 

. (2) . that the structure V (B, toe an abeiian group.' 

v (The identity element &F thW groyp is called . 

w , ■ ( "one" and is. denoted by p" . When, we speak of 

. . as an operation in b(, we actually refer; 
not to the full operation • in ^ A , but rather L 
to the function obtained* fro/n • ■ by restricting 

attention to inputs of "the form (b,,b Q ) where 

. . ■ * . i.e.. 

b, and r b P are members of "B .) 

' ' ■■ ' ' '■■ < , ; ■ ' ■ .y 

P 3. Tire two distributive <laws . . 

0 a . (b. + c)„ = a • b +*a . c 

(b + c) • a =: b • a + e • a ' . .y- 

hold, a, b; and c being arbitrary elements of A . 
Some remarks are , in o§der. . 
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Given a field (A, H?, • ) , it is sometimes convenient in 
order /to avoid unnecessarily clumsy modes of expression to use the 
phrase "%he field A" and to. mean either 

(1) the set A , or ' m v 

(2) the field in the strict sense (>,+,%• ) . , % 
Which meaning is intended wil^be clear from context. When we \ 
speak of tibe v elements of th^ field, *toe mean- of course the elements 
of A . ' / - ' 

We shall a^Lso agree to write, as* is usual, "ab" for 

"a • b" .' ■ * ■ \ * ; A i. , ' * 

: *- .. ' '• ; . . -v ■ - : . * 

Of course, it is possible to slgate the required postulates 
in alternative form and in detail. iChe 'group concept, howeVer, » 
permits us tqy^eparate off 4n individual, compartments a description , 
, of the action of each of the given' operations + and • . It is 
now clear that if the two operations are to be interrelated in a 
serious^ sprt of way, some, condition pertaining to both + and •'. 
must be* in effect. Jn'the postulates which we have .listed, it is 
F 3 which links + and • ,v*Ih particular, it ^natural to V 
turn to F/3 to see how 0 '.acts in multiplication. 

We have . t 

0+0 = 0, 

and hence if a is an arbitrary element of A , . 

a(0 t + ad 
and ' < > 

(0 + 0)a = 0a . 
Applying the distributive laws,, we obtain ' 

a0 + a0 = : aO " - ■ * ■ ' ' ? ' ■ 

?nd ■ > * 

0a • + 0a = 0a , ■ - 

relations which state, that aO and 0a are each the zero of s ' A ; 
i.e., . .' 

' ' - * Uec 15-6] . v . 
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.postulate -P. 2 pertains only td B . "Are the commutative ; 
an$ Associative laws in effect for ? in A ? The only case that 
need concern us is when one of the given elements is zero, but 
then. "we see that the two laws are in effect, for each side is 

aero if one of the given elements is^. 

• ■ , * * ■ ■ ■ , ■ • * 

Since *1 • 0 ="0 and 1 ■ • a » a , a / 0 , we, see that 1 
is an identity element "for • in A .* The elem.ent- 1 is the <■ 
only Element in A .with' this£ property . If e fA satisfies - 
a • e ■« a for. all a t A ,' we have 



ancj 



1 • e 1 
1 • e = e 



Hence 



. . ■. . V ' > i 1 « e .. * / 

Consider equation a • x « b . If a = p and b J 0 , then 
there is no solution. , If a » 0 knd 'b » 0 , then every element, 
of A is a solution. Suppose that a 4 Q^Here we see, using < 
«tfce same argument that we used in the struay of a group, that if 
a fi O , the equation has the unique solution^ a" 1 . b . -Again, 
following our/earlier practice f6r number systems, jve shall denote 
the solut loft of a . x = b , * ji 0 , by ' - 

We now gee that the identities and theorems which Wer^ ^ob- 
tained for the rational number system, th$ real number system,* or 
the; cojnpl ex number system, and whose proofs depended onlyjon the ^ 
structural laws whifch hold '.for &n arbitrary £ield, continue to hold 
fop' an arbitrary field. ' T^uS, if a, b, c, d a?e /members of an 
arbitrary Yield and b / 0 and d j£ 0 , . k then - ' • 

; c r a — a , c ad + be , . 
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.Exercises 15-6. ' • -' *• . , 

Verify that Equation 15-6a holds for an- arbitrary, fdeld . * > 
Olyen tha,t. a, b, c, d are elements .of a field and that 
!>/Q , 'cy.O , d/D . Show that (a/b)/c = a/bc and that 
, (aA)/(c/d) » ad/bc . " , 

Show that If a, b, c, d, e, f are arbitrary elements of a 
field and 'ae^-bd / 6 , thei^the system of equations 

} v . f ax + by « c . * * ' • . 

* •. . » 

has a ue^taue solution (x,y). -vho.se components a°re elements 
of ^h^p**ld . ; Give explicit f ormulas for the solution . 
Let' 1 *5F consist of the numbers 0, 1, 2 . LeV an operation 

\£ * be. defined in A by the requirement that if a, b f A 
then a + b is fco^e the remainder obtained when the number 
a > b (+ being the conventional addition); is* divided by c 3 . ; 
Thus if a «. 2 arid b 2 , :then a + b - is the remainder, 
obtairied when k « 2 + 2 . is divided by 3 : i.e.. 1 . 
Siraileufcy, let an operation • be def ined in A j by the . ♦ ■ 
requi^pent that, if a, b f -A , then a -.b is to be the ' 
reminder when the number ab (reference being made to 
conventional multiplication) is divided by 3, ; Display thfe 
. tables for + . an<J *• * . . Verify that the structure (A, 1, • ) 
is a "field. Thi^s exercise yields, an example of ajfield which 

Y has precisely 3 elements. . 
let/ A consist, of two distinct elements . a, b.- Let,< .+ and 
• . be, the operations in , A \ given by ( the' following tables s 



E3 


a .>' 


b . 


CU. 


a 


b 


a 

■9. . 


,• a 




' a 


a 


a 


b 


b 


a 


b 


a 


b ' 
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Show that the ^tructure (A, % +, •> ).' , iV a field. 

• -Specify the additive identity and the Multiplicative .identity 
/ y \ ot this field. • ' 

• TP ' 

; " ■ ' • 

15-7 . Sufrfield . '* " a '' ' V 

. i Given a field whose elements c'onscitute a set A . It la c 
natural to. consider Subsets B of A which taken together with 
+ and • make up'a field; that is, subsets B which have the 
following two properties: o , * 
' \ (1) When + and • . are restricted to, brdered pairs (b^/b^J 
whose components are in B , they define operations in B 
' (2) B together with -+ and • so restricted is a field. 
Suph* a subset B* of ^ is called a subfield o'f A . Of course, / 
one can also call 'such a B taken together with its twb operations 
a subfield of the given field. The meaning which is intended will 
be clear from context. < 

With this notion We can proceed to find out something about \ 
'the architecture of the complex number system. Let Q denote 
the set of rational numbers; let R denote ttfe set of. real ' rf 
numbers; and let C denote the set of complex numbers. We know ; 
triat Q is a subset of ;R and that R Is a . subset of C j in 
the notation of the theory of s^ts, / 

We may ask whether there are any intermediate subfields between 
R and .C or between Q : and R , and whether there is any sub- 
field of the*complex number system whioh is v a proper part of Q . 

Suppose that A is 'a subfield of the'. complex number system 

which contains R . Suppose that A . contains an element not; ' 

already in R . Then such an element must be of the form a + bi 

* * ■ 
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where a' and' b are real and . b V p . Since a'&A , 
(a + bi) 1 a 'm t>i£ A Since b Ca , i€ A . Hence .given 
arbitrary real numbers c and d , we have di £ A and therefore 
c + di f A .> That # is,, C C A < Hence A'-- C . We are led ,to thp 
following conclusion; . ' . S - •• . ■ ** ■ . 



Theorem 15-7a : If A * is a subf Ield *of the complex number 

system containing R , then either A = R . or A = C .. .- 

; " : '' S y-' : '■ • '-':/ : \. - ' ' \ \~ 

This .theorem states. that there is n^ subfield.of the complex 

number system which contains R as f a proper sublet and at the 

^same ^fcime is^a proper subset of C * * 

. s u A second result that is easy to. obtain is Nth* following.: 



Theorem 15- 7b : Every subf ield of the compl ex number' system 
contains Q . * 

* ' Proof : Let* A ' denote a subfield of the complex nurhber « 
system. We note that if a and b belong to A and .'• b / 6 , 
then ^ fA . Now 1 £A . It JLs a ponsequence of the additive . 
closure of A * and the well order property of the natural number • 

"system that every natural number is >a member of A . Suppose that 
there are one. or mo^p -natural numbers not in A and let m be 
the minimal . member of. the set of natural numbers not in V A (the 
well order property Assures us there is such ■ a^ minimal membe;r). 
Then m - 1 is a member, of A 1 ., but our hypothesis tells us m 
is not.. Since m ■ (m - l) + 1 and m - 1 fnd 1 are in A", 

' it follows from the additive closure of ^ that m itself is in 
A . This contradiction proves that the set of natural numbers 
not in. A is empty.. \It now. follows that every integer is .a 

.metober of A , ,since for each natural number n , -n is a member 
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of A . Since: A, contains ^the Quotients of its members, it 
^o]J^s 4 of the foifm & 

f'Vtil^ 4 / O « This ~ — " 

P^l^teb'e&If >a member of - A In otner Wore 
h^r^v4a|^atoTM.ished . 




SubfielQS intertogftlate to Q frnd _ R . There is a vast 
hierarchy of isubfields between . Q and R . Their stud£*is a 
large undertaking. We shall O content ourselves to see that certain 
Intermediate fields can be exhibited in a simple way. 

> Let A denote the set of real numbers of the form 

a + b V? ' • 

where a and b are -both* rationale What can be said afrout sum 
and product of ielements 6f A ? Given a, b, c, d rational, we 
- sejB that ' ■. • • " $ 

(a + bv/5) + (c + d v^) _- (? + <?) + (*> + d) </? V 

and since a + c, and b + d are rational, we have '."■"■•■«■ 

(a> b/?) + (c + d ys) €*A . , Si 

•Similarly, 0 ; - 

{ ' • 

(a + b</2). (P + dV?) - (ac + TSbd) + (ad + b'<?)V2 , 

and" since ac + 2bd and ad + be are raptorial, we have 

' v fji~ f bV?)^c + d/5) CA . ... V 7 

Suppose that a + by/5 ■ O-^here a and b are rational. 
Then b - 0 , otherwise «/? would hie rational . It follows that ' 
also a - 0 . Therefore, a member '-a + b j/ET of A (a and b N 
rational ) is, equal to zero if and only if a » 0 and b = 0 
This implies that if a : + b </2 / 0 , then a 2 - 1 2b^~/ 0 . Other- 



wise we should have / 

0 - a 2 -U^« (a + bV5)(a + (-b) 75) , 

so tha*t either ar^ b-/5- 0 or a +' (-b) » 0 . Prom # 

•a/+ (-b)^? 3 * °*> we have a » 0 and -b = 0 and -consequently 

' . ■ . , ; • 
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866 1 / V V £ 

by^V 0 . That la, if a 2 - 2b 2 - 6, then/ a + b -/? - 0 . ' 
We now Jiave by, a familiar rationalization .mpthqd, for 

... V ■ • 

V a + b^g -o (a +'b«/?)(g - dy?) 

c + dv/2 <c +. d-/5)(c - d-/5) V \ 

. , ■-: " . ■ s ; ' ■ : • .' % . 

.•• (ac - 2bd) . (be - ad) 

. . "r . ,■■ - 2d_ c ? - ad 2 .. ,v w 

This tells ua that the quotient of two members .of A is also 

a member Qf A . ■ ■ ./ * t -, , '■ 

■ * •* ' ■ . ■* " 

It is now easy to verify that? A is a siabfield of the real 
number system. We leave 1 the details as an exercise: 1 

/ . \ ( / Exercises 15-7 / , 

.1. Show that A is a sqbfield of the real -number system. ^ > 
2. r Let B denote the set 'of real number 4 of the form a + b-/3 
where a and b are rational.' Show that B 'is a subfield 
of the real number system. . ' 
♦3. Show that the only real numbers belonging both A and :B 
are rational. In particular, V3" does not t^iortg to^ A . V 
Hence, A is intermediate in the strict seiise to , ' Q and R '. 
That -lis , Q is a proper part, of A, and A is a proper part 
of R. ' ' ' '* 
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/ The reference i* to the page on which the term occurs*. 

Abel, N. H. , 849- • r " . ■•" 

abscissa, 120, 125 ' • • 

.absolute value, 36, 37, 131, 275, 278, 279 

- 6f a product, 688 
abstract algebra, 844 
addition, 20, 40," 55, 64, 75 <* 
. addition formulas, 

functions of composite angles, 605 
Addition of vectors, 647 
additive inverse, £58., "277 
additive inverse in vectors, 

addition, 637 . 
algebraic equations, 170 
algebraic structures, 844, 847 * 
analytic geometry, 119 vVy 
applications,* ^ ■ * 

of vectors to physics, 660, 665 
Archimedes 1 property, 20 > 56, 64, 70 
; Argand diagram, 276, 277, 707 
arithmetic means, 747 \ " V 
arithmetic progression, 74Q 
arithmetic sequence, 739 
arrangements, 826 
associative law for vectors, a < 
0 addition, 636, 637 H 
associativity, 6, 21, 40, 64, 75 
asymptotes.,. 345 . 

,axis*of a grapii, 205, 213, 215, 31! 
binomial product, 89* 
binomial square, 89 
binomial theorem, 783, 818 

cancellation property, 7 . v - * 

center, - ** 9 

/■ ellipse, 340- 

hyperbola, 351 
change 4 of base, 512 
characteristic/ 488 
circle, 333 

circular permutations/ 802 
closure property, 5, 6, 21, 27, 40, 64, 75 
coefficients, 87, 252, 289 
cdllinear, 649 " * — > 

combination of th£ «n elements taken m at a time, 806, 809 
combinations, 783, 805 
common difference , 73<L 
common factor, 89 
co'mmbn logarithm function, 456" 
commutative group, 849 
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commutative law fbr, 635 

addition, 636; 
; addition of vectors ,-^633 
commutative property, 6, 21, 40, 64, 73 
completes the square, 217, 224 
complex fraction, 97 
complex numbers, 225> 251, 256, 683 

addition, multiplication, subtraction 

argument, 693 

construction of , 298 

division, 264 . 

graphical representation, 275 
'properties, . 253 

real part, 262 

standard form, 261, 691 
complex numbers and vectors, 684 
complex solutions; 291, 293 ; 
components , 644 ; * : * 

x-coraponent, 646 ^ 

y-compbnent, 6l46 « '■ \ ■ . > 

composition, 183, 184 ; 
computation with logarithms,' 505 
corfic, 326 > 

directrix, 328 . 

eccentricity, 328 

focus, 328 
conjugate; 282 ■ > 

consistent systems, 365 ■ 
constant function, *l67i 200 : 4| 
convergent sequenbe, 756 " .* 

converse, 3, i29, 192 A 
coordinates , 1?5 
coordinate sixes, 119 
' coordinate- geometry; -119 x 
coordinate system, 119, 409 
cosine function, 56I, 5o6> 569 * 
counting problems, 783 
cube roots, 711 
defcimal, 66 

degree of a polynomial, 289 
deMoivre Theorem, 695 
density, 57, 64, 76 - i 

dependent systems, 365* V 
dichotomy, 6, 20, 40, 63, 74, 75 ■ 
difference of cubes, 89 
difference of squares, 89 
directed IJjrie segments, 629, 630* 
, addition, 631 

equivalent, 630 
discriminant, , 22t, 247, 251, 272 
distance* 629 
distance formula, 124,, 127 

three -dimensions, 411 



distributive law for multiplication of a vector bj a scalar, 638 
distributivity, 21, 41, 64, 76 • ■■ .. , ''^••■ 

•<livergent sequence, 757 

division,; 64, 75 \: V 

domain, 165-, 166. ,170. 173, 176, 182, 1$3, , 184 ! - >.^/v->^' 1 
dot product-, y65& ; \ \ v ' ■ ; ■ ; i% . 

double root, "231 V ■ • ^ 

dummy Variable * 734 \ 
. e, base of natural logarithms, 511 

element, " -\ i % * 

; ; identity, 85I ; V ^ ^ 

inverse, 852 • 
elimination, 26p 

ellipse, 330 * 
center, 335 
major axis, 335 

minor axis, 335 . - 

vertices, 335 
equality, 5 * 
equations, / " " A 

.trigonometric, 612 -> t . 
. equation x n = a, 77 ■'• V -W ' 

equation y ■ ax + bx + c, 222, 243 4 •? " v 
( equilibrium, 667 m - J 

•equivalent angles, " 552 

equivalent equations, 222, 226, 233, 
inequalities, 370, 422 

equivalent paths $ 548 ~ ' " . 

equivalent systems, .' 37*1, c 448 x ^ 

exponential functions i 520 r > 

. exponents,; laws of, 529 

external operation, 845 

extraneous roots, 233, 234 . 

factoring, solution by, 228 

factors, 86-89 \ 

field, 858 ... ■ 

focal chord, v -3 59 . ■ ■ 

function, 165,^16$, 182, 183, 844 ■ ' 
composition, 183 

inverse, 183, 523 . ■ > 
linear, 189, 191, 193, 196, 201, 220 
. notation, I08 ■ • - 

y « ax + bx + c, 217 

y » a(x 211 f«> * 

y = a(x - k) 2 + p, 214 . 

y ■ ax + c, 209 

, y = ax , 206 > : 

•>.'• \y « x 2 , 204 ' . * 

\ fundamental theorem of algebra, 290 
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general term, 734 ■ 
geometric progressions . 749 
geometric sequence, 7*8 * 
geometric series, • 74$ 
golden rectangle, 245 
graph, 140', 141, 173, 420 
v ^graphs of the trigonometric functions , 
1 f^oup, 843 

harmonic mean, 780 
horizontal line, 197 
hyperbola, 330, 342 * 
/ asymptotes, 345 
* center, 351 

conjugate axis, 343 * 
transverse ax£s, 343 
identities, 612 

identity, * 
additive,, 24 . 
^multiplicative. 6 
identity element, 051 
ident jNrjt fpnc tion , 167 
imagina^T 254 . 

part, 262 > .v. 
unit, 253 " 
inconsistent systems, 364 
inequality, lo 

graph of, 140, 145 
-infinite decimal, 72, 774 

infinite geometric series, 774 
. initial point;, 630 
inner product, 655* 
integers; 1, 24, 4SJ 
intercept form. 31c 
intercepts, 145 
internal operation, 
interpolation, '498-501, 579 
inverse, *■■■'■■ 
• * additive, 25 v , 

raultiplioativd, 48 * 
of a linear function,^ 190, 191 
inverse element, 852 ' ' ■ ' \ . ■ . 
inverse functions, 183, 184 
inverse variation, 348 
irrational, 73 

decimal, 73V74 
isomorphic, 680, 685^ 
law of cosines, 594, 658 
law of sines, 598 
limit of a sequence, 754 
limits - theorems on, 758 
linear combination, 374, 449 
linear equation, 310 
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logarithm. function,. 455 . 

graph of , 455 

properties of , 474. 
logarithm function with base a, 511 
logarithms of nl, 813 
major axis, 334 
mantissa, 488 
nifttljematical system, 678 
maximum point,. 210 
mid-point foi-iBura, 127, 128 
minimum point, 209 ^ 
minor axis, !334 - 
multiplication, . J20 9 40, 55, 64, f5 
multiplicatiqn^by scalars, 648 
multiplication formulas, •< 

identities fo£, 700- 
muitiplicative ikvferse,, 48, 264, 266 
natural logarithOTc function, 456 
natural numbers, 1, 4, 22, 33 9 
A factorial, 799 ■# 
non-abelian group, 854, 857 

n th roots of unity, 718 

n term of a geometric sequence, 749 

n** 1 term of an arithmetic sequence. 740 
one-to-one correspondence, 120, lo9, 680 
ordered m-tuples, -788, 792 V 
ordered pairs, 789 . 1 
ordered partition of a sfet, 831 
ordered triple, 791 
order property,. 13, 31, 53 * 
ordinate, 120, 125 
origin, 119 

parabola, 205, 221, 315 
axis, 315 
directrix, 315 
focus, 315 
'-■ latus rectum, 324 ^ 
standard form, 318 
vertex, 315 
. parallel, 133, 134 ' 
parallel rays, 629 

partial stuns , . 765 , . % 

partitions, ; 826. 
Pascal 1 s N Theorem. Sl8 
permutations, 7o3, 795 
plane, equation of, 415. 
point-slope form, 305 
polar form,\ 683, 6§2 
1 polynomials ;« 86, 87, 88, 289 . 
prescribed values, 196, 220 
product, j 
• : dot, 656 

> inner* 655 




probation, 120 
properties of groups , 
Pythagorean Theorem;: 
qujadrant, 122 

(Quadratic equation, 203,1243, 252 \\ 
quadratic'- equations with complex, coefficients, 707 
quadratic formula, 228 \ . \ 
*q^adx^ 238 • . . \ 

I: ■ * c quotient, 43 

< radian measure, 556, 559 
/ range, 165, 166, 173, 176, 183, 184 
' rational expressions, 95 
. v nuiriberta, 1 

number system, 43, 65 
- solution, 79 f 
v real number system, 1 • 

reflection, 146, 283. ^ * v 

refiexivlty, 6, 20, 40053, 75 *' 0 
repeating decimal, 67, 69 
resultant, 665 
Riemana, Bemhard, 727 I 
Rieinann surf ac e > 727 * 

root, 224, 229 . 
roots .of order n, 710 
scalai*g, 644 - % 
-. ^selections with repetition, 834 

sequences and series, 731 * 
% arithmetic sequence, 739 - 

convergent sequence, .756 "v - 
divergent sequence*, 757* 
finite sequence, .731 
. finite series, 732 
/geometric sequence, 748 
geometric series, 746 
infihite geometric series, 77^ 
infinite sequence, 731 
♦ Infinite series-, J32 

n th term of a geometric sequence, 749 

nS h ; ^erm of an arithmetic sequence, 740 
series »fb*/ ■ * 

■ . cps-x, 771 r 

e*, 771 ti 
sin^c, 771 - 
. sets satisfying geometric conditions, 156 
. —slgma notation, "S", 745 ' ♦' 

signed angles, 55Q, 551 
sine tHmctiony : 56i»* 566, 569 
'., slope, 12ft); 132, 192, 303: . - v v 
of parallel lines, 133 
of perpendicular lines, 134 
slope - intercept form, 306 
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n splution of an equation/ 224 
solution set, 

of equation or inequality, 36lV 

of a system, 363 

of three first degree equations, 
special angles, 

trigpnortetric functions of> 573, 
square roots > 701- v 
.. standard form, 26$ 
standard form. for log x, 488 ' 
s tandard ^pos ition, 

the decimal point, 496 t , ,* % . 
straight line, 303 
structure, 1, 2 
subfield, 863 / 

subfields intermediate %6\^<t and J R,» ' 865 
subsets of d finite set, 8o6 ( . * 
subtradti*on> ; 75 ' 
;sum\of a fixiite* geometric series,. 751. 1 
sum of an infinite series, ?64, 76b 
sum of . arithmetic series., 743 * * 
Visum of cubes, 89 ' » 

summation notation, 734 

0f # a - finite series, 735 

283 

40:, 64, 75* 146-148 



417, 422,7426 

574 V " ; 



symmetric , 
..sjadtet^aT) . 6, 

table of common 



pns, . 36l, 3§^ 389/398, '422 



ogarithms, 464, 502. /503 
tdblk of trigonoiiietria functions, 578, 580 
tangefot function ,\ 561, 566 . k . 

terminal point, $30 
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terminating decimal, 
Theorem of deMoivre 
trace, .420 x 
tyansi'tivity, 6, 13 
triangle inequality, 
tri angulation, 

method of soluti 
trichotomy, 13, .16, 
trigonometric, function 
-dimensionalXvector 
\variation, \ 
direct,* 308\ 
Jtprs in three aimensi^ns, 
j tor space, 68l 

jity; 674 ;i 
s^tex, . .205, 213, 2 
ticalline, 133, x i%6, 
order property, 
672 

\eiement^for vecto 
kdditioh, 636 
pictorial, . 799 
zero of a polynomial 
'zero vector, 648 



66,-67 * 
695 

20, 40, 55,, 64, 75 * 
62, 280 ' »\ 




432. 
74 ' 
561, .566, 583 
pace, 682 



661 : 



291 



42 



ERIC 



